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AUREL WINTNER, 1903-1958. 


With deep sorrow we announce the sudden and premature death 
of our colleague, Aurel Wintner, on January 15, 1958. 

Aurel Wintner was born in Budapest on April 8, 1903. He studied 
mathematics and astronomy at the University of Leipzig. During 
that period he was editorial assistant for the Mathematische Zeit- 
schrift under Leon Lichtenstein, who was then, and for many years, 
chief editor of that journal; this period of apprenticeship had a 
profound influence on him, and he always preserved a deep sense of 
gratitude to the man under whom he had served. He took his Ph. D. 
in Leipzig in 1929, and then spent one semester in Rome as a fellow 
of the Rockefeller Foundation and another in Copenhagen, where 
he worked with E. Stromgren. In 1929 he published in Leipzig the 
book “ Spektraltheorie der unendlichen Matrizen,” which established 
his reputation as a mathematician. It was in Copenhagen that, in 
the year 1930, he married the daughter of Otto Holder, one of his 
Leipzig teachers. In 1930 he came to the United States to join the 
faculty of The Johns Hopkins University, where he remained until 
his death. In the year 1944 he became one of the editors of this 
Journal, to which he devoted the best part of his energy, both by 
his scientific contributions (a substantial part of his most valuable 
work since he came to America was published there) and as an editor. 
For many years he was the mainspring of the American Journal of 
Mathematics. In a very real sense, he was the Journal. 
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ON A CONNECTEDNESS THEOREM FOR A BIRATIONAL 
TRANSFORMATION AT A SIMPLE POINT.* 


By J. P. Murre.? 


Introduction. In 1951, Zariski obtained as a special case of his con- 
nectedness theorems the fact that the total transform of a normal point by 
a birational transformation is connected [III]. In a recent paper, [IV], 
the connectedness of the total transform of a simple point by a birational 
transformation is proved without using the theory of holomorphic functions 
developed in [IIT]. 

In this paper another proof is obtained of this connectedness-theorem for 
a birational transformation at a simple point. In fact, a somewhat stronger 
result is proved, namely, the following. Chow has introduced the concept 
of linear connectedness, a set is said to be linearly connected if every pair of 
points can be connected by a sequence of rational curves in that set. In 
this sense, the total transform of a simple point by a birational transformation 
is linearly connected.” 


Furthermore, some applications are derived for specializations of a com- 
plete set of conjugates over a purely transcendental function field. 


The terminology and notations are from [I]. 


In conclusion, I want to express my warmest thanks to Professor A. Weil 
and Professor T. Matsusaka for their advice and interest during the prepara- 
tion of this paper. I am especially indebted to Professor Weil for suggestions 
which improve the exposition of the proof of Theorem 1. 


1. The connectedness of the total transform of a point by a birational 
transformation of n-space. Let V be an (abstract) variety and let B be a 


* Received December 15, 1956; revised July 29, 1957. 

1 This paper is the first part of a thesis presented to the University of Leyden in 
The Netherlands in fulfillment of the requirements for the Ph. D. examination. The 
paper was prepared while the author was working at the University of Chicago as a 
participant of the I. C. A. Scientists Research Project TA-01-101-3006. 

27 am indebted to Professor Chow for calling my attention to the fact that the 
original proof implicitly contained this result. He also gave as an example a cubic 
cone, which shows that the assumption of a simple point is essential for this linearity 
property. 
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bunch of subvarieties of V. The point set attached to @ will be denoted by 
{8}. @B is called connected when it is not possible to divide the components 
of into two new bunches @ and such that {8} —{@}U{D} and 
{6} {D}—¢. An equivalent definition for connectedness is the following. 
Let K be a field over which all the components of @ are defined and suppose 
Q and Q’ are arbitrary points of {#8}, then there exists a sequence of points 
in {8B}, Q=P,, P2,: +, =—Q’, such that Py, and 
over K for 1—1,2,--+,n. The above sequence is called a connecting 
sequence in @ between Q and Q’. More geometrically, 8 is connected if and 
only if it is possible to connect two arbitrary points in {@} by curves in {8}. 
(This follows, for instance, from [II], Lemma 7.) The concept of connected- 
ness can also be obtained by introducing the Zariski-topology on V and then 
employing the usual definition of connectedness in this topology. Further 
two points are said to be linearly connected in @ if there exists a sequence 
of rational curves in {®@} connecting them, and @ is said to be linearly 
connected if every pair of its points are linearly connected in @. 

Suppose U. and V are varieties; let W be a subvariety of U X V and let 
Q be a point of U. If there is any component in WN(Q XV) then this 
component is of the form Q X Z, ([I], Chap. IV, Cor. 6 of Th. 6), where 
Z is a subvariety of V. The bunch W{Q}, the total transform of Q by VW, 
is defined as follows: WN(Q K V) = Q X W{Q}. 

To prove the connectedness theorem, we first prove a—rather formal-- 
lemma. 


LeMMA.® Let fo, be m+ 1 polynomials in the indeterminates 
V,,:-°,Vn and Z with coefficients in a field k. Let v1,- + -,vn and z be 
h+1 elements of the ring k[[T]] such that the fi(v,0) are not all 0 and 
the fi(v,z) are not all 0. Then there is a field K Dk and an integer N >0 
and elements z; (j =0,1,: +, 23 2—=2, Zn=0) in the ring 
with the following properties. For each j, not all the f,(v,z;) are 0, and if 
we denote by R; the point in projective m-space obtained by putting T =0 in 
the ratios of the homogeneous coordinates of the point [fo(v, 2;),:- *,fm(2, 2;)]: 
then for every triple (2q,2qg +1,2q¢-+2), where q=0,1,- - -,n—1, ether 
Rog = Rogir = Rogsn or there exists a rational curve Cq having, over a suitable 
field containing k, the point Req.. as a generic point and going through Ry 
and Rog». Furthermore, if z is 0 for T=0 then the same holds for all 2;. 


M 
Proof. Let fi(V,Z) =D fij(V)Zi. The lemma will be proved by induc- 
j=0 


*In the following k[[7]] is the power-series ring in a letter 7 over the field k. 
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BIRATIONAL TRANSFORMATION. 


tion on the integer min.; order f;(v, 2) —min.j; the proof 
will be divided into two parts. 


A. Let min.;orderz f;(v,z) — min.;order In order to 
simplify notation, write A; = min.; orderr f;;(v) and = min.,; 
If r= orderrz, then pjy=A;-+ 77. With the above assumption, we have 
min.j = min. orderrf;(v,z). There is an index g (OS uniquely 
determined by the conditions 


(1) and pj > pg for > 


If g=0, the sequence of elements mentioned in the conclusions of the 
lemma is obtained by taking z—z, 2:2, 220; then for the points R; 
we have Rj =k, —R,. Next we will proceed by induction on the integer q. 

Clearly, the proof of part A. will be completed if it is possible to con- 
struct elements z* and 2’ of k’[[7’]], where 7’ is a fractional power of T 
and where k’ D k and: 


a. Not all the f;(v,z*) are 0 and not all the f,(v,2’) are 0. If R, R* 
and R’ are the points obtained (as explained in the conclusions of the lemma) 
by substituting 7’ —0O in the ratios of the fi(v,z), the f;(v,z*) and the 
fi(v, 2’), then the locus of R* over k is a rational curve and R and R’ are 


points on this curve. 


b. If p’;—=min.; ordery [fi(v)z’7], then min.; = min.; order: f;(v, 2’). 
Lij 


e. If q’ is such that p’g =min.;y’; and p’; > for > q’, then q’ <q. 


d. If orderyz is positive, then the orders in JT” of z* and 2 are positive. 


In order to construct elements z* and 2’, consider the expressions‘ 
(A; —Aq)/(q—jJj) for 7<q. There is a uniquely determined integer q’ 
(0=q <q) such that 


(Ag —Agq)/(G—q’) is the minimum of the expressions 
(2) (Aj—Ag)/(Q—J) for and > 
(Ag —Ag)/(q—) for q’. 


‘ This expression arises in the following way: What should the order in T of z be, 
if we want, for a certain fixed j<q, min., order;[f,;(v)2/] = min., orderz[f,,(v) 2%]? 
The answer is (A; —A,)/(q—J). Since =A, + 7j and = min., we have that 
r= — Ag) /(9—J). If now z2* is an element of k[[7']] whose order (in T) 
is precisely this minimum, then there remains, for some i, a term f;,(v)2** among the 


terms of lowest order in 7. 
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Let 7’ = 70-9); if = min. ordery fij(v) then A’; =A;(q—q’), Suppose 
z= + higher powers in T (a, € k) ; take two independent transcendentals 
over k, B* and f’, write k’ 8’) and let z* = 
Tf 


p*; =min.,; order’ |[fij(v)z*4] then +7 (Ag —Aq)- 


By the assumptions, not all the A; are infinite, hence it follows that not all 
the »*; are infinite. Since @* is transcendental over k, it follows that not all 
the f;(v,z*) are zero. Furthermore, 


— = (Aj—Ag) + — 9G) (Ag — Ag) 
= Ha) + (J —9) (Ha — 

It follows from this by (1) and (2) that 

(3) = = min > for >q and for j< 

Now let R* and R be the above mentioned points (see a.). Since * is 
transcendental over k, it follows that the homogeneous coordinates of R* 
are polynomials in 8* with coefficients in k. From the relations (1), (2) 
and (3) it follows that R*—R over k (take B*—z2, if pg—p,’, and 


B¥—> 00 if pg < py). 
Next we will make the assumption that the index q’ fulfills the condition 


(4) < MIN. — p*q’). 


This assumption can be made; for by the inequalities of (3), this minimum 
is positive and it can then be made arbitrarily large by replacing T”’ by a 
power of 7’. Now let 2’ if = min. order [fij(v) 24] then 
pj—=p*;+j. From this, in combination with (3) and (4), it follows that 
(5) for j>_ and j<q. 

Since by construction q’ <q, it follows that 2’ fulfills condition ec. Again, 
since #’ is transcendental over k, it follows that not all the f;(v, 2’) are zero; 
therefore, it is possible to construct a point R’ by putting T’—0 in the 
ratios of the f;(v,2’). Further, since #’ is transcendental over /, it also 
follows that = min.;»’;—=min.; order: f;(v, 2’) ; therefore, 2’ fulfills con- 
dition b. Next, we want to show that R*—R’ over k. It follows from the 
inequalities in (5) that R’ is the point obtained by substituting T’ = 0 in the 
ratios of the homogeneous coordinates of the point [fog (v),° 
As we have seen above, the homogeneous coordinates of the point R* are 
polynomials in £* with coefficients in k; by (3) these polynomials begin 
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BIRATIONAL TRANSFORMATION. ‘ 


with terms of degree q’ in the B* (and end with terms of degree q). 
Substituting B*—0 in the homogeneous coordinates of R* therefore leads 
to the same point as substituting 7’ —0 in the homogeneous coordinates of 
the point [fog (v),° i-e., to the point R’ as we have just seen. 
Therefore, R*-—> R’ over the specialization ~’—>0 with respect to k, and 
hence a. is satisfied by z* and 2’. It remains to be shown that d. is also 
fulfilled. As before, write From the fact that pgS pq 
(by (1)) and that =A; + jr, it follows that rS (Ag —Aq)/(q—q). Since 
T= and 2’ = it follows that 


ordery: 2 S ordery 2* S ordery: 2’. 
Hence d. is satisfied, which completes the proof of A. 


B. Assume that the lemma is proved if the difference min.; order f;(v, z) 
—min.;; order7|fi;(v)z/] is smaller then some integer d. Now suppose this 
difference is equal to d. 

Let R and S be the points obtained by substituting T—0 in the ratios 
of the fi(v,z) and the f;(v,0), respectively. We adopt the following ter- 
minology during the rest of the proof of this lemma to simplify notation. 
If z and 2 are elements of a ring K[[7']] such that not all the f;(v,z) are 0 
and not all the f;(v, z’) are 0, and if R, respectively R’, are the points obtained 
by substituting 7’—0 in the ratios of the f;(v,z), respectively the f;(v, 2’), 
then we will call a sequence of points R= R),R,,:--, Rj: a 
connecting sequence of points between R and R’ if the following are true: 
Every point R; is obtained by means of an element z; of K[[T]] and a 
substitution 7’—0 in the ratios of the f;(v,z;) (which implies that not all 
the f;(v,2;) are 0), and both Reg and Rog,2 are specializations of Ryq,; over k 
for g=0,1,- - -,n—1 (it is a tacit agreement that K contains k; it should 
be noted that in the present terminology—which is only used during the 
proof of this lemma—the field & plays a particular role). Further, if z and 2’ 
are 0 for 7 —0O then we require the same for all the z; Moreover, we will 
call such a sequence = Ry, R,,: +, Ron a linearly connecting sequence 
of points between FR and R’ if, for every triple (2q,2q¢+1,2q¢+ 2) of this 
sequence, either Rog = Rgi1 = Rogs2 or there is a rational curve C, having 
Rog. aS @ generic point over a suitable field containing /, and going through 
Rog and Regis. 

Write Z= X + Y, let 


M M 
fi(V,Z) = > fis(V) gi (V, 
j=0 =0 
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(Note that f,(V,X) =gi(V,X).) Let + + 
where @,, Grs1,° °° €&. Let B be transcendental over k and take x—<a,]7" 
+ BT". Now, by the assumptions not all the f;(v,0) are zero, therefore, 
since 8 is transcendental over k, not all the f;(v,x) —gio(v,x) are zero, 
Let R; be the point obtained by substituting T—0O in the ratios of the 
fi(v, x). Next let y be transcendental over k(8) and let y=T"(— a, + y— BT), 
ie., c+y=—yTI". Since y is transcendental over k, it follows that 


(6) min.; orderz f;(v,z + y) = min.;; orderr[fi(v) (c+ y)/]. 


The right hand side of (6) being finite implies that not all the f;(v,7-+ y) 
are 0, let Ry be the point obtained by substituting ZT —0 in the ratios of 
the fi(v,«-+y). It follows by (6) and the special case of the lemma proved 
under A. that (in the just mentioned terminology) there is a linearly con- 
necting sequence of points between R,; and 8S. We will show next that there 
is also a linearly connecting sequence of points between Ay, and R;. Consider 
the polynomials g;(V,X,Y) in the indeterminates V,,---,V,, X and Y 
and consider the elements v,,- - -,v,, 2 and y of k(B,y)[[T]]. Since y is 
transcendental over k(f8) it follows that 


min.; order gi(v, x, y) = min.;; orderz[gi;(v, 2) y/]. 


Ry and R, being the points obtained by substituting 7’—0 in the ratios of 
the fi(v,c7+y) —gi(v,z,y) and the fi(v,x) =gi(v,2,0) respectively, it 
follows therefore by the special case of the lemma proved under A. that 
there is a linearly connecting sequence of points between Ry; and R;. (Note 
that if orderyz is positive then the orders in T of 2, y and x+y are positive, 
and therefore, by the special case of the lemma proved under A., every 
intermediate point R; is obtained by means of a z; which has positive order 
in T.) 

From the facts proved above, it follows that it is sufficient to prove that 
there is a linearly connecting sequence of points between R and R;; the 
points R, respectively R;, are obtained by putting 7 —0 in the fj(v,2), 
respectively the f;(v,7) =gi(v,z,0). Now, let 


then R can also be obtained by substituting 70 in the fi(v,c«+,y’) 
= gi(v,z,y’). If wg is the integer introduced in (1), i.e., min.;,; 
then it follows from the way in which the z and y’ are chosen that the terms 
of degree pg in T have cancelled in the gi(v,z,y’), and hence 


min.;; order7[fi;(v) 24] < orderz[gi(v, 7) 
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Since fi(v,z) = gi(v,2,y’), we then have that 
min.; orderr gi(v, 2, y’) —min.;; orderz[ gi;(v, 2) 


is smaller than min.,orderz f;(v, We can now 
apply the induction hypothesis to the polynomials g;(V,X,Y) (instead of 
the fi(V,Z)), to the elements v,,- - -,vn,2 (instead of the v,,- - -,v,) and 
y’ (instead of the z) and to the points R and R; obtained, respectively, by 
putting Z’—0O in the ratios of the g;(v,z,y’) and the gi(v,2,0). This 
completes the proof of the lemma. 


THEOREM 1. Let W be a subvariety of S" * P™ (n-space and projective 
m-space). Suppose the projection of W on 8S” is equal to 8" itself, and let 
[W: S"] 1. Let Q bea point of S". Then W{Q} ts linearly connected. 


Proof. We will proceed by induction on the integer n; for n=1 the 
theorem is clearly true. 

Let k be a field of definition for W. Without loss of generality, it may 
be assumed that Q is the origin O of 8S” and that & is algebraically closed, 
so that, in particular, the components of W{O} are defined over k. 

Let (x,y) be a generic point of W over k, where = tn) 
and where (y) = (¥Y,° **;Ym) are homogeneous coordinates in P”, with 
yi=fi(x), fi(X) € +, Xn]. Write 


t 
(1) fi(X) = DSfiy(X) with fij(X) homogeneous of degree 7 and for at 
j=8 


least one i, fi,(X) is different from zero. 


First we will fix, in a certain way, a point R, in W{O}, and then we 
show that every point in W{O} is linearly connected in W{O} with this 
point Ry). We fix this point R, as follows. Let the quantities u; be defined 


by the equations 


= t= 2,3,°°-,n. 


Let (2,u)— (0,u’) over k, with w’; independent transcendentals over k. 
There exists an index j, such that fj,;(X) 40, the quotients y;/y;, then 
have a unique specialization over the specialization (2#,uw)— (0,u’) with 
reference to k; this specialization determines a point R, in W{O}. We note 
that R, depends only on the fi,(X) and on the specialization of the ratios 
of the 2;, and not on the particular index 1 chosen to define the quantities uj. 

Now suppose there is given a point R in W{O}, we will show that R 
is linearly connected with R, in W{O}. Let k(R) be the field obtained 


9 
(2) 
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from adjoining to k the non-homogeneous coordinates of R. It is possible 
to construct a field K, containing &(R), and a homomorphism ¢: k|.c| 
— K[[T]], leaving & invariant, such that the point R can be obtained from 
substituting 7 0 in the ratios of the ¢[f;(x)] (this implies, in particular, 
that not all the ¢[f;(z) | are 0) ; moreover, this ¢ can be constructed in such 
a way that not all the ¢[fis(z)] are 0. (The construction of such a field K 
and homomorphism ¢ can be done in the following way. Take a linear space 
L™*? generic through the point O x R, then WL consists of curves (; 
[see, for instance, the proof of Prop. 7 of App. II of [I]]; let C, go through 
the point OX R. Let K be the algebraic closure of the field which is 
obtained from adjoining to k(R) the coefficients of a set of equations of L. 
A generic point (x) of C, over K is a generic point of W over k [see again 
[I], App. II, proof of Prop. 7]. Take a valuation on C, with center O X 2, 
this determines a homomorphism of K[x]— K[[T]]; the restriction to /-[<| 
fulfills all the requirements. ) 

Given the point A, we construct such a field K and homomorphism 
¢: K[[T]]. Among the z,,---,2z,, for instance z, starts with a 
term of lowest degree in 7. Introducing the u; as in (2), @ can now be 
extended to k[u,z,] > K[[7]]. Let the extension still be denoted by 4. 
To distinguish z, from the other z; write 2, =z, then we have 


(3) Uz; 1=2,3,- 0. 


Note that z is transcendental over k(u); therefore, the specialization of z 
over every specialization of the we,us3,- - -,U, with respect to k may be 


changed arbitrarily. 


t 
Now apply the lemma to the polynomials }fi;(U)Z/-* (s was intro- 


duced in (1)) in the indeterminates U.,- - -,U, and Z with coefficients in the 
field K (which is analogous to the field & in the lemma), and to the elements 
f(U2),° *,h(Un) and $(z) in the ring AK[[7]]. The homomorphism 
¢ was constructed in such a way that not all the $[fis(w) ] =fis[¢(u) | are 0, 
R was the point obtained by putting 7’ —0 in the ratios of the fi[¢(2) ], i.e. 


t 
in the ratios of the > fij[¢(u)]¢(z)**; let S be the point obtained by 
j=8 


putting 7—0O in the ratios of the ¢[fis(u)]. By the lemma, there is a 
sequence of points R= Rp), R,,- -,R2—S, such that, for every triple 
(2q,2¢+1,2¢+2), either Rog = = or there is a rational curve 
C,, going through R., and Ryg,2, and having Rog. as a generic point over 
some field containing K (and hence, a fortiori containing k, over which the 
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components of W{O} are defined). Moreover, since ¢(z) =0 for T~0, 
it follows by the last conclusion of the lemma and by the relations (3) that 
all the points #; are in W{O}. Therefore, the sequence of points between R 
and § is a linearly connecting sequence of points in W{O}. 

R, being constructed as in the beginning of the proof by means of a 
generic specialization of the ratios of the 2;, both Ry and 8 are specializations 
over of the point 7 with homogeneous coordinates | 
in P™, where fis(X) is homogeneous of degree s (see (1)). Let X be the 
locus of Ry over k. Since Ry is constructed by means of a generic specializa- 
tion of the ratios of the 2, it follows that XY is also the locus of the point T 
over k; in particular S€ X. Since the components of W{O} are defined 
over k (which is algebraically closed), it follows that XY is in a component 
of W{O}. In order to complete the proof, it suffices to show that S and R, 
are linearly connected in X. Consider the locus Y over k of the point with 
coordinates --,2n; fos(@),° where the are 
considered as homogeneous coordinates in P"-? and, as before, [fos(z),- °°, 
fms(x) ] are homogeneous coordinates in P”. Then the variety Y in P™"* & P” 
is a birational transformation of P"-; hence, by our induction hypothesis (see 
beginning of the proof), the total transform by Y of every point of P" is 
linearly connected. By this, the projection of Y on P™ is linearly connected ; 
however, this projection is X. This completes the proof. 


2. Multiplicities of maximal connected bunches in specializations of 
complete sets of conjugates. Let U and V be varieties and let W be a 
subvariety of UX V. Suppose the projection of W on U is equal to U 
itself and let dim. W—dim.U. Let k be a field of definition for U, V and 
W and let Q be a generic point of U over k&. It follows easily from [T], 
Chap. IV, Th. 6, that every point of WN(Q XV) is generic on W over k 
and the points of this intersection are conjugates of each other over k(Q). 
Further, all the different conjugates over k(@) occur among the points of 


this intersection. 


THEOREM 2. Let W be a subvariety of 8S" P™ (n-space and pro- 
jective m-space), let dim. W=n and suppose the projection of W on 8S" 
is equal to S" itself. Let k be a field of definition for W and let OX RF be 
a generic point of W over k. Let (R™,---,R®) be a complete set of 
conjugates of R over k(Q). Suppose Q’ is a point of 8S" and let B be a 
maximal connected bunch of W{Q’}. Then, in every specialization of 
(R®,---,R@) over the specialization Q—>Q’ with reference to k, the 
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multiplicity of the bunch ® is the same. (The multiplicity of B in a 
specialization (R’M,---,R’') of (R®,-+-,R) over the specialization 
Q—>Q’ with reference to k is defined as the number of points R’™ which 
are in {B8}.) Further, if 8 occurs with multiplicity 1, then 8 is linearly 
connected. 

Proof. On W, consider the cycle > Q * R® and let T be its Chow-point. 

=1 

The ratios of the coordinates of T siete k(Q). Let Z be the locus of (Q,7) 
over k; Z fulfills the conditions of Theorem 1. Hence Z{Q’} is linearly 
connected. Let (Q’,R’,---,R’) and be two 
specializations of (Q,R®,- --,R®) over k and let T’ and T” be the Chow- 


g g 
points of Q’ and Q’ respectively. Let K be the algebraic 


closure of the field &(Q’) ; the components of Z{Q’} and W{Q’} are defined 
over K. T”’ and T” are points in Z{Q’}; since Z{Q’} is connected, it follows 
that there is a sequence of points7”; (j =0,1,- -,2p; 
in the components of Z{Q’} such that 7’.; and T’s:,. are both specializations 
of over K for +=0,1,---,p—-1. Let be a 
specialization of (R®,---,R®) over the specialization (Q, 7) — (Q’,7’;). 
with reference to k, for j7=0,1,- --,2p. Since, by the properties of Chow- 
points, the cycle YO XR is uniquely determined by the point 7”;, it 


follows that, for a suitable order of the points R’,;, the set (T’.si, R’.;, 


+ is a specialization of (T’siu, +, over K, and 
similarly for 2i-++ 2 (where i—0,1,- --,p—1). The components of W{Q’} 
being defined over K, this completes the first part of the proof. 

Assume now that @ has multiplicity 1 and let, for every 7, R’j be 
the unique point in {@}. Under the present assumptions we have then 
K(R’;) C K(T’;). The linear connectedness of @ then follows from the 
linear connectedness of Z{Q’}. 


Note. Theorem 2 is a generalization of [I], Chap. III, Th. 4, except 
that, if {8} reduces to a point Rf’ (i.e., R’ is a proper specialization of F 
over the specialization Q—Q’ with reference to k), then the multiplicity 
of R’ is a multiple of [k(Q’, R’): &(Q’)]i. However this result can also be 
obtained from Theorem 2 and the theory of algebraic functions of one variable. 
We sketch a proof.’ By an extension of the ground field and a change 
of coordinates it can be assumed that Q’=0. Write Q = -,2n); 


5 Cf. [I], Chapter III, Theorem 2 and G. Shimura, American Journal of Mathe- 
matics, vol. 77 (1955), page 141, Prop. 13. 
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R= (1,491,° Ym) =A and for --,n. Consider the 
specialization (2,w)—> (0,u) over & and let K—k(u). Next consider (y) 
as functions of one variable A» over K. Let Q be the completion of K (A) 
with respect to the valuation induced in K(A) by A—0. It follows by 
Theorem 2 that there is a conjugate R™ of R over k(x), such that RP’ is a 
specialization of over the valuation induced by A> 0 in Q. The required 
result then follows essentially from the fact that every specialization of R™ 
over the valuation induced by A 0 in Q, is a conjugate of R’ over K (since 
Q is complete) and from the fact that [K(R’): K] is a factor of [0(R™) :Q]. 

The following proposition is a generalization of [I], Chap. III, Prop. 9 
and can be proved by the same methods. 


Proposition 1. Let W bea subvariety of 8S" K P™, snch that dim. W =n, 
and let the projection of W on 8S" be equal to 8S” itself. Let k be a field 
of definition for W. Let +r be an isomorphism of k and a field k’. Suppose 
Q and Q’ are points of S”" such that + can be extended to an isomorphism 
of k(Q) and k’(Q’); let w be an extension of + to the algebraic closures of 
k(Q) and k’(Q’). Let B ¢a maximal connected bunch of W{Q}. Then 87 
isa maximal connected bunch of W7{Q’}. Let (x,y) and (2’,y’) be generic 
points of W and W" over k and k’ respectively, then the multiplicities of B 
and ®7 in the specializations of a complete set of conjugates of (y) over 
k(x), respectively (y’) over k’(x’), over the specialization (4) with 
respect to k, respectively Q’ with respect to k’, are equal. 


THEOREM 3.° Let W bea subvariety of UX V, where V 1s a projective 
variety. Let dim. W—dim.U and let the projection of W on U be equal 
to U. Let k be a field of definition for U, V and W and let (Q,R) bea 
generic point of W over k (hence Q ts generic on U over k). Suppose Q’ is a 
simple point on U and let 8 be a maximal connected bunch of W{Q’}. Let 
(RM,- --,R@) be a complete set of conjugates of R over k(Q). Then, for 
every specialization (R’),---,R’') of (R®,---,RM) over the specializa- 
tion Q—>Q’ with respect to k, the number of points R’™ which are in {B} 
is the same. Further, if B is represented only once in such a specialization, 
then ® is linearly connected. 

Proof. Suppose U" is a variety in S* (eventually PY) and V™ is a 
variety in P”, Let F;(X), i=1,2,- --,n, be a uniformizing set of linear 
forms for U at Q’ with coefficients in k; by [I], Chap. IV, Prop. 25, this is 
a fortiori a uniformizing set of linear forms for U at Q. Write Q = (a) and 


° Theorem 3 is the analogue of [I], Chap. VI, Th. 12. 


| 

=] 
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Q’ = (z’); let L and L’ be the linear varieties in S% defined, respectively, 
by the equations F(X —az) —0 and —z’) =0, i=—1,:--,n. These 
equations can also be written in the form —v;=—0 and F(X) —v’; =0 
with 4,=F;,(x) and v';=F;(2’) respectively. By [I], Chap. V, Prop. 20, 
Q and Q’ are proper components of UNL, respectively of UN L’, and of 
multiplicity 1. By [I], Chap. IV, Prop. 24 &(Q) is algebraic (and separable) 
over k(v). From the fact that Q’ is a proper component of UNL’ of 
multplicity 1, it follows by [I], Chap. V, Cor. 1 of Th. 3 that Q’ is a proper 
specialization of Q, over the specialization (v) — (v’) with reference to fk, 
of multiplicity 1. Let (Q@,---,Q@) be a complete set of conjugates 
of Q over k(v) and let QQ. A complete set of conjugates of (Q, 2) 
over k(v) consists of the dg points (Q‘,R°™), r=1,---+,g, where the 
set of points (R(™,- - -,R) is obtained from (R®,- - -,R) by applying 
to the algebraic closure of k(v) an automorphism over k(v) such that Q is 
transformed in Q‘. Consider the locus XY over k of the point (v,Q, 2). 
X is a subvariety of S"& P’ x P™ (after, perhaps, a projective closure of 
SN); since a product of projective spaces can be embedded in an every- 
where biregular way into a projective space, it follows that X fulfills the 
conditions of Theorem 2. 

Now let a specialization (R’,- --,R’) of over the 
specialization Q@— Q’ with reference to k be given; over this specialization 
(v) specializes necessarily to (v’). Next, extend this specialization to a 
specialization of all the (Q,R)) over the specialization (v) — (v’) with 
reference to k. If @ is a maximal connected bunch of X{v’}; then by 
Theorem 2 the number of points (Q’”, R’"™) which are in {@} is always 
the same, independently of the way in which the specialization (v) —> (v’) 
with reference to k& is extended. Clearly, among the bunches @ of X{v’} 
there must be one which contains (as point set) Q’ X {®}; however, since 
Q’ is a proper specialization of Q, over (v) — (v’) with reference to fk, it 
follows that Q’ X {@} itself is such a bunch { @} (i.e., a maximal connected 
bunch of X{v’}). Now let (Q’™, BR’) be in Q’X {8}; since Q’ is a proper 
specialization of Q, over (v) — (v’) with reference to k, of multiplicity 1, 
it follows that r—1, and hence also R’(™ —R’™, As we have already 
seen above, the number of points (Q’,R’) which are in Q’ X {B} is 
independent of the way in which the specialization (v) — (v’), with reference 
to k, is extended; this implies, in particular, that the number of points 2’ 
which are in {@} is for all the specializations of (R®,---,R) over 
Q— Q’, with reference to &, the same. This completes the first part of the 
proof. 
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Next assume that there is only one point R’™ in {#3}. Then by what is 
proved above, it follows that there is only one point among the (Q’™, R’(™) 
which is in Q’ X {@}. Hence, by Theorem 2, Q’ X B is linearly connected, 
and hence @ is linearly connected. 

A direct consequence is the connectedness theorem mentioned in the 


jntroduction. 


CoroLtitary. Let W be a subvariety of UX V, where V is a projective 
variety. Suppose the projection of W on U is equal to U and let [W:U] =1. 
Let Q’ be simple on U. Then W{Q’} ts linearly connected. 


Note. This result is proved, except for the linearity, in [IV]. 
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UNIQUENESS IN THE CAUCHY PROBLEM FOR PARTIAL 
DIFFERENTIAL EQUATIONS.* * 


By A. P. CaLDERON. 


1. Introduction. We begin with a few historical remarks. The classical 
theorem of Cauchy-Kowalewski asserts the existence of analytic solutions of 
analytic equations or systems of equations with analytic Cauchy data and 
their uniqueness in the class of analytic functions. In 1901 Holmgren [6] 
proved that the Cauchy problem has at most one continuous solution with 
continuous derivatives up to the order of the equations, provided that 
the latter are linear and have analytic coefficients. The condition on the 
coefficients is essential in Holmgren’s argument and precludes the possibility 
of generalizing the result to the non-linear case. The first contribution in 
the direction of removing the assumption of analyticity was made in 1939 
by T. Carleman [2], who proved the corresponding result in the case of two 
independent variables assuming that the characteristics of the equations are 
non-multiple. In view of the example of E. de Giorgi [3] (see also A. Plis 
[10]), who exhibited an example with multiple characteristics for which the 
Cauchy problem has more than one solution, the condition on the charac- 
teristics in Carleman’s result no longer seems artificial, but, unfortunately, 
the restriction to two variables is indispensable to the method of proof. In 
the case of more than two variables, no essential progress was made until 
1954 when C. Miiller [8] studied a special second order equation. Later 
P. Hartman and A. Wintner [4] and E. Heinz [5] settled the case of quasi- 
linear second order equations with the Laplacian as principal part. (See also 
P. D. Lax [7]). Shortly thereafter, N. Aronszajn [1] extended this result 
to general second order elliptic case. For other results on quasilinear equa- 
tions with principal parts with constant coefficients, see also L. Nirenberg [9]. 
In the present paper, we shall generalize Carleman’s theorem to functions of 
any number of variables with two exceptions, the case of three variables for 
equations and three or four variables for systems. The presence of these 


* Received June 30, 1957. 
1 This research was partly supported by the United States Air Force under Con- 
tract No. AF18(600)-685 monitored by the Office of Scientific Research. The author 


is indebted to P. Olum and G. A. Hunt for help with this paper. 
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exceptional cases is due to topological difficulties in our approach. Whether 
they are really exceptional or not, we do not know. Since the non-multiplicity 
of the characteristics plays an essential role in our argument and it does 
not seem to be possible to introduce additional independent variables in a 
differential problem without sometimes causing multiplicities to appear in 
the characteristics, we have been unable to reduce the exceptional cases to 
the other. In special instances, though, such as that of second and third 
order equations, our result holds for any number of variables. 

Our method is based on a representation of linear differential operators 
by means of singular integral operators. More specifically, if Aw is a linear 
differential operator of homogeneous order m defined on all Euclidean space 
and with bounded coefficients, then Au—HA”™u, where A is a square root 
of the negative of the Laplacian and H is a singular integral operator. For 
operators such as H, there is an approximate functional calculus which 
allows us to reduce the problem of uniqueness to a simple form. The first 
section of the paper will be devoted to discussing the operators H and the 
representation of A briefly described above. For the proof of the basic 
properties, we shall refer the reader to a paper by A. Zygmund and the 


author (see [11]). 


2. Singular integral operators. We begin this section with an informal 
discussion. Consider the real k-dimensional Euclidean space L,, complex 
valued functions u(x) on E,, and the operator 


(1) H(u) =a(z)u(z) + de, 


where a(x) is complex, bounded and h(zx,z) is complex homogeneous of 
degree —k with respect to z, that is, h(2,Az) =A*h(a2,z) for A> 0, where 
Mz is the point with coordinates Az, AZ2,° +, AZ, and z= *,2,), and 
h(z,z) has mean value zero on the sphere Sy. {| 2| = (a? 
=1} for each x Under mild assumptions on h(z,z), the integral above is 
meaningful as a principal value integral for u(x), say, square integrable over 
Ey. If a(x) and h(z,z) are actually independent of x, then Hw can be 
easily computed by taking Fourier transforms. Specifically, if a(2) denotes 


the Fourier transform of u(x), then 


Hu=(a+h)i, 


187n contrast with [11] we use here the Fourier integral with a minus sign in the 


exponent. This accounts for apparent discrepancies in sign. 


1% 
2) 
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where f is the Fourier transform of h(z,z)=h(z), the Fourier integral 
being taken as a principal value integral. If h(z) is continuous in |z| > 0, 
then f(z) exists, is a homogeneous function of degree zero, that is, such that 
h(Az) =h(z) for every A > 0, and has mean value zero on Sy. = {| z| =1}. 
Conversely, every sufficiently smooth function with these properties is the 
Fourier transform of some A(z). The function (a+) in (2) is called 
the symbol of the operator H and we shall denote it by o(H). It is clear 
from (2) that operators with a and h independent of x can be multiplied 
and added by simply multiplying and adding their symbols. 

Let now Aw be a linear partial differential operator with constant 
coefficients of homogeneous order m. Then 


(3) Au =pa(x)ima(z), 


where p(x) is the characteristic form of the operator A. Let us rewrite 
the last identity as 


(4) Aw = [pa(z)| 2 a 


and define the operator A by 
A 

(5) Au 
Then since the expression in square brackets in (4) is a homogeneous func- 
tion of degree zero, it is the symbol of some singular integral operator H, 
and we obtain 

! 

Au =o(H)| |"i(x) =o(H) (A™u)* 
and 
(6) Au=HA"u, 
where the symbol o(H) of H is given by pa(x)|a|-"i", pa(x) being the 
characteristic form of A. If A is the Laplacian, then 


Au = Au =— A*u, 


which justifies the assertion that A is a square root of the negative of the 


Laplacian. 
Suppose now that the coefficients of A are variable, that is, 


(7) Au => Dau, 

a 
where D,u runs over all partial derivatives of wu of order m. Let us now 
represent each D,w as in (16) 


(8) = 
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and substituting in (7), we obtain 


(9) Au = = (> A™u = HA"n, 


where Hu = Sa,H wu =D (Hau). Now as is easily seen, since Hg is 
of the form (1), so are a,H, and H =Sa,H,. Thus we have obtained the 
desired representation of A in the case of variable coefficients. 

Let us revert to the operators of the form (1). In the general case, 
that is, when a and h actually depend on 2, we shall define the symbol 
o(H) of the operator H by 


o(H) =a(x) +h(a2,z), 


where h(a,z) is the Fourier transform of h(x,z) with respect to z. The 
symbol is now a function of two arguments, z,z€ H;,, which is homogeneous 
of degree zero with respect to z. One verifies that the symbol of the operator 
H in (9) is precisely where 2% = 2,%z.%- - -2,%, and 
¥ 4,(x)z* is the characteristic form of the operator A. 

The operators of the form (1) do not form an algebra under ordinary 
composition but it is possible to introduce a product H,°H, by means of 
the formula o(H,°H.) =o(H,)o(H.). Under mild restrictions on the 
operators H7, this product is always defined, and with this multiplication the 
class of singular integral operators becomes a commutative algebra which 
is isomorphic to the function algebra of their symbols. The interest of this 
kind of multiplication lies in the fact that it is a fairly satisfactory substitute 
for ordinary composition of operators which, incidentally, is non-commutative. 
More specifically, the difference between H,° H, and H,H, has the following 
property. Our operators H are bounded on L?(F;,) and A is densely defined 
in L?(#;) and unbounded, but H,°H,—H,H, multiplied on the right or 
the left by A is bounded. Thus, modulo operators with the property of 
remaining bounded after multiplication by A, ordinary composition is equiva- 
lent to the formally simpler multiplication introduced above. 

We now proceed to formulate precisely the properties of singular integral 
operators which we shall need. For their proof we refer the reader to [11].™ 
By Cg, 1S BS 2, we shall mean the class of bounded complex valued func- 
tions in C, with bounded first order derivatives satisfying a uniform Hélder 
condition of order B—1. If 0=B< 1, then Cg will stand for the class 
of bounded continuous functions satisfying a uniform Holder condition of 
order B. By Cg”, we shall mean the class of functions depending on two or 
more arguments which are in C® with respect to the last argument and whose 
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derivatives of all orders with respect to the coordinates of this are in Cg with 
respect to all variables. By L?, we shall mean the class of functions on LF, 
with integrable square, and L,? will stand for the class of functions in L? 
with first order derivatives (in the sense of Schwartz) in L?. We shall say 
that the operator (1) is of type Cg* if a(x) €Cg and h(2,z) € Cg® in 

z|=1. The letter c will stand for a constant not necessarily the same in 


each occurrence. 


THEOREM 1. Let B=O be given. Consider the class of singular 
integral operators H of type Cg*. Then Hu 1s well defined as a principal 
value integral for we L? and Hu is in L?. Further, H is a bounded operator 
on L*. There exists a one-to-one linear mapping o of the class of operators 
of type Cg” onto the class of functions F(a,z), x,z2€ Ly, homogeneous of 
degree zero with respect to z and in Cg® in |z| 1, such that, if Ny is the 
least upper bound for the absolute value of F(a,z) =o(H) (see footnote 2) 
and its derivatives with respect to coordinates of z of order 2k evaluated in 
|2|=1, then 


(10) | HS Nu, 
where ||H || is the norm of H as an operator on L? and c is a constant 
depending only on k. 


THEOREM 2. Jf u(r) €L,? and denotes the Fourier transform 
of u(x), then a&(x)|x| belongs to L?. Thus the operator A defined by 


Au =%a(x)|2| has domain L,’, range in L* (see footnote 3) and is symmetric. 


THEOREM 3. Let H be a singular integral operator of type Cg” with 
1<B=2. Let My denote the least upper bound for the absolute values 
of o(H) =F (z,z), its derwatives with respect to coordinates of z of order 
2k, the first order derivatives of these and of F(a,z) with respect to coordi- 
nates of x, and the Holder constants of the latter in |z| 21. Let H* denote 
the adjoint of H and let H*, H,oH, be defined by 


(11) o(H*)—=s(H), 


Then H* and H,°H, are singular integral operators of type Cg®. Further. 
if H is of type Cg® and ue L,?, then Hu and H*u are in L,*, so that the 
operators AH, HA, H*A, AH* are defined on L,?. Further, of w€ L,*. then 


? The function o(H) here is the symbol of H. 
* The definition of the operator A given here is different from the one given in [11]. 
They are, nevertheless, readily seen to be equivalent. 
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— HA)u | ScMy | u |, ||A(H* —H*)u | ScMy |u|, 
|(H* —H*)Au || ScMy | |, 
|| oH, — H,H,)u || ScMy,Mz, || u |, 
H,— H,H2)Au || S cMu,Mu, || ||, 
where c is a constant depending on k only and the norms are L?-norms. 


Consequently, the operators in (12) can be extended continuously to bounded 
operators on 


THEOREM 4. Jf H, and H, are in Cg”®, B&O and the functions 
o(H,) = F(a, 2), o(H2) = F,(2, z) are independent of x, then H,°H,=H,Hz, 
H,* = H,* and H, has an inverse if and only tf o(H,) does not vanish. 
Further, H, takes L,? into L,? and H,A = AH,. 


THEOREM 5. Let where (0, %,° +, Gx), G+ 
a 

+: and Dg = be a linear homo- 
geneous differential operator of homogeneous order m with coefficients ag(x) 
in Cg, B=0. If u(x) ts in L? and has derivatives of orders less than or 
equal to m in L*, then A™u 1s defined and Au—=HA™u, where H is a 
singular integral operator of type Cg” and 
(13) o(H) =i" 2% | 2 |-*, 
where 2% == 2,%z,%- - -2,%, In particular, if we then 


(14) du/dx; = i Rj Au = 1ARyu, 


where o(R;) =2;|2\|+. Conversely, if u€ Ly”, then 


k k 
(15) iAu= > Rjou/dx; = > 
j=1 


In what follows, we shall consider singular integral operators depending 
on a parameter ¢ and function u(t) depending on ¢ and with values in L?. 
We shall say that such a function is continuous if || w(¢) —u(to)|| tends to 
zero as ¢ tends to ¢, for all t). We shall say that u(t) is differentiable if 
there exists a function du/dt v(t) of the same type such that 


(w(t) —u(to) )/(t— to) —v(to) | 


tends to zero as ¢ tends to éo, for all ¢o. 
Our results on uniqueness are essentially applications of the following 


LemMA 1. Let u(t), OStSh, have values in L,?, be continuously 
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differentiable and be such that Au(t) is continuous. Let P(t) and Q(t) be 
singular integral operators such that o(P) =F and o(Q) = F.(t, 2, z) 
are real and in Cg”, B>1 in |z| 21.4 Assume that P(t) has a two sided 
inverse for each t or else vanishes identically, and let o,(t) = (t+ 1/n)-. 
Then if u(0) =0 and 


(16) du/dt + (P+iQ)Au dtSe f | 


for some constant c and arbitrarily large n, u(t) =0 in a neighborhood of 
t= 0. 


Proof. We will first derive inequality (23) and then show that (16) 
and (23) are incompatible for sufficiently large n, unless u(t) 0 in a 
neighborhood of ¢=0. We shall write wu’ for du/dt etc. and shall omit 
displaying supscript n of ¢n. 

We have 


+. (P+iQ) Au] = [ + iQagu] + [PAgu—9’ul. 
Squaring, we obtain 
|| w + (P+ 1Q) Au ||? = || (¢u)’ + 1QAgu ||? + || — ||? 
(17) = =—[(¢u)’, — [$’u, (pu)’] + [(pu)’, PAgu] + [PAgu, (u)’] 
+ i[QAdgu, PAdu] —i[ PAdu, QAdu] —i[QAgu, + i[ d’u,QAgul, 


where the brackets denote inner products of the functions involved. Now 
we integrate between 0 and h/ and estimate the integrals of the last eight 


terms. First, we have 
[(pu)’, p’u] + [p’u, (pu)’] = 2g” | + + (u,u’) J, 
and integrating between 0 and h we obtain 
Now one verifies readily that 


*Note that both F, and F, are assumed to be in (g® as functions of all their 
variables, ¢ included. 
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and that ¢(h)¢’(h) || u ||? 0. Consequently, it follows that 


h | h 
0 
Next we estimate the integral of the terms | (¢u)’, PAdu] + [PAdu, (du)’]. 
Let us write vu and P’ for the operator defined by o(1”) = (0/0t)a(P) 
(i.e., P’ is the derivative of P(t)). Since o(P) €Cg*, B>1 in |z|=1, 
using (10), one verifies readily that Pv is differentiable and that (Pv)’ 
=P’v+ Pv’. Since v is in L,?, it follows from Theorem 3 that Pv is in 
and APv is defined. Further, since Av = is continuous, writing 
for Pv, we have 
{[v(¢+s), Aw(t+s)]—[v(t), Aw(t) ]}/s 

= [Av(t+s), (w(t-+-s) —w(t))/s] + [ (v(t +s) — /s, 
and as s tends to zero, the right hand side tends towards (Av, w’) + (v’, Aw) ; 
that is, (v, Aw) is differentiable and its derivative is equal to the expression 


above. More explicitly, we have 
(pu, APpu)’ = [Agu, P(pu)’] + [Agu, P’pu] + [(ou)’, APpu]. 
Consequently, we can write 
[(pu)’, PApu] + [PAgu, (pu)’] 
—[$u, APgu]’— [Agu, P’gu] 
+ [(P—P*) Agu, + [(du)’, (PA—AP) du]. 


Since P= P*, according to (12), the operators (P—P*)A and PA—AP 
are bounded and their norms, as functions of ¢, are bounded. Also, according 
to (10), the norm of P’ is bounded. So if we replace (gu)’ by ¢’u + gu’ 
above and integrate, we obtain 


PAdu|dt + [PAdu, (¢u)’]dt 
0 


(19) = ¢7(h)[u(h), AP(h)u(h)] —e f te || Aw || |] | 
| || u 4? | ull | 


where c is a constant independent of n. Next we have 
[QAdu, PAdu] — [PAdgu, QAdu] = [ (P*Q — Adu, Adu] 
(20) = [(P*Q — Q*P) Agu, Agu] + [A(P* — QAgu, gu] 
— [A(Q* — QF) PAgu, gu]. 


vO 


24 A. P. CALDERON. 


‘Now, according to (12), the operators A(P*—P*#) and A(Q*—Q*) are 
bounded and their norms, as functions of ¢, are bounded. Further, since 
P= P# and and PoQ=QoP we have 


(P*Q—Q*P) A= (PQ—PoQ)A— (QP—QoP)A, 


and according to (12), the operators on the right are bounded and their 
norms, as function of ¢, are bounded. Consequently, integrating (20), we 


obtain 
h h 
(21) {i[QAgu, PAgu] —i[ PAdu, QAdu] }dt= f || w || || Aw || dé. 


Finally, i[¢’u, QAgdu] —i[QAdu, = idd’[ (AQ*—QA)u,u], and since 
Q=Q*, it follows again that AQ*—QA is a bounded operator and has 
bounded norm. Thus, integrating, we obtain 


(22) filo, QAgu] —i[QAgu, ¢’u] }dt = —e fi | || ||? at. 


Now we integrate (17) and using (18), (19), (21), and (22) and observing 
that ¢(h) =h-™, we obtain 


(23) f "| Pagu—o'u at 


h 


+ || | —ch-, 


where c is a constant independent of n. Now we will show that this last 
inequality is incompatible with (16) for sufficiently large n, unless u(t) =0 
in a neighborhood of £==0. Assume first that P(t) does not vanish identically 


and set 
h h 

(24) || ui? dt f $? || PAu ||? dt p2l?. 
0 0 


Then one verifies readily that, unless u(t) =O in a neighborhood of ¢t=0, 


we have 

and h?"I?/n?->0 as n tends to infinity, which implies that 
(26) a= 9(I?/n?). 


Since P(t) has a two sided inveftse P(¢)-' for each ¢ and is continuous in 
the norm topology for operators on L* (this is an immediate consequence of 
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(10) and our assumptions on P(t)), it follows that P(t)-? has bounded 
norm and, consequently, || Aw || =c|| PAw||, where c is independent of f, 
which in turn implies that 


h 
(27) || Aw ||? dt 


Since P and Q are bounded operators and have bounded norms, for those n 
for which (16) holds, we have from (16), (25) and (27) 


(28) [dt =O (61 + I/n)? 

Finally, for the same n from (24), (25), (27), and (28), we obtain 

(29) 

Now the right-hand side of (16) is larger than or equal to the right-hand 


side of (23) for all n for which (16) holds. Hence, for such n, from the 
estimates (24) to (29), we obtain 


o(1?/n*) = (p—1) 72? + — o(1?/n + pl?/n + — o(1?/n?). 


Now, neglecting the higher order terms o(J?/n) and o(J?/n?) multiplying by 


n and dividing by pl? we get 
= (n(p—1)?+1)/p= ((p—1)? +1) > 3 


which is, of course, impossible for sufficiently large n. 
If P(t) =0 identically, then (23) reduces to 


h h h 

and this combined with (16), (24) and (25) gives 
o(I?/n?) = (14+ 1/n) P? —o(I?/n) 


which again is readily seen to be impossible for sufficiently large n. Lemma 1 
is thus established. 


LemMA 2. Let u(t), OS¢tSh have values in L? and be continuously 
differentiable. Then 


h h h 
(30) ff dat du/at f° gy’? dt 
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Proof. To obtain the first inequality, we merely set PQ =—0 in (17), 
integrate and use (18). The second inequality follows from the fact that 
on? = n?(1+h)*¢,? in OStSh. 


3. Uniqueness in the case of a single linear equation. Our problem 
consists in showing that if w€ C,, is a solution of a linear homogeneous partial 
differential equation A(w) 0 of order m, and u and its derivatives of order 
less than or equal to m vanish on a non-characteristic manifold /, then wu 
must vanish in a neighborhood of M. The problem is local, and we need 
only consider what happens in an arbitrary neighborhood of a given point 
of M. 

We shall consider the function u only on one side of M, and, for this 
purpose, it will be convenient to replace uw by zero on the other, which will 
neither disturb the fact that wu is a solution of A(w) =O nor destroy the 
assumed continuity properties of wu. Further, and without loss of generality, 
we shall assume that MW is of class C,,. The differential operator A will be 
assumed to have non-multiple characteristics, coefficients of highest order 
derivatives in Cg, 8 > 1, and remaining ones measurable and bounded. We 
shall first bring our differential equation to a suitable form and then replace 
by it an inequality involving singular operators to which, after some manipu- 
lation, we shall apply Lemma 1. 

We shall denote by &-+ 1 the number of independent variables. By 
introducing suitable coordinates ¢,2:,%2,- we can assume that 


k 
coincides with the paraboloid = | |? = and that u=0 in 
1 


and we shall show that u—0O for {=h, for some h > 0. 
Since u=0 in t|a|?, we may freely modify the coefficients of A 
there, and, in fact, we shall replace A by 


(31) A’ = + (1— go) Ao, 


where g, is a function in C, such that, OS g)S1, g=—1 in t=|2|? and 
go=0 in tS=|ax|?—8, 8>0, and A, is the operator obtained from A by 
replacing its coefficients by their values at t—x—0. We note that A’ 
coincides with A at t—=x=—0 regardless of the value of 8. By taking 54 
sufficiently small and by restricting our attention to a sufficiently small 
interval 0=t=h, we may assume that the oscillation of the coefficients 
of A’ is less than any preassigned number «. Since t=|2|? is non-charac- 
teristic, the hyperplane ¢—0O is _non-characteristic at Conse- 
quently, we may assume that the coefficient of dw”/dt™ does not vanish in 
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a neighborhood of ¢=x—0. Hence, the coefficient of 0”u/dt™ in A’ does 
not vanish for 0 =¢=h, we may write our equation in the form 


m 
aru /at™ + + B(u) =0, 


where A; is a linear partial differential operator of homogeneous order j 
involving only differentiations with respect to z,,° - -z,, and B(w) is linear 
homogeneous and of order less than m. Our previous considerations make 
it clear that the characteristics of (32) can be assumed to be nowhere multiple 
and the oscillation of the coefficients of the A; arbitrarily small. 

We shall regard the function u(t,z) in (32) as a function u(t) with 
values in L?(Z;,). Since u(t,z) has continuous derivatives up to order m, 
and vanishes for x outside a fixed bounded set, the functions 


(33) v;(t) = (1A) j=l,2,- +,m, 


have values in L,’, are continuously differentiable and the Av; are continuous. 
Now we represent the operators A; in (32) as in Theorem 5; that is, 
we set A; =wH;A’, where H; is the singular integral operator defined by 


o(H;) = p;(t, 2) | |-4, 


pj(t, 2,2) being the characteristic form of A;. Thus (32) can be rewritten as 


(34)  dm/dt-+ dv,/dt —idv;,, =0, 


the last equation being an immediate consequence of (33). 

Now we shall write these equations in matrix form. For this purpose 
we shall consider m X m matrices of singular integral operators and regard 
them as operators acting on m-vectors with functions in L?(H#;,) as com- 
ponents. By the norm of such a vector, we shall mean the square root 
of the sum of the squares of the norms of its components. The meaning 
of the norm of such a matrix operator is clear, and the way in which 
the properties of singular integral operators extend to matrix operators is 
also apparent. Thus, if we write v(t) for the vector of components 
v,(t), Um(t), and w(t) for [0,0,---,—B(u)], and if #(t) 
denotes the matrix operator of entries Hy—-—TI (J being the identity 
operator) if j—=1+ 1, Hnj—Hm-j.1, and remaining ones equal to zero, we 
may write (34) as 


(35) dv/dt +- #(t)iAv—w(t). 


Now we will estimate || w ||? in terms of || v ||?. Since B is a sum of linear 
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-homogeneous partial differential operators, each of homogeneous order, 
applied to the derivatives 0/u/dt’, representing each of these operators as in 
Theorem 5, we obtain 
| Bul?Sc S | A'diu/dti || dA'u/dti 
1+jSm-1 l+jSm-1 
and a repeated application of Lemma 2 to each of the terms of the last sum 


gives 


h h 
| Bu ||? <= Cc > f bn? /dt™-i-1 || dt, 
j 0 


h h 
or, according to (33), f dr’ || w ||? cf dr? || v ||? dt. From this and 
0 
(35), it follows that 


h h 
2 dt< 2 2 dt. 
(36) || dv/dt + (t)iAv |] use fn? || v ||? dt 


In order to apply Lemma 2, we shall replace this inequality by a similar one 
involving a diagonal matrix instead of #(t). 

Consider the matrix o(&) of entries o(Hy) and the characteristic 
polynomial det[AZ + o(#)] of —o(&#). Then a simple computation gives 


det[AI + | 
—)\m + 2,2) | + 4+ Pu-1(t, 2, 2) | 
+ pm(t,2,2)| 2 |-™, 


where pj(t,z,z) is the characteristic form of the operator A; in (32). But 
as is readily seen, this function coincides on |z|==1 with the characteristic 
form of the equation (32) which was assumed to be non-multiple. Conse- 
quently, for each (t,2,z), |z|>0, the matrix o(%#) has distinct charac- 
teristic values A;,A2,° *,Am- 

Let us postpone the discussion of the cases k =1 and k = 2, and assume 
temporarily that k=>3. If k23, the set of points (t,2,z), |z|>0, is 
simply connected and the principle of monodromy implies that there exist 
single-value continuous functions A, 2,2) coin- 
ciding at each point with a characteristic value of o(®). Further, since 
the entries of ¢(%) are real, the A;(t,2,z) which are complex can be paired 
in complex conjugate pairs. This implies that the imaginary part of a 
complex A;(¢, 2,2) cannot vanish without the characteristics of (32) becoming 
multiple at a point. Hence the functions A;(t,z,z) are either real or else 
their imaginary parts do not vanish. We note that since the entries of o( 9) 
are functions of (t,7.z) in Cg*, homogeneous of degree zero with respect 
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to z, the same holds for the ;(¢,z,z). Further, the oscillation of the entries 
of o(&#) can be assumed to be arbitrarily small for each fixed z, and 
consequently, the same holds for the A,(t,2,z). 

Define now the matrix N,(t,z,z) by N,(t,z,z) = (a,(t,2,2z)), where 
yj =Aj(t,z,2)**. Then, since the A; are all distinct, N, is nonsingular 
and has an inverse. Set NWN, and denote by D the diagonal matrix 
with entries —A,(¢,z,z) in the main diagonal. Then o(#)N,—N,D, and 
consequently, No(&#)—DN. Let No—=WN(0,0,z) and define the matrix 
singular integral operators, NM, N, and D, by o(N) =N, o(No) =No, 
| o(D)=—D. Since N, is nonsingular, it follows from Theorem 4 that the 
operator T, is invertible. Since the entries of o(%—M,) and their partial 
derivatives with respect to coordinates of z of order 2k can be assumed 
to be arbitrarily small,> it follows from (10) that the norm of N—N, 
can be assumed to be arbitrarily small, and since ‘1, has an inverse 
N= (t) has an inverse with bounded norm. Consequently, 


ics || Ndv/dt +N ||? dtSc foe || dv/dt + ||? dt 
0 0 


h h 
and f dp? || v ||? dts cf dn? || Nv |? dt, and from (36), we obtain 
0 0 


(37) | Ndv/dt + dt <e foe | No dt. 


Now is a function of (t,2,z) of Cg*, 8B >1in |z|21. Consequently, 
if we define dN/dt by o(dN/dt) =d0(N) /dt, then dN /dt has bounded 
norm and 


| (38) Ndv/dt = d(Nv) /dt — (dN /dt)v = d(Nv) /dt + v’, 
where || v’ || Sc || v ||, and consequently, also || v’ || <c||Nv||. Further, since 
a(N)o(H) = No(H) =DN =0(D)o(N), 
we have NoM—DoM and 
NHiA = Dian + Di(Nna— aN) 
+(DoN—DN)iA+ (NH—N oM)ia. 


But according to Theorem 3, the last three terms on the right represent 


bounded operators, and consequently, we may write 
(39) NHidv = DiaNv + v”, 


5 Note that the oscillations of the entries of this matrix and of its derivatives with 
respect to coordinates of 2 can be estimated in terms of the oscillation of the coefficients 


of the equation (32). 


| 
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where || and therefore, also |v” |= c||Nv|j. Substituting 
(38) and (39) in (37), we obtain 


(40) 
h *h th 
0 0 


Let now w,,W2,° * *,Wm be the components of Nv, and P,+1Q,, i0,, 

--,Pm+iQm the entries in the main diagonal if i, where —o(Q;) and 
o(P;) are, respectively, equal to the real and imaginary part of A;(t,7,2). 
Since the imaginary part of A;(t,z,z) is identically zero or else does not 
vanish, and since the oscillation of A;(0,0,2) —A;(t¢,a,z) and its derivatives 
with respect to coordinates of z of order 2k can be assumed to be arbitrarily 
small, it follows from (10) and Theorem 4, that either P; vanishes identically 


or else has an inverse. Thus (40) can be written as 


h m 
(41) duy/dt + (Py +iQ,) Amy dtS gut wil? ae 
0 i=1 
goml,2,- 


Let now j, 1=j=™, be an index such that 


0 


for infinitely many n. Then for such an index, (41) yields 


| + (Pj Aw; dt Sc at 


for infinitely many n. Now, as is readily verified, the remaining assump- 
tions of Lemma 1 are satisfied, and thus w;(t) =0 in a neighborhood o! 
t—0. But then (42) implies that all the other components of w= 
must vanish in the same interval. Consequently, v0 for t sufficiently 
small, whence v0 and u—0 for the same values of ¢. 

Thus uniqueness is established, provided k= 3. 

To complete the proof in the cases k= 1 and k=2, we still have to 
construct the functions A;(t, 2,2) coinciding at each point with a characteristic 
value of o(#). If k=1, the set of points (t,z,z), |z| > 0, has two simply 
connected components. On each of these, we can construct the functions 
Aj(t,2,2) as we did in the case k => 3, and they will turn out to be either 
real or else have a non-vanishing imaginary part. Then we pair the 
functions on each component in such a way that 2) = —A,(t, 7. —2?) 
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and this will yield the functions A;(t,z, z) over the whole set (t,2,z), | z| > 0, 
with the desired property of either being real or else having a non-vanishing 
imaginary part. 

If k= 2, the set of points (¢,z,z), |z| > 0, is no longer simply con- 
nected; i.e., the principle of monodromy does not hold, and indeed, it is 


possible to construct a differential operator for which no continuous single 


valued functions A;(t,7,z) exist. For such an operator, our argument can 
be carried no further and the question of uniqueness remains open. Yet, 
in a special case which is certainly not devoid of interest, the functions 
Aj(t,2,2) still exist. This is when there exist at most two complex charac- 
teristic values of o(#) at each point (t,z,z), |z|>0. To show the 
existence of the A;(t, 2,2), we first construct the functions d;(t,2,y) on the 
universal covering space of the set (t,2,z), |z|>0. The same argument 
used previously shows that either A;(¢,2,y) is real at all points or else its 
imaginary part does not vanish. Let us denote by A, and A, the two complex 
Aj and assume that at (fo, 20, yo), Im[A,] > 0, Im[Az] < 0,A3 << Ag 
Since the A; are distinct at each point, these inequalities hold everywhere on 
the covering space. Now if (¢,,21,4,) and (f2,2,y2) are two points above 
the same point (¢,2,2), then the sets of values of the A; at these points 
coincide. Since the inequalities above hold at both and (to, 
it follows that A;(t1, 71,41) = Aj (te, V2, Yo), J = 1, 2,° -,m, and consequently, 
the functions A;(t, 2, y) can be lifted to the set (t,2,z), |z| > 0, which proves 
our assertion. 

To conclude, we note that there will be at most two complex A; if the 
order of the equation does not exceed 3. Consequently, there is uniqueness 
of solutions of the Cauchy problem for second and third order equations 
with non-multiple characteristics, regardless of the number of independent 
variables. 


Our results on a single equation can be summarized in the following 


TuHeEoremM 6. Let A(u) =0 be a linear partial differential equation of 
order m in a function u of k variables. Let the coefficients of derivatives 
of order m be real and in Cg, B>1, and the remaining ones measurable 
and bounded. Then if the characteristics of the equation are non-multiple,™ 
solutions of the Cauchy problem are unique in Cy, provided that k3 or 


m= 3. 


5a Although not strictly necessary, here as well as in Theorem 7 we assume the 
characteristic form to be free of multiplicities in the complex domain. 
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4. Uniqueness in the case of a system of linear equations. With a few 
changes, the method used in the preceding section can be applied to a system 
of equations. 

Assume that we have a system of r equations in r functions -, u,. 
Then we regard the functions u; as the components of a vector function » 
and the system of equations as a single equation in wu with r X r matrices as 
coefficients. After bringing the equation to the form (32), we can proceed 
as before. The v; in (33) will now be r-vectors and the v(t) in (35) an 
mr-vector. The matrix &#(t) in (35) will become an m X m matrix with 
r X r matrices as entries, that is, an ordinary mr X mr matrix. The charac- 
teristic polynomial of —o(#) will coincide on | z | 1 with the characteristic 
form of the system, and the characteristic value functions can be constructed 
as before. 

So far, the way in which we have to modify the argument of the pre- 
ceding section is obvious. But in trying to construct the matrix N, with 
the property that 
(43) o(#)N,—N,D, 


where D is diagonal, we run into topological difficulties which we know how 
to overcome only by imposing an additional restriction on the number of 
independent variables, or else, by assuming that both the system and the 1; 
are sufficiently differentiable, which enables us to obtain by differentiation 
another system where such difficulties do not appear. Observe that if (43) 
is to be satisfied, the column vectors of N, must be eigenvectors of o(#) 
corresponding to its distinct characteristic values. In the case of a single 
equation, given the simple form of o(#), these eigenvector fructions, as 
we have seen, can be constructed easily in terms of the corresponding charac- 
teristic value functions. In the case of a system, though, such an obvious 
construction does not seem to be available and we are forced to resort to 
topological techniques. Given a characteristic value function Aj;(t,z,z) of 
—o(H#) (in the general case it will be a complex valued function), to each 
point (t¢,2,z), |2| > 0, there corresponds a one dimensional subspace of the 
mr-dimensional complex Euclidean space, namely, the corresponding eiget- 
space of the matrix o(®#). Our problem is then to select at each point 
(t,2,z), |z| > 0, a non-zero vector from this eigenspace so as to obtain a 
continuous eigenvector function corresponding to the characteristic value 
function A;(t,z,z). Since the entries of as functions of 2,2) are 
homogeneous of degree zero with-respect to z, it will be sufficient to carry 
out the construction for |z|—1. Further, since the oscillation of the coefli- 
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cients of the equations can be assumed to be arbitrarily small it will be 
enough to construct the eigenvector function, denote it momentarily by 
w;(t, 2,2), for (t,x, 2) = (0,0,z2), |z] 1, and then extend it to all (t,2,z), 
|z|—=1, by imposing the condition that the Hermitian inner product of 
w;(t,2,2) and w;(0,0,z) be real and positive. 

Consider the rm-dimensional complex Euclidean space, its unit sphere 
8, and the collection P;m_, of all its one dimensional subspaces. Then Pym 
can be regarded as the (rm—1)-dimensional complex projective space, and 
Scan be thought of as a fibre bundle over P,».. The fibre over each point 
of Pym-1+ is the intersection of the corresponding subspace of our Euclidean 


space with S, i.e., a 1-sphere; the group is the complexes of absolute value 1 


(see [12], page 106). We are given a continuous mapping ¢ of the set 
of points (0,0,z), |z|—1, that is, of S,., into P». and we want to 
select continuously a vector in S belonging for each (0,0,2) to the one- 
dimensional space corresponding to #(0,0,z). For this purpose, consider 
the bundle over S;, induced by the mapping ¢: Sx1+—2Prm+s (see [12], 
page 47). This induced bundle is a 1-sphere bundle over S,-, with the com- 
plexes of absolute value 1 as group. But then, if k—1542, there exists a 
cross section (see [12], page 99); that is, there exists a continuous mapping 
¥(0,0,2) of S,. into S such that for each z the unit vector y(0,0,z) is 
contained in the one dimensional space corresponding to $(0,0,z). This 
mapping can be assumed, in addition, to be in C* (see [12], page 25). 

Once the eigenvector functions of the matrix o(%) corresponding to 
each characteristic value function A;(t,2,z) have been constructed, we can 
obtain without difficulty the matrix NV, in (48), and from here on the argu- 
ment proceeds exactly as in the preceding section. 

If the equations in the system have sufficiently differentiable coefficients 
and the functions u,,Us,- **,u, are also sufficiently differentiable it is 
possible to avoid the topological difficulty discussed above, and consequently, 
drop the additional restriction k 8. 

We note that if the functions u,,u.,- --,u, and their derivatives of 
orders less than or equal to m—1 vanish on a non-characteristic manifold M 
and can be further differentiated continuously n times, and if the coefficients 
of the equations have continuous derivatives up to order n—1, then all the 
derivatives of the u; of orders less than or equal to m 4+-n—1 vanish on M. 
This means that if we replace our system of equations by another obtained 
from this one by differentiation, the Cauchy data of the new system will 
still vanish. 

Consider a linear differential operator A(w) of order m with rXr 
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matrices as coefficients and thought of as acting on vector valued functions 

U = (Uy, Us, +, in the variables 2, 2%2,- -,2,. With the notation used 

in Theorem 5, let a, be the coefficient of Dg, and let r(A) be the rXr 

matrix 7(A) = where z* runs over all monomials in 22,° 
a 


of degree m. This matrix we shall call the characteristic matrix of A. The 
polynomial in z with functions of c= (2%,,%2,: - +,%,) as coefficients given 
by p(A) =det[>a,2*] coincides with the characteristic form of A. 

a 


Let now A, and A, be two operators as above. Then 72(A,-+ 4,) 
=7(A,) +7(A.) #0 unless A,-+ Az is of order less than m, in which 
case, r(A,) + 2(A.) Further, if A,A, is defined, r(A,A2) = 

If det[AJ —7(A) ] =A" + +- is the characteristic 
polynomial of the matrix 7(A), then the 6; are homogeneous polynomials in 
z of degrees jm with functions of x as coefficients. Since a matrix satisfies 


its own characteristic equation, we have 
(44) + -+0,47(A) =0. 


Let now B; be the differential operator of homogeneous order mj with charac- 
teristic matrix 6;J (IJ being the unit matrix). Then (44) implies that 


At SBA 
1 


is of order less than mr. Consequently, if A(w) =0, then 


(45) B,(u) = R(u) — (Ar 43 B;A"-i")A(u) =R(u). 


The matrix B, is diagonal and its entries on the main diagonal are all 
identical and equal to an ordinary (in contrast with the matrix differential 
operators) partial differential operator, denote it by B, which is of homo- 
geneous order rm and whose characteristic form is det[7(A)], that is, 
coincides with the characteristic form of A. In terms of components, equation 
(45) can be written as B(u;) 7=1,2,- where B 
is of order mr and has non-multiple characteristics and the R; are of lower 
order. 

Now the reader will have little difficulty in verifying that the argument 
used in the preceding section applies also to systems in which the principil 
part of each equation contains just one function u;, as is the case with the 
system above. 

We omit further details and summarize our results in the following 
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THEOREM 7. Let A(u) be a system of r linear partial differential 
equations of order m in r functions u; of k variables. Then if the charac- 
teristics of the system are non-multiple:** i) solutions of the Cauchy problem 
are unique in Cy», provided that the coefficients of derivatives of order m are 
real and in Cg, B > 1, the remaining ones are measurable and bounded, and 
:=2 or k>4; ii) solutions of the Cauchy problem are unique in Crm, 
provided that the coefficients of derivatives of order m are real and in Cm), 


the remaining ones are in Ci), and mrS3 or k¥3B. 


5. Uniqueness in the non-linear case. The argument by which one 
extends the results on uniqueness to the non-linear case is well known. We 
shall briefly discuss the case of a single equation. Systems are treated in 
exactly the same way. 

Let F'(2,u,Ua) =0 be a partial differential equation, x denoting the 
point *, and running over the derivatives of the function u 
of order less than or equal to m, and assume that F is of class C3. 

Let w and v be two solutions with the property that w—v and its 
derivatives of order less than or equal to m —1 vanish on a non-characteristic 
manifold 3, and assume that wu and v are of class Cn... Denote by F, and 
F, the partial derivatives of F with respect to wu and wg respectively. Then 
| F(t, u, Ug) =F (a2, v, vq) and by the mean value theorem, 


F(x, Ug) — F(a, v, Ve) = (u— v) F,[2, v + (u— v)8,va + (Ua— Va)s |] ds 
0 


+ (ua— Va) 2 + (u—v)s, Vg + (Ug — = 0. 


If we now replace u,v,Uq and v, by their values as functions of xz in the 
integrals on the right, we find that w— v satisfies a linear differential equation 
for which M is non-characteristic. Further, given the differentiability 
properties of F', wu, and v, one verifies readily that the coefficients of this 
equation are in C,. From our previous results and assuming non-multiplicity 
of the characteristics of the equation, it follows that wu—v—0 in a neighbor- 
hood of M. 
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By S. K. BERBERIAN. 


Introduction. The object of this paper is to prove the following con- 
jecture of I. Kaplansky: if A is any AW*-algebra, the algebra A, of n Xn 
matrices over A is AW*. This result is readily accessible in all but one 
(namely finite type II) of the types according to which AW*-algebras are 
ordinarily classified ([4], Theorems 4.2, 4.6). These known results may 
be summarized as follows. 

After decomposing A into the direct sum of a type I algebra and a 
| continuous algebra (i.e., one which contains no abelian projections), these 
two cases may be considered separately. If A is type I, then A can be realized 
as the algebra of all bounded module operators on a suitable AW*-module 
H ({6], Theorem 8). Evidently, A, is the algebra of all bounded module 
operators on the direct sum of n copies of H and, hence, is an AW*-algebra 
of type I ([6], Theorem 7). 

Suppose next that A is continuous. After decomposing A as the direct 
sum of a properly infinite algebra (i.e., one without finite direct summand), 
and a finite algebra (necessarily of type II), these two cases may be con- 
sidered separately. If A is properly infinite, one can find n orthogonal 
projections ¢,,- - -,é, in A, with sum 1, each equivalent to 1 ([4], Lemma 
4.5). By standard matrix unit techniques (see [5], Section 5), A is *- 
isomorphic with the n n matrix algebra Say w*w—e,, ww* =1. 
Then a— w*aw is a *-isomorphism of A onto e,Ae,; this lifts to a *-isomor- 
| phism of A, onto (€,Aé,)n, thus A, is *-isomorphic with the AW*-algebra 
| A itself. 

Thus, we are concerned primarily with the finite type II case. The first 
step is to show, using the regular ring of A, that A, is a B,*-algebra. At this 
point Kaplansky showed that A, is AW* provided A is a factor; in the general 
case, our proofs of generalized comparibility and finiteness are modeled on 


Kaplansky’s arguments. 


1. Preliminaries. All C*-algebras to be considered have unity elements. 
It is appropriate to mention that if B is any C*-algebra, B, is also a C*- 
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‘algebra. This is easily seen by representing B as a uniformly closed *-algebra 
of operators on a Hilbert space H; then B, is a uniformly closed *-algebra 
of operators on the direct sum of n copies of H. This representation shows 
that if c= (aj) € By, then || ay || = || || for all 1,7. On the other hand, 
| x || S n? max || aj; ||, as one sees by expresssing x as the sum of n* matrices, 
each containing at most one non-zero entry. These remarks yield the following 
useful fact: if (B,) is any family of C*-algebras with C*-sum B, then B, 
is the C*-sum of the (By), (see [4], Section 2, for a discussion of C*-sums), 

For the remainder of the paper, A is an AW*-algebra with center 7, 
n is a fixed natural number, and A, is the C*-algebra of n Xn matrices 
over A. At times we shall identify A with the subalgebra of A, consisting 
of the “scalar” matrices (a8), a€ A; thus if r= (aij) € An, av = (aajj) 
and za= (aa). The center of A, consists of the scalar matrices (cé;;), 
c€ Z; thus, when A is identified with the scalar subalgebra of Ay, Z becomes 
the center of A,. In particular, the center of A, is an AW*-algebra. The 
first part of the next lemma relates the LUB of central projections to the 


rest of Ap. 


Lemma 1.1. Let (hg) be a family of central projections in the AW*- 


algebra A. 


If An, =O for all a, and h=LUBh, (computed in Z), 
then hx =0. 


If the hg are orthogonal, and LUBhg=1, then A, is the C¥-sum 
of the NgAn= (haA)n; if moreover each hgAy 1s AW*, so ts Ay. 


Proof. (1) Say r= (aj). Then = (haqaij), thus = 0 for 
all indices; hence hajj—=0. (2) Since A is the C*-sum of the h,A ([4]. 
Lemma 2.5), A, is the C*-sum of the (hgA)» by the earlier remarks. The 
last assertion of the lemma follows from the fact that the C*-sum of AIW*- 
algebras is AW* ([4], Section 2). 

This lemma, of course, justifies the consideration of cases in the Intro- 
duction. Another programming for the consideration of cases is as follows. 
Decompose A into a finite algebra and a properly infinite algebra. After 
disposing of the properly infinite part by the argument in the Introduction. 
we may assume A to be finite, and decompose it into parts of type I and 
type II. The type I case reduces, by Lemma 1.1, to the homogeneous ca‘ 
([5], Lemma 18), i.e., to the case that A is an m X m matrix algebra over 
its center Z ([3], Lemme 4.2); then A, is the mn X mn matrix algebra 
over Z. Thus the finite type I case is reduced to the case that A is commv- 
tative, and this is settled as a very special case of ([6], Theorem 7). 
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2. The regular ring. Henceforth, the AW*-algebra A is assumed to 
be finite. Identifying A as a *-subalgebra of its regular ring C ({1], 
Theorem 2.1), A, becomes a *-subalgebra of Cy. 


LemMA 2.1. If z,y,2€ Cn, and + y*y + 2*z—1, then 2, y,2€ An. 


Proof. Say x= (xij), y= (yy), 2= (4%). Then 


for i=1,- - hence A by ([1], Lemma 5.1). 


In particular, implies thus C, is *-regular, as observed 
in the proof of ([1], Corollary 7.7). Also, A, contains all the partial 
isometries of C, ([1], Section 11), and A, is a B,*-algebra ([1], Corollary 
1.7). Next, we establish polar decomposition in Ay. 


LEMMA 2.2. Every x€ A, has a factorization rx=—wr, r=0, r? —x*z, 
= RP(xr), ww*=LP(x). In particular, LP(x) ~ RP (2). 


Proof. Let r be the positive square root of 2*z in the C*-algebra Ay. 
let e=RP(z), f—=LP(z). Since RP(z) = RP(z*xr) = RP(r*) —RP(r), 
we have hence x—wr for some w€C,. Since c—wr 
=w(er) = (we)r, we may assume we—w. Then w*w—e, ww* =f by the 
same argument as in ([2], Lemma 3.3). Quoting ([2], Corollary 3.4), 


we have 


CoROLLARY 2.3. For any two projections e,f € An, 
eUf—f~e—enf. 
CoroLuaRY 2.4. For any two projections e,f € An, there exist orthogonal 
decompositions +e”, f=f’'+f”, such that e’~f’ and e”f =f’e=0. 


Proof. Set e’=LP (ef), f/—RP(ef), e’ =e—e’, f’ =f—f. 


Remarks. 

(1) Any sequence of projections - *€ A, has a LUB. Specifi- 
cally, where x= > 2-'e; (convergent in norm; see the 
proof of [7%], Theorem 5.8). 


(2) To show that A, is AW*, it suffices to prove that every family of 
orthogonal projections (e;) has a LUB. 


S. K. BERBERIAN. 


3. Generalized comparability. Projections e,f in a C*-algebra B are 
said to be very orthogonal in case there is a central projection h such that 
e=1—h, fSh. B is said to have generalized comparability if, for every 
pair of projections e,f, there exists a central projection A such that he< hj 
and (1—h)f< (1—A)e; equivalently, there exist orthogonal decompositions 
e=e’+e”", f=f'+f”’, such that e’~f’ and e”,f” are very orthogonal. 

As in the preceding section, A is a finite AW*-algebra. It will be 
shown that A, has generalized comparability. We denote the diagonal matrix 
units of A, by -,Un; thus uz, and The 
u; are, of course, mutually equivalent, and the mapping a— (a8jx8;;) is a 
*-jisomorphism of A onto uz,Antlx. 


LEMMA 3.1. Given any projection e€ An, there exists an orthogonal 
decomposition e=e,+---+e, such that e.<u, (k=1,---,n). 


Proof. We give the proof for n=3. Applying Corollary 2.4 to the 
pair ¢,u,, we have decompositions e—e,+f, u.—u-+v with e,~w and 
fu, =0. Thus e,< u, and f=1—u,—u,.+ Then apply Corollary 2.4 
to the pair f,w. to obtain decompositions f—e,-+-e3, with 
€2—~a and Thus, e.< u, and eeS1—u,—u,+ Us. Since also 
we have es + us) (U2+ us) Thus e—e,+e, 
+e,, where @2% Us, S Us. 


Lemma 3.2. If e,f€ A, are projections such that e< u, and wu, 
then e,f are generalized comparable. 


Proof. The algebra u,A,u,, being isomorphic with A, has generalized 
comparability ; its projections are simply those of A, which are =u,. Since 
the center of A, is isomorphic with that of u,A,u, (via the mapping z—> 2u,), 
it is clear that two subprojections of wu, are generalized comparable in u,A nu, 
if and only if they are generalized comparable in Ay. 

By assumption, e~e’=u,, f~f’ Su. If A is a central projection 
such that he’< hf’ and (1—h)f’< (1—h)e’ ([4], Theorem 5.6), evidently. 
he ~he’< hf’ ~hf and (1—h)f ~ (1— A) f’< (1—h)e’~ (1—h)e; thus, 
he< hf and (1—h)f< (1—A)e. 


LemMA 3.3. A, has generalized comparability. 


Proof. Given two projections e, f € An, we seek decompositions e = e’ + ¢”, 
f=f'+f’, such that e’~f’, and e”,f” are very orthogonal; thus we are 
always free to throw away equivalent subprojections of e, f. 

We illustrate the proof with n=3. By Lemma 3.1, we have decom- 
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positions eé =e, + @2 + és, f=f1+f2+ fs, with all summands < u,. Applying 
Lemma 3.2 to the pair e,,f,, and throwing away equivalent subprojections, 
we can assume that e,,f, are orthogonal. Continuing, we may assume every 


pair @,f; to be very orthogonal; but then it is clear that e,f are very 


orthogonal. 


4, Finiteness. A C*-algebra is finite if the relation e~1 implies e—1 
([3], Définition 4.1). If B is a C*-algebra, a projection e€ B is said to 
be finite in case the C*-algebra eBe is finite ; equivalently, the relations f Se, 
f~e imply fe. We shall show in this section that A, is finite (we are 
assuming A is finite). 

Using Lemma 1.1(1), the proof of ([4], Theorem 4.2) goes through 
for Ay, and we conclude that A, is, at any rate, the direct sum of a finite 
algebra and an algebra without finite central projections. 


LemMMA 4.1. If A ts a finite AW*-algebra, then A» is finite. 


Proof. Let -,Un€ An be as in the preceding section. Since 
is *-isomorphic with the finite algebra A, u, is a finite projection. Since 
u, +--+ ++ U,—1, it will suffice to prove the following: if e,f€ An are finite 
projections, so is e Uf. This can be proved exactly as in ([4], Theorem 6.2; 
+ the relations in the last line of the proof should read g< e and 1—g< 1—e). 
We mention that in the crucial ([4], Lemma 4.5), only countable LUB’s 
are needed. 


5. Finite type II. In this section, we assume that the finite AW*- 
algebra A is type II. 


LemMA 5.1. Any projection e€ An has an orthogonal decomposition 
e=e’+e” with e’ ~e”. 


Proof. By Lemma 3.1, write e—=e,+:--:+ én with e,< u, for all k. 
Say Since is a continuous AW*-algebra, f, =f, + fx” 
with f,’~f;’. The equivalence f;,~ e, induces a decomposition ¢; = ex’ + e,”; 
the projections e’—e,’+---+e, and have the 
required properties. 

A non-zero projection e is called fundamental, of order k = 2”, if there 
exists a central projection h and an orthogonal decomposition h==e,-+: - - 
+e, such that e~e; for all + ([3], Définition 6.1). From Lemma 5.1, 
it results that given any non-zero central projection h€ Ay, and any integer 
m= 0, h contains a fundamental projection of order 2”. By ([3], Lemme 
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.4.4), the order of a fundamental projection, as well as the associated central 
projection, is unique. 

Lemma 5.2. Every non-zero projection e€ A, contains a fundamental 
projection. 

Proof. Since e—eu,+- suppose, for example, that eu, 40, 
Let e’ =LP(eu,), f’—RP(eu,), so that ’~f’Su,. Since u,A,u, is 


isomorphic with A, f’ contains a fundamental projection f” ([3], Lemme 6. 4). 
The equivalence f’ ~ e’ carries f” into a fundamental projection e”, e” Se’ Se, 


LemMa 5.3. Every non-zero projection e€ A, has the form e=LUBe, 
with (e,) a family of orthogonal fundamental projections. 


Proof. Let (e) be a maximal family of orthogonal fundamental projec- 
tions =e. If f€ A, is a projection such that es =f for all 7, it must be 
shown that ef. If on the contrary, r—e(1—f) #0, then e(1—f)e 
=az*x~0. By spectral theory, e(1—f)ey=g is a non-zero projection, 
for suitable y€ A, ([4], Lemma 2.1). Since eg—=g,gSe. By Lemma 5.?, 
let h be a fundamental projection, h=g. For any 1%, 


esh = egh = e,e(1 —f)eyh = e,(1 —f)eyh = (e, — eif eyh = (€; — ex) eyh =0. 
But h=g Se, contradicting maximality. 


Lema 5.4. If (fj),,, 18 @ family of orthogonal fundamental projec- 
tions in Ay, all having the same order, then LUB f; eaists. 


Proof. Repeating the arguments in ([3], Lemme 6.10), we obtain a 
family (h,) of orthogonal central projections, with LUBh,—1, such that, 
for each a, Jg—={j€ J: hef; 0} is finite. For any j, there is an « such 
that 40 (Lemma 1.1), thus For each a, set 

a 
Ja= hafj=ha( fi) 


j€Ja 


(these are finite sums). Since A, is the C*-sum of the h,A, (Lemma 1.1), 
there exists a (unique) projection g€ A, such that hag—ga for all «. 

We assert that g=LUBf;. First, given an fj, let us show f;Sg, 1.¢, 
fri—fig—0. Given an a, it suffices to show that (f;—fig)ha=0. Ii 
fjta =0, this is clear; if fjha40, then fjhaS ga; thus 


(f;—fig)ha= (fila) — (fika) (hag) = (fiha) — (fjha) ga = 9. 


Next, if f is a projection such that f;<f for all j, we must show g Sf 
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Fixing «, it suffices to show (g—gf)hag=0, that is, ga—gof. For any j, 
hofj of ; hence ga Shof, Ja = GJalaf = Gof. 


LemMA 5.5. If (¢i);,,; ts any family of orthogonal projections in Ay, 


LUB e; exists. 


Proof. By Lemma 5.3, express e; as the LUB of orthogonal fundamental 
projections, say e; = LUB{e;: 7€ Ji}. Let K denote the set of all ordered 
pairs (%,7), VEL, JES; For m=0,1,2,:--, let denote the set of all 
(i,j) for which e;; has order 2”. Of course, K Ky». By Lemma 5.4, 

m 


we may form fm LUB{ej: (1,7) € Km}. Set e— LUB{fm: m =0, 1, 2,-- -} 
(countable LUB’s are legal). We assert that e = LUB «. 

First, given any 7, let us show e;Se. If 7 € Ji, it will suffice to show 
-. Indeed, if has order 2”, Finally, supposing g is a 
projection such that e;=g for all 7, let us show that eg. For all couples 
(,j)€ Km, @j;SeiSg; hence Varying m, eg. 


THEOREM. Jf A is any AW*-algebra, the algebra Ay of n XK n matrices 
over A 1s an AW*-algebra. 


Proof. According to the discussion in the introduction, we may assume 
that A is of finite type II. Given any subset S = {2;} of An, we must show 
that the right annihilator of S in A, is the principal right ideal generated 
by a projection. The argument for this is given in ([2], Theorem 5.3). 


Remarks. 


(1) Looking at the scalar subalgebra of A,, we see that in the passage 
from A to Ay, type is preserved (although, for homogeneous type I, the 


order gets multiplied by n). 


(2) When A is finite, C, is, of course, the regular ring of A, ([1], 


Section 11). 


(3) ‘Let R be any ring with unity, and involution *, and let n be a 
fixed natural number. Let be the set of all n-ples r= - -,2n), 
1€ R, provided with the natural left R-module structure. Then R, identifies 
with the ring of all module endomorphisms 7: M—M. Assume further 
that implies Then [z,y] 
=2,y,* +--+ ++ provides M with an R-valued inner product such 
that [7,2] 0 implies e—0. If T* is the “conjugate transpose” of the 
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‘matrix T, then [¢T,y] =[2z,yT*]. For a subset N of M, the orthogonal 
complement N+ is defined in the usual way, and NN NL—0. 


It is straightforward to verify that the following conditions are equiva. 
lent: 
(a) the right annihilator of any subset of R, is the principal right 
ideal generated by a projection ; 
(b) for any submodule NV of M satisfying N = N44, one has 
M=—N-+WM1. 
Replacing R by an AW*-algebra A, condition (a) is the assertion that 
A, is AW*. Thus, in this case, condition (b) holds, and we have in effect 
an n-dimensional non-commutative generalization of ([6], Theorems 3, 7). 


STATE UNIVERSITY OF IOWA. 
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POLARIZED VARIETIES, FIELDS OF MODULI AND 
GENERALIZED KUMMER VARIETIES OF 
POLARIZED ABELIAN VARIETIES.* ? 


By T. Matsusaka. 


Introduction. In studying theta-functions and abelian functions, we 
sometimes fix the set of scalar multiples of a principal matrix attached to 
the given Riemann Matrix. This implies that we fix one divisor class and 
scalar multiples of it with respect to homology on the corresponding complex 
torus. In this paper, we shall introduce the corresponding notion in the 
abstract case, not only to abelian varieties, but also to arbitrary varieties as 
done in Weil [22]. In fact, on a complete variety V, non-singular in co- 
dimension 1, we shall fix one divisor class, with respect to numerical equiv- 
alence, and scalar multiples of it (in general V-divisors shall be said to be 
numerically equivalent to zero if suitable integral multiples are algebraically 
equivalent to zero on V). Let us call X the set of positive V-divisors con- 
tained in them. We shall regard V as carrying a structure we get by putting 
the set X on V (cf. Weil [22], pp. 9-10). We shall call such a variety a 
polarized variety, whenever X contains a divisor such that the complete linear 
system determined by it determines an everywhere biregular birational trans- 
formation of V into a projective space. First we shall define the set X in a 
somewhat different way, but we shall see later that it is the same as we men- 
tioned. Projective varieties carry natural polarizations, which are determined 
by the sets containing hyperplane sections. The set of varieties, we get by 
embedding V into projective spaces by means of complete linear systems deter- 
mined by divisors in X, is covered by infinitely many algebraic families of 
varieties. We shall see a relationship between such algebraic families and 


algebraic families of divisors contained in X, which is a content of Section 2. 


* Received October 12, 1956; revised November 11, 1957. 

* Originally, this work was done while the author was supported by the National 
Science Foundation through the University of Chicago. After about a year later, the 
author has moved to the Northwestern University and changed the contents of Section 3 
by adding some new results. 

We shall follow the same terminology and conventions as in Weil’s books (Weil 
(16], [17]). The writer wishes to express here his thanks to Professor Weil for his 
Valuable advices and criticisms. 
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In Section 1, we shall state some known results and prove preliminary proposi- 
tions which we shall need later. In Section 3, we shall prove that the group 
of everywhere biregular birational transformations of a complete non-singular 
polarized variety onto itself forms an algebraic group. As a special case, we 
shall see that the group of automorphisms of a polarized abelian variety js 
finite. Roughly speaking, the set of everywhere biregular birational trans. 
formations of a complete non-singular variety onto itself forms an abstract 
group, in which one can find the “largest” algebraic group, and to put a 
structure of polarization on our variety has an effect to cut down the set 
of cosets, with respect to the algebraic group, to a finite set. In Section 4, 
we shall prove the existence of the field of moduli of a polarized variety. In 
the case of elliptic curves, such fields can be generated over the prime field 
by corresponding j-invariants. In the classical case, when the universal 
domain is the field of complex numbers, Siegel obtained the result that the 
field of moduli of a Jacobian variety (polarized by Riemann’s theta-divisor 
in our sense) is the one generated over the complex number field by the 
corresponding modular functions (cf. Siegel [14]). Finally we shall show 
the existence of a generalized Kummer variety of a polarized abelian variety 
over the field of moduli. 

Let Z be a positive cycle on an abstract variety U. We shall denote by 
| Z| the point set attached to Z, i.e. the set of points contained in components 
of Z. Let U and U’ be two varieties with sets of certain structures 1 and 
E’ respectively. By an isomorphism of U with the set of structures F to l” 
with the set of structures H’, we understand an everywhere biregular bi- 
rational transformation of U to U’, mapping FZ to HE’. When U =U’, F=L’, 
we say that it is an automorphism. We reserve the term “birational trans- 
formation ” for a general type of transformations with possible fundamental 
points. When U is a variety defined over a field &, we shall say sometimes 
that U is rational over k. 

Let V" be a complete variety, non-singular in co-dimension 1. We 
assume that the reader is familiar with linear equivalence and algebraic 
equivalence of divisors. When two divisors X and X’ are linearly equivalent 
to each other, we write Y ~ X’. We say that a V-divisor XY is nwmerically 
equivalent to 0 on V if there is a positive integer m such that mX 1s 
algebraically equivalent to 0 on V. When V is non-singular, X is usually 
defined to be numerically equivalent to 0 if and only if deg(X-C) =0 
whenever C is a 1-cyele on V such that ¥-C is defined. When that is %0. 


there is a positive integer m such that mX is algebraically equivalent to 0 
on V (cf. Matsusaka [9]. Th. 4). Conversely, if mX is algebraically equiv- 
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alent to 0 on V, we have deg(X-() ==0 whenever C is a 1-cycle on V 
such that X-C is defined. Therefore the preceding definition of numerical 
equivalence coincides with the ordinary one when V is non-singular. We 
denote by G(V), Gi(V), Ga(V) and G,(V) the group of V-divisors, the 
group of V-divisors linearly equivalent to 0, the group of V-divisors alge- 
braically equivalent to 0 and the group of V-divisors numerically equivalent 
to 0 respectively. It is known and easy to see that G(V) D G,(V) D GV) 
2G(V). We denote by 2*, U*, and M* cosets (divisor classes) of G(V) 
mod @(V), mod G,(V) and modG,(V) and by WM, and the sets of 
positive divisors contained in and W* or M* (resp. L, W or Me) 
is determined uniquely by one of divisors contained in it. When 2*, %* or 
N* (resp. &, W or Yt)contains a divisor Z, we denote it sometimes by L*(Z), 
W*(Z) or N*(Z) (resp. V(Z), W(Z) or N(Z)). Let m be a positive integer, 
then we denote by mI{*, for instance, the divisor class mod G,(V) determined 
by a divisor mY with Y in U*. We denote by mY the set of positive divisors 
in We do the same for and M*, 

We can define specializations of cycles on abstract varieties. Specializa- 
tions are compatible with the operations of addition, multiplication and 
algebraic projection. As far as positive cycles are concerned, specializations 
are compatible with the operation of intersection-product. Moreover, when 
the ambient variety is complete and non-singular in co-dimension 1, linear 
equivalence, algebraic equivalence and numerical equivalence of divisors are 
preserved by specializations. For the general treatment of specializations of 
cveles, we refer to the paper by G. Shimura (cf. Shimura [13]). We write 
YX’ ref. k, if a cycle X’ is a specialization of XY over a field k. 

Let Z be a positive divisor on a product WX V, k be a common field 
of definition for W and V over which Z is rational and w be a generic point 
ot W over &. Let § be the set of V-divisors which are specializations of 
Z(w) over k. %& is usually known as an algebraic family of positive divisors 
on V and (W,Z) is called a parametrization of % over k. We call Z(w) a 
generic divisor of % over k. When there is a parametrization of % over a 
field k’ containing a field of definition of V, we say that % is defined over k’. 
It is known that & is an algebraic family of positive divisors (cf. Matsusaka 
[5], Lemma 4) and is called sometimes a complete linear system. The set of 
rational functions f on V such that (f) ~-—-Z forms a module L(Z) and we 
denote by 1(Z) the dimension of the module. 1(Z)—1 is known as the 
(geometric) dimension of our complete linear system 2(Z). In general, let 
N be a finitely generated module of rational functions on V over the universal 
domain and let (f,,: - -.f,) be a basis of Mt. Let k be a common field of 
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definition for V and for every f; and let (u,- - -,u,) be a set of independent 
variables over k. The set of divisors of the form (> efi) + (S wifi). forms 
an algebraic family contained in 2((Swifi).) and it is called a linear 
system or the linear system determined by Mt. Let x be a generic point of V 
over k, then we can define a rational mapping of V into an affine space or 
a projective space by z—>(f.(z),- - -,f-(a)). We say that such a mapping 
is a rational mapping determined by Yt or determined by the corresponding 
linear system. We say that it is non-degenerate, since fo,: - -, fr are linearly 
indepenedent. When 9? is the module 2(Z) itself, we say that it is a rational 
mapping determined by Z. In particular, when the rational mapping is an 
isomorphism of V into a projective space, we say that it is a non-degenerate 
projective embedding of V. We say that the linear system corresponding 
to Yt is ample if it has no fixed component and determines a non-degenerate 
projective embedding of V. If a V-divisor XY is such that the linear system 
&(X) is ample, we say that X is linearly effective. We say that YX is 
algebraically (resp. numerically) effective, when every divisor in U(X) (resp. 
M(X)) is linearly effective. 

Let % be an algebraic family of positive V-divisors. We say that > is 
maximal, when there is no algebraic family of divisors on V containing %. 
We say that § is quasi-complete when the set 2% containing % coincides with §. 
We say that % is complete if it is quasi-complete and every divisor in it 
determines a complete linear system of the same dimension. There is an 
algebraic family % of positive V-divisors with the following property: When 
Z is in G,(V), there is a divisor X in § such that Z~ X —X, with a fixed 
X, in § (cf. Matsusaka [5], Th. 1). Such a family is called a total family. 
Chow and v. d. Waerden proved, by means of Chow-forms, that Jt is a union 
of a finite set of maximal algebraic families of positive V-divisors (cf. Chow- 
v.d. Waerden [4]). Let X be now a positive cycle on a projective space. 
Then the set of coefficients of the Chow-form of X may be regarded as a 
set of homogeneous coordinates of a point in a projective space, which we 
call the Chow-point of X. When X is on a product of projective spaces, 
there is the standard isomorphism of such a product into a projective space, 
and by means of it we can identify X with a cycle on a projective space. 
By the Chow-point of such X, we understand the Chow-point of the trans 
formed cycle by the isomorphism. 

Finally, let us recall some of the known results on Picard varieties 
which we need later. Let, as before, V be a complete algebraic variety, nol- 
singular in co-dimension 1 and K be a field of definition for V. Let f be 
a mapping of G,(V) into an algebraic variety W with the following 
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properties: (i) f is well-defined outside of a proper subset of Ga(V); (ii) 
there is a common field of definition K’ for V and W such that whenever Z 
isin G,(V) and rational over a field K” containing K’, f(Z) is rational over Z” 
if it is defined; (iii) when Z,Z’€ Ga(V), Z— Z’ ref. K’ and when f is defined 
at Z and Z’, then f(Z) >f(Z’) ref. K’. If f satisfies the above conditions, we 
say that f is a rational mapping of Ga(V) and that K’ is a field of definition 
for f. Moreover, when W is a group variety and f is also a group homo- 


morphism, we say that f is a rational homomorphism. There is an abelian 


variety P and a rational homomorphism f of G,(V) onto P such that the 
kernel of f is Gi(V) and that f has the universal mapping property as a 
rational homomorphism of G,(V) into an abelian variety. FP is called the 
Picard variety of V and f the canonical rational homomorphism of Ga(V) 
oto P. For these, see Chow [3], Matsusaka [5], [6] and Néron-Samuel 


[11]. 
Section 1. 


1, Let us summarize here some of the known results, which we shall 


need later in this paper. 


THEOREM 1. Let V be a non-singular variety in a projective space. 
(i) Gi(V)/Ga(V) is a finite group. (ii) When X is a linearly effective 
V-divisor and Y is an arbitrary V-divisor, there is a positive integer my, 
with the following properties: Whenever a positive integer m is such that 
m> mo, Y + mX is numerically effective and N(Y + mX) consists of a finite 
set of complete total families M,,- - -, 1, where t is the order of G,(V)/G(V). 


As to these, see Matsusaka [9], Th. 4 and [7], Th. 2 (cf. also the 
proof of Matsusaka [7], Lemma 2. There it is proved that Y + mX is 
linearly effective when m is sufficiently large). 

Let A be an abelian variety and Y be a divisor on A. We say that X 
is non-degenerate if the set of points a on A such that X¥,~X is finite. 
It is easy to see that on every abelian variety there is at least one non- 
degenerate positive divisor. On a simple abelian variety, every positive 
divisor is non-degenerate and the existence of such divisors on a general 
abelian variety can be seen by decomposing it into a product of simple abelian 
varieties in the sense of isogeny (Weil [17], Th. 28). 


THEOREM 2. Let X be a positive non-degenerate divisor on an abelian 
lariety. There is a positive integer my such that whenever m > mo, mX 4s 
linearly effective. (Cf. Weil [19]). 


T. MATSUSAKA. 


2. 


Proposition 1. Let A be an abelian variety and & be a mazimal 
algebraic family of positive A-divisors. Let X be a divisor in &, then any 
divisor X’ in ts such that X’ ~ X,y. 


Proof. Let P(A) be the Picard variety of A, f be the canonical homo. 
morphism of G,(A) onto P(A) and k& be a common field of definition for 
A,%,P(A) and for f. Let Y be a generic divisor of § over &, then the 
rational mapping fy defined by fy(u) =f(Yu—Y) into P(A) is a homo- 
morphism of A into P(A). Since Y is rational over a regular extension of k, 
fy is defined over a regular extension of k, which implies that fy is defined 
over k by a result of Chow (cf. Chow [2]). Let O be the neutral element 
of P(A), and let C be the connected component of the algebraic group 
|fy7(O)| containing the neutral element of A. C is defined over the 
algebraic closure of k and since Y,—~ Y whenever uw is a point of C, it follows 
that for any point wu on C (~ is preserved by specializations !). 

There is an abelian subvariety B of A and a homomorphism « from 
CB onto A such that a(u,v) =u+v, BNC is a finite group and that 
the kernel of « is a finite group (Weil [17], Prop. 25, Th. 26). We may 
obviously assume that B, C and « are all defined over k, replacing k by its 
algebraic closure, if necessary. Put U=a1(Y), W=at(X). Let further 
O,d,,: - *,dm be all the distinct points in the kernel of a U-and W ar 
obviously invariant by translations Tz,. Let wu be a point on A and v be one 
of the points on C XB such that a(v) =u. Let JT be the graph of «. 
Applying the translation T,,, to T-(CXBXY) on CX BXA, we get 
a1(¥Y,)—U,. In the same way, = W,. When uw is a point on 
denoting by O’ the neutral element of B, (u,O’) is one of the points on 
C XB which are mapped to wu by « Therefore U(u,o) ~U for any u on (. 
We claim that U has the projection C on C. Suppose the contrary, then U is 
of the form ZX B and Z,~Z for every u on C. This implies that Zi: 
numerically equivalent to zero and since U is positive, it is impossible (ci. 
Weil [18], p. 123). 

Let ¢ and ¢’ be two independent generic points of C over k. We have 
Uit,0)(t’) ~U(t’), and the former is nothing but U(t#—t). Therefore, 
since ¢ and ¢/—t are again independent generic points of C over k, we set 
that U(t) ~U(t’) for any pair of points (t,?t’) whenever they are defined. 
This implies that U ~C X M+ N X B where M and N are B- and C-divisors 
respectively. We have N;~WN for any ¢ on C and since U >0, we see that 
U~C XM. Let b be a point on B such that M,~M. Then 
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where O” is the neutral element of C, and this implies that sY,~sY for a 
certain positive integer s (Weil [16], Chap. VIII, Th. 7). Hence Ys, ~Y 
by Weil [17], Cor. 2, Th. 30. When that is so, sb is contained in | fy-*(O)|, 
and since B and | fy*(O)| have only a finite set of points in common, such 
sb and hence 6 must form a finite set (cf. Weil [17], Cor. 1, Th. 33). This 
proves that M is a non-degenerate divisor on B. In the same way, W~C X M’, 
where M’ is a B-divisor. Since U and W are algebraically equivalent to each 
other, so are Mf and M’. Moreover, since M is non-degenerate, there is a point 
‘w on B such that M~M’, and consequently W,o.w)~U, because B and 
its Picard variety have the same dimension (Chow [3], Matsusaka [8]). 
Going back to A, we see that sY,~sX. 

Let K be a field containing & over which X is rational and let Y be 
now a generic divisor of over K. Since f(Y — YX) is rational over a regular 
extension of K, it has a locus # over K on P(A). Let x be a point on A, 
then since f(X,—X) is rational K(x), it has a locus EH’ over K on P(A). 
The endomorphism s§ on P(A) is surjective (Weil [17], Cor. 1, Th. 33) 
and H, E’ are mapped onto themselves by the endomorphism. But the relation 
sYy~sX asserts that the image of # by the endomorphism is contained in 
Ff’, which proves that H C KE’. Our proposition is thereby proved. 


Proposition 2. Let A be an abelian variety and X be a divisor on A, 
which we assume to be positive. When X is linearly effective, X is non- 
degenerate, algebraically effective and X(X) forms a complete total family. 
When U(X) contains a total family, X is non-degenerate and U(X) ts a 
complete total family. 


Proof. By our definition, when X is linearly effective, we may assume 
that A is a projective variety and that .Y is a hyperplane section of A. There 
isa positive integer m such that 2(mX) is a complete total family by Th. 1, 
(ii). If we can show that mX is non-degenerate, then we see immediately 
that Y is non-degenerate by Weil [17], Cor. 2, Th. 30. When that is so, 
%(X) must be a complete total family and every divisor in 2(X) is linearly 
equivalent to a translation of Y since A and its Picard variety have the 
same dimension. Moreover when that is so, every divisor in 2{(X) is linearly 
effective. Therefore, in order to prove our proposition, it is sufficient to 
prove the following: When %(X) contains a maximal total family % of 
divisors, Y is non-degenerate. 

Let X’ be a fixed divisor in %, then by our Prop. 1, when Y is a divisor 
in 3, there is a point v on A such that Y~X’,. Let P(A) be the Picard 
variety of A and f be the canonical mapping of G,(A) onto P(A). Since 
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% is total, any point on P(A) can be written as f(Y —X’) with some Y in §, 
Therefore, any point on P(A) can be written as f(X’,—-X’) with some y 
on A. Since A and P(A) have the same dimension, it follows now that the 
set of points u on A with X’,~ X”’ is finite, hence that X’ is a non-degenerate 
divisor. Since Y ~ X’, for some a on A, X is also non-degenerate and our 


proposition is thereby proved. 


Section 2. 


3. Let V be a complete variety, non-singular in co-dimension 1, and 
let Y be a positive V-divisor. Let X be the set of positive divisors XY such that 
mX =m/’X,mod G,(V) for a pair (m,m’) of positive integers. X is uniquely 
determined when one of the divisors contained in it is given. %X defines a 
structure on V and when X contains a linearly effective divisor, we shall call 
it a structure of polarization (cf. Bourbaki [1], §8). Any divisor in % is 
called a polar divisor. When we regard V as a variety with a structure of 
polarization, we shall say that V is a polarized variety polarized by X. We 
shall say that a polarized variety V, polarized by X, is defined over a field kf, 
when V is defined over & and X contains a rational divisor over k. For these 
definitions, see also Weil [22 

When A is an abelian variety, we remark here that it is a variety with 
an additional structure which we get by putting a point on it (this means 
that we fix on A one definite law of composition, since the law of composi- 
tion on A can be determined uniquely up to translations). 

Let V be an ordinary variety, E’, EH” be two sets of structures and J’ 
(resp. V’”) be the variety which we get from V by putting the set of structures 
E’ (resp. E”) on V. When E’ C E”, we say that V’ is the underlying variety 
of V” with the set of structures H’. For instance, the underlying polarized 
variety of a polarized abelian variety A is the polarized variety which we get 
from A by removing the structure of the group. 

From now on, let us assume that the underlying varieties are non-singular 
varieties unless the contrary is specifically stated. We can define a natural 
polarization on any projective variety, that is, the polarization defined by the 
set X determined by a hyperplane section of it. Hereafter, let us assume that 
“a polarized projective variety” means a non-singular projective variety 
polarized by its natural polarization unless the contrary is specifically stated. 
Let V be a polarized variety, polarized by a set X. Let X be a linearly effective 
divisor in it. The complete linear system 2(X) defines a non-degenerate 
projective embedding fy of V, which is determined uniquely up to projective 
transformations by Q(X). Let us assume that V has a set of structures /: 
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we denote by fx(V) the transform of V with the set of structures fx(/). 
Let GS be a subset of X. We shall denote by %(V,G) the set of transforms 
fx(V), where the fy are non-degenerate projective embeddings of V deter- 


mined by linearly effective divisors Y in ©. 


4. 


LemMA 1. Let T be a projective transformation in a projective space 
defined over a field k and let T* be a projective transformation in the same 
space defined by a matrix whose elements are independent variables over k. 


Then T 1s a specialization of T* over k. 


Since the proof is easy, we shall omit it. Such a projective trans- 
formation as 7™* shall be called a “ generic projective transformation ” over k. 

Proposition 3. Let W be a variety in a projective space L” and let © 
be the set of varieties in L which are projectively equivalent to W. Let G 
be the group variety PGL(n). There is a subvariety X of GKWXL 
such that (UXWXL)-X is defined for every point t@ on G, that 
prs((t KX WX L)-X) ts in © and that every variety in S can be obtained 
in this way. 

Proof. G is a non-singular variety defined over the prime field with its 
law of composition. Let k& be a field of definition for W, ¢ and wu be indepen- 
dent generic points of G and L over k. Let 7; be the projective transformation 
corresponding to ¢. Let X* be the locus of (¢,u,7;(u)) over k&. X* is a 
subvariety of G & L & L and the projection of X* on GX L, where L may 
be any one of the last two factors of G&L XL, is everywhere regular. 
Therefore X¥*-(GX* WX L) is defined, is a variety and it is the unique 
subvariety of X* lying over GX W by Weil [16], Chap. IV, Th. 15. 

Let ¢’ be a point on G@ and consider the intersection (t’X WX L)NX 
nGxXWXL, where X Since the projection of X 
on GX W is everywhere regular, the intersection reduces to a variety and it 
is the uniquely determined subvariety of X having the projection t’< W on 
(+X W by the same theorem of Weil. Hence (t’& WX L)-X is defined and 
is of the form ¢t’ X Wy, where Wy is the variety having the same dimension 
as W. We can see easily that W, is the graph of the restriction of Ty on 
WXTy(W) and so pr;((UX WX L)-X)EGS. 

Conversely, let W” be a variety in G, then there is a point ¢” on G such 
that W” = T,(W). By what we have already observed, VW, is the graph of 
the restriction of 7, on WX Ty (W) and therefore 


W” = X WX L)-X). 
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CoroLuaRy. Notations being the same as the preceding proposition, let 
k be a common field of definition for G and W. Let t be a generic point 
of G over k and x be the Chow-point of T;(W). x has a locus U over k, which 
1s independent of a choice of a generic point t and also of a choice of a variety 
W from ©. There ts a rational mapping gw of G onto U when W is fized 


in © and it has the following properties: 


(i) gw ts everywhere defined; 

(ii) gw(t’) is the Chow-point of Ty(W) whenever t’ ts a point of G; 
(iii) The set-theoretic image of G by gw ts an open subset of U; 

(iv) gw ts defined over k. 


Proof. T, is defined over k(t) which is a regular extension of k and 
clearly T;(W) is defined over the same field. Therefore, the Chow-point of 
T,(W) is rational over k(t), which implies that x has a locus UV over k. Now 
let W’ be another variety in ©. There is a projective transformation 7’ such 
that T(W’) = W. Hence © is the set of varieties projectively equivalent to 
W’. Since U is the closure of the set of Chow-points of varieties in €. 
U is independent of a choice of W from S. Since k(x) is a subfield of k(t), 
there is a rational mapping gw =—g from G onto U such that g(t) =r. Let 
t’ be any point on G. By Proposition 3, pr3((l & WX L)-X) is defined 
and consequently x has the uniquely determined specialization over (>? 
ref. k. Therefore g is single-valued at ¢’ and since G@ is non-singular, it 
follows that g is defined at ¢t’. Of course g(t’) is the Chow-point of 7;-(IV). 
Thus, except for (iii), everything is proved. 

It is easy to see that U is a pre-homogeneous space on which G is acting. 
and G acts transitively on the set-theoretic image U’ of G by g. Moreover. 
since it consists of Chow-points of varieties in ©, G cannot transform any 
point in U’ to a point of U—U’. This means that U’ is the largest subset 
of U which is biregularly equivalent to the homogeneous space birationally 
equivalent to the pre-homogeneous space U. Hence U’ must be an open set 
on U (as to pre-homogeneous and homogeneous spaces, see Weil [20]). 


5. We can say. by virtue of the corollary to our Proposition 3, that 
the set of varieties projectively equivalent to a variety in a projective space 


forms an algebraic family, since we can identify the set with an open algebraic 
variety. We are going to prove the same for B(V,%), where 9 is a complete 
algebraic family of divisors on V consisting of algebraically effective divisors. 


Here we shall prove some preliminary lemmas which we shall need for the 


purpose. 
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LemMA 2. Let W be a normal variety in a projective space and X, Y 


be two positive W-divisors. Let k be an algebraically closed field of definition 
for W and assume that X—Y ref. k and that 1(Y)=I(Y). Let g bea 
non-degenerate rational mapping of W into a projective space determined by 
Q(Y), then there is a non-degenerate rational mapping f of W into a 
projective space such that (X,f)— (Y,g) ref. k, when Q(Y) has no base 


pont. 


Proof. Let r-+1 be the common value of 1(X) and 1(Y) and U,U’ be 
the Chow-varieties of (XY), L(Y). Since linear equivalence is preserved by 
specializations and since U and U’ have the same dimension, it follows that 
(X¥,|U|)— (¥,|U’|) ref. &. Replacing & by a bigger field and replacing 
Y by a generic specialization of it over /, if necessary, we may assume that Y, 
gare rational over k. Then U’ is a variety defined over / (Matsusaka [5], 
Lemma 1). Let Yo,---,¥, be divisors in L(Y) corresponding to r+ 1 
independent generic points Yo,- - -,y, of U’ over k. There is a set of divisors 
(Y,, + +,X,) in Q(X) corresponding to a set of r+ 1 independent generic 
points ao, - -,a, of U over a defining field K of U containing & such that 


Since 2(¥Y) has no base point, it is easy to see that there is no base point 
for 2(X). By our choice of (Xo,- -°,X,) and it follows 
that sets of functions (1,h,,---,A+) and (1,h,---,h’-) defined by 
(h,) = ¥;—Xo, (h’i) = Yi— Yo form bases of L(X_) and respectively. 
Since (x) —> (y) ref. #, there is a field k’ containing k, a generic speciali- 
ation (2*) of (2) over & and two sets (z*), (2) of quantities such that 
(r*,z*) has a locus C of dimension 1 over k’ on which (y,2’) is a simple 
rational point over k’ (Weil [16], Appendix II, Prop. 7). Replacing every- 
thing related to X by a generic specialization of it over k, we may assume 
that k’ == k and we shall omit *. Let us denote the points (z,z) and (y, 2’) 
byQ and Q’. Since every X; is rational over /(Q), we may assume that h; is 
lefined over k(Q) (Weil [16], Chap. VIII, Cor. 1, Th. 10). Let w be a generic 
pont of W over k(Q,Q’). There is a function H; on C X W with a field of 
definition & such that H;(Q,w) =hi(w). By multiplying a suitable constant 
irom k(Q) to hi, we may assume that Q’ & W is not a component of (H;) 
for every Then (H;)-(Q’XW) is defined. We have (Q  W)-: (Hi)o 
=Q x X; and (Q X W)- (Hi)we=Q@ X Xo (Weil [16], Chap. VIII, Cor. 1, 
Th. 4). By the compatibility of specializations with the operation of inter- 
‘ection product, we see that (Q’ W)- (Hi)o=Q’ X Y; and (Q’ X W) (Ai 
=()’ 


(X,|U|,\,  _ 
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Let f be the rational mapping of W into a projective space defined by 
w— (1,hi(w),: + -,h-(w)) and g’ be the rational mapping of W into the 
same projective space defined by w—> -,h’,(w)). Let 7,,7,, 
be graphs of f,g,g’ and (Q,7;) > (Q’,T") ref. k be an extension of Q—>() 
ref. k. Since & is algebraically closed, we may take as 7” one which is rational 
over k. H; is defined at (Q’,w), the function h*, defined by H;(Q’,w) 
= h*;(w) is defined over & and is such that (h*;) = Yi—Yo. Hence h*; and 
h’, differ by a constant from & and we may assume that they are actually the 
same. Let (w’,v’) be a point on a component of 7’. There is a point u* 
of W such that (Q,7;, w*, T;(w*)) (Q’,T’,w’,v’) ref. k. Assume first 
that w’ is not in | Y,|. Then H; is defined at (Q’,w’) and H;(Q’,w’) is the 
uniquely determined specialization of 11;(Q, w*) over (Q, w*) > (Q’, w’) ref. k. 
Therefore (1,H,(Q’,w’),: - -,H,(Q’,w’)) must be a representative of v’, 
which is the same as (1,h’,(w’),- - -,h’,(w’)). Hence (w’,v’) must be a 
point on T,. When w’ is on | Y, |, let us choose an index j so that | Y;| does 
not contain w’ and take H;/H; for H;. Then the same arguments show that 
(w’,v’) ison Ty. Therefore in any case | 7’ | must be contained in | 7,-| as 
a point set. Moreover since both have the same dimension and since 7’, is a 
variety, we see that 7’ must be an integral multiple of T,. By the com- 
patibility of specializations with the operation of algebraic projection, we 


finally get 7” —=T,. g and g’ differ by a projective transformation F' defined 
over k since & is algebraically closed. Let #* be a generic projective trans- 
formation over a common field of definition for W,C,Q,Q’,7T;,T, and T, 
containing k, then (Q,f,F*) — (Q’,9’,F) ref. k. Since F and F* are iso- 
morphisms, F’-g’ is the uniquely determined specialization of F'*-f over that 
specialization with reference to k. Since F*-f is also a non-degenerate rational 
mapping of W into the projective space determined by 2(X). our lemma is 


proved. 


Lemma 3. Let U; (t=1,2,3) be three varieties and X and Y be 
simple subvarieties of U, X Uz and Uz. X Us respectively. Assume that the 
projection of Y on U, is Uz and is regular at every point of Uz. Then 
(X¥ U;)-(U, XY) ts defined on U, U2 X Uz and is a cycle of the form 
1-Z where Z is a subvariety of U,. XU X Us, which is the only component 
of XXU;NU, XY. When ¥ is an tsomorphism, pri3((X K U3): (U1 we )) 
—YoX is not 0 and pr,3((X X U;): (U1 X Y)) = pris((X’ X Us) X Y)) 
implies X = X’ for any cycle X’ on U, X U2; and if pris((X X Us): (U: X Y)) 
is a birational correspondence (resp. isomorphism), then X is a birational 


correspondence (resp. isomorphism). 
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Proof. Let k be an algebraically closed common field of definition for 
the U;, X and Y and for every component of X’. Let f be the rational 
mapping of U, into U; with the graph of Y and (z,y) be a generic point of 
XY over k. (y,f(y)) is a generic point of Y over k. Let (2’,y’,2’)be any 
point in X¥ XUs;sNU, XY. (2’,y’) is then a point on X and (y’,z’) is a 
point on Y, and consequently z’—f(y’). This shows that the above inter- 
section reduces to the subvariety Z which is the locus of (2, y,f(y)) over k. 
Since a, y and f(y) are simple on U,, U. and U; respectively, Z is a simple 
subvariety of U, X U2 U3. This proves that (X U3): (U1 XK Y) =mZ 
with a positive integer m. 

Assume that Y is an isomorphism. Then k(a,y,f(y)) is the same as 
k(x, f(y) ) and hence the projection Z’ of Z on the product U, Us; has the 
same dimension as Z and the projection of Z on U; X U; is regular. Assume 
that Z’ is a birational correspondence. Then k(x) =k(f(y)) =k(y) and 
this shows that Y is a birational correspondence. When Z’ is an isomorphism, 
it is easy to see that XY is an isomorphism. 

Returning to the general case, we have to prove m = 1, and in order to 
do so, we may assume that every U; is an affine variety. Let H be a generic 
hyperplane over & in the ambient affine space of U, and (wu) be the set of 
coefficients of the defining equation for 17. H-U, is defined and the inter- 
section-product (H-U, Us U3):(X Us) is also defined on U, K U2 X Us; 
(Weil [16], Chap. V, Prop. 14), which can be written as (H-U, K U2):-X X Us 
(cf. Weil [16], Chap. VII, Th. 11) and is prime rational over k(u). Since 
(XY Us):(U, Y) and (X¥ X U;):(H-U, Uz X U3) are defined and since 
XX Us, U1 X Y and H-U, X Uz X Us intersect properly on U, XK U2 X Us, 
we see that 


X Y)-(X XK Us)) U2 X Us) 
(U, x Y) ((H (X x Us)) 


by Weil [16], Chap. VII, Th. 10. Moreover, since the projection of U, x Y 
on U, X U2 is defined everywhere, it follows that 


(U, X Y):((H-U, X U2): (X X Us) 


is prime rational over k(w) (Weil [16], Chap. VI, Th. 8), which can also be 
written as (H-U, U3). Since Z: (H-U, X U2 X Us) is rational 
over k(w), m must be 1. Hence our assertion about m is proved. The rest 


of our assertions follow immediately. 
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6. 


Lemma 4. Let U be a complete normal variety, and X be a complete 
algebraic family of U-divisors consisting of algebraically effective positive 
divisors. Let K be a common field of definition for U and YM. Let V be 
the set of Chow-points of non-degenerate projective embeddings of U deter- 
mined by divisors in U, then V is an open algebraic variety in a projective 
space defined over a field K. 


Proof. Let K be the algebraic closure of K and X be a generic divisor 
of 2% over K. By Lemma 2, the set of Chow-points of non-degenerate pro- 
jective embeddings determined by divisors in Y, together with their specializa- 
tions over K, forms an algebraic variety V’ defined over K. Let v be a generic 
point of V’ over K, then it is the Chow-point of a non-degenerate projective 
embedding of U determined by a generic divisor of Mf over K, which we may 
identify with X. Let fx be the projective embedding, and T be the graph 
of it. There is a closed set § over K on V’ such that a specialization 7” of 
T over K is irreducible if and only if the Chow-point of 7’ is in V’—§; 
denoting by L* the ambient space of fx(U), and denoting by Z a hyperplane 
in L*, there is a closed subset §’ over K on V’ such that 7” is not contained 
in any U X L if and only if the Chow-point of T’ is in V’—§’ (cf. Chow- 
v. d. Waerden [4]; v. d. Waerden [15]). 

Let again 7” be a specialization of 7 over K, and now assume that its 
Chow-point is in V’—§— §’=V. Since 7” is irreducible and pry T’ =U 
by the compatibility of specializations with the operation of algebraic projec- 
tion, T’ is the graph of a rational mapping f’ of U into L*. We claim that 
f’ is a non-degenerate projective embedding of U determined by a divisor in 
MY. Let Z be an arbitrary hyperplane in Z* and assume that the Chow-point 
of T is a generic point of V over a field K’ containing K over which L is 
defined. Then we have ((U XL):T,T)—~>((U XL):T’,T’) ref. K’, and 
since we have X ~ pry((U X L) -T), it follows that pry((U L)-T’) €%. 
Let x be a generic point of U over K’, (y) be a representative of f’(x) and 
put y= gi(z) Since (UX L)-T” is defined 
for all L, it follows that go,- - -,gy are linearly independent. Since % is 
complete, we have 1(X) =1(pry((U * L)-T’)) and this shows that f’ is a 
non-degenerate projective embedding determined by a divisor in %. Now 
conversely, if 7’ is the graph of a non-degenerate projective embedding of U 
determined by a divisor in Mf, the Chow-point of it must be on V’ by Lemma 
2 and it must not be contained in § and in §’. Our lemma will be proved 


if we show that V is defined over “K. 
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Since A is a generic divisor of % over K, X is rational over a regular 
extension K* of K. Since X is rational over K*, we can find a set of 
functions ho,- - *,hy, all defined over K*, which forms a basis of L(X) 
(cf. Weil [16], Th. 10). Hence there is a non-degenerate projective em- 
bedding f determined by X defined over K*. Since any other such embedding 
can be written as F’-f, where F is a projective transformation of L*, it 
follows that there is a non-degenerate projective embedding f* determined 
by X such that it is defined over a regular extension of K and that any other 
non-degenerate projective embedding determined by a divisor in % is a 


specialization of f* over K by our Lemmas 1, 2. This proves that V’ is 


lefined over K. Then it immediately follows that § and §’ are closed subsets 
of V’ over K. Our lemma is thereby proved. 


Lemma 5. Let V be a variety in a projective space L, h be a rational 
napping of V onto a variety W and H be the graph of h. Let D be a closed 
subset of V such that h is defined everywhere on V—S9®, and W, be the 
set-theoretic image of V—®D by h. Let k be a common field of definition 
for V and h over which D is normally algebraic. Then W, is a k-open set 
on W tf the following conditions are satisfied: 


, 


(i) Whenever w’ is a point of Wo, VX w’NH contains a component 
if dimension t—=dim V—dim W, containing a point v’Xw’ such that 
veV—D; 


(ii) Denoting by & Xw’ the maximal algebraic set of dimension t in 
VX w' OH, there is a specialization (w,h-*(w)) (w’, Y’)ref. k such that 
v€|¥’| Cc 


Proof. By Weil [20], Appendix, Prop. 10, W, contains a k-open set 
and the union W’ of all such sets is also k-open. Let W* be the derived 
uormal variety of W with reference to & and f be the birational transforma- 
tion of W to W* defined by the normalization. Put h* —f-h, then it is a 
rtional mapping of V onto W* with a field of definition & Let z,2’ be 
Chow-points of h-*(w), Y’ and M be the locus of x over &. Since k(w) D k(z), 
there is a rational mapping g from W onto M such that g(w) =z. Put 
*=g-f+, Our assumptions (i), (ii) imply that w’ X 2’ is an isolated com- 
ponent of GM w’ & M, where G is the graph of g. Denote by G* the graph of 
)*. Since f-? is defined everywhere on W* and since any point on W has only 
‘finite set of images by f (cf. Zariski [23]), it follows that there is a point 
* on W* with f-(w’*) =w’ such that G* N w’* X M has an isolated com- 
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ponent w’* & 2’. Hence by the main theorem on birational transformations 
(cf. Zariski [23]), g* is defined at w’*. 

Let X be a component of W-—  W” containing w’, assuming that w’ is jy 
W, but not in W’. There is a subvariety Y* defined over & on W*, going 
through w’* such that X is the image of Y* by f-. Then g* is defined a 
a generic point w’* of X* over & (Weil [16], Chap. IV, Cor., Th. 15), 
g*(w”’*) is the Chow-point of a cycle Y” in LZ such that Y”’— Y’ ref. jf: 
| ¥” | contains a point v” such that (Y”,v”) > (Y’,v’) ref. &. Since v’ ¢9, 
v” is not contained in D. Let H* be the graph of h*. There is a {-closed 
subset €*, on X* such that €*, is the set of points on X* where g* is not 
defined; there is also a f/-closed set G*, on X* such that &*, is the set of 
points on X* which have the property that |H*N V xX w*,| C|Dx We 
(cf. Weil [20], Appendix, Prop. 8; Weil [18], Lemma 7). Since 
w’* ¢ E*, U E*, = E*, E* is a proper f-closed subset of X*. Let € be the 
image of &* by f-', then it is a proper f-closed subset of VY. Let @ bea 
point of XY —€. There is a point @* in ¥*—* such that f-'(#*) = 
Hence g* is defined at and the cycle Y in L, whose 
contains a point in V—T. Since | & FAV X |, it follows 
that |¥ X@|C|HAVX@|. Hence h is defined at and ) =i, 
This proves that W’ G W+xX—€ECW,. Let « be any automorphism of 
k over k. Since —€ C it follows that (XY — €)* C Wy. Consequently 
there is a k-open set W” on W such that W’ G W” C Wo, which contradicts 


to our choice of W’ and our lemma is thereby proved. 


7. Let U be a complete variety, non-singular in co-dimension 1, and 
let X be a set which can put a structure of polarization on U. Let fy bea 
non-degenerate projective embedding of U determined by a linearly effective 
divisor XY in X, and denote by c(fx(U)) the Chow-point of fx(U), except 
when U is an abelian variety. When U is an abelian variety with the neutral 
element O, denoting by U’ the underlying variety of the abelian variety U. 
we understand by c(fx(U)) a pair (2,fx(O)) of points, where z is the 
Chow-point of fx(U’). Let © be a subset of X, then we shall say that 
B(U.S) has a structure of an algebraic variety when the set of points 
e(fx(U)), with fx(U) in B(U,S), forms an open algebraic variety. When 
that is so, we shall say that ®8(U,S) is defined over a field & if the open 
algebraic variety is defined over k. 

THEOREM 3. Let U be a non-singular variety in a projective space ant 
MW be a complete family of algebraically effective positive U-divisors. Ther 
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g(U,U) has a structure of an algebraic variety. The same ts true when U 
isan abelian variety. In both cases, 8(U,%) is defined over a common field 
of definition for U and %; moreover $(U,%M) has the smallest field of 
definition rs total. 


Proof. Let us assume first that U is an abelian variety and let U’ be 
the underlying variety of U. We shall show that $(U,%1) has a structure 
of an algebraic variety when $3(U’, 2%) has a structure of an algebraic variety. 
Let W be the set of points c(f(U’)), where f is a non-degenerate projective 
embedding of U’ determined by a divisor in 2%. Assume that W is an open 
algebraic variety and let k be a field of definition for W. When w is a generic 
point of it over k, it is the Chow-point of a variety of the form f(U’) in 
R(U’, 2%), which is defined over k(w). By Weil [16], Chap. VII, Th. 12, 
there is the uniquely determined subvariety Z on the product W XL of W 
with the ambient space of f(U’) such that Z(w) =f(U’). Let w’ be a point 
on W and let f’(U’) be the corresponding variety in $(U’,%). Let wu’ be a 
point on f’(U’), then there is a non-degenerate projective embedding 9g’ 
of U’ determined by a divisor in 2% such that g’(U’) —f’(U’) and that when 
0 is the neutral element of U, g’(O)=w’. Hence g’(U) is the abelian 
variety with the neutral element wu’ whose underlying variety is g’(U’), which 


proves that c(g’(U)) = (w’,u’). Conversely, let f’” be a non-degenerate 
projective embedding of U determined by a divisor in 2. f’(U) is an abelian 
variety with the neutral element f’(O) and let w” be the Chow-point of the 
underlying variety of f’(U). Then by our assumption, w” is a point of W 
and hence (w”’, f’(O)) is a point of Z. Thus | Z| coincides with the set of 
points c(f’(U)). Our assertion is thereby proved. 


Let us return to our general case when U is an ordinary non-singular 
variety in a projective space. Let & be a common field of definition for U 
and %, then the set of Chow-points of non-degenerate projective embeddings 
determined by divisors in 9% forms an open algebraic variety V—® in a 
projective space defined over k (cf. Lemma 4), where V is a projective variety, 
and D is a k-closed set on V. Let v be a point on V—® and f be the 
corresponding projective embedding of U. When w is the Chow-point of f(U), 
we shall write Uy, fw,t. for f(U),f,v, for the sake of simplicity. Let us 
now assume that v is a generic point of V over k. Since k(v)D k(w), 
w has a locus W over k, which is the closure of the point set {c(U*)} with 
[* in ®(U,%), and there is a rational mapping h of V onto W such that 
i(v) ==w. Let U* be a variety in ®(U, 1), a be the Chow-point of U* and ta 
be one of the points on V—® such that the corresponding non-degenerate 
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embedding f, transforms U to U*=—U,. Let ty, ts be two independent 
generic points of V over k(t,,a) and let k’ be the algebraic closure of k(t, t,), 
Let fw, fs be corresponding non-degenerate projective embeddings of U to 
tw, ts; put fos—fw' fe’, and let ty», be Chow-points of 
fw.s few Tespectively. Let ?’,, be a generic point of h-*(w) over k’(w), f’, be 
the corresponding embedding of U and let ¢’, be the Chow-points of f,.,,:/',. 
By Lemma 3, ?’, is also on V—® and let Z be the locus of (ty, w, ts», t’, f,) 
over k’. Z is then a subvariety of VKWXLXVXV where L is the 
ambient space of ts 

Let % be the projection of (t2,a)K LX VX VOZ on the fourth factor 
of the product. We claim that % has the following three properties: (i) Every 
component of % has the same dimension as h-*(w); (ii) Every component 
of % is not contained in D; (iii) & is the closure on V of the set of points 
t’, on V corresponding to non-degenerate embeddings of U, transforming 
to Ug. Let (ta, a,u, be a point in (4,a)K DX VXVNZ. By Lemma} 
and by the compatibility of specializations with the operations of intersection- 
product and algebraic projection, we see that wu is the Chow-point of f,:/," 
since ts» is the Chow-point of fs: Let be the graph of f,, 
and T be the cycle whose Chow-point is ¢. Since ?#’, is the Chow-point of 
fs,w* fw, it follows that x is the Chow-point of T,,°T7T. Since ¢’, is contained 
in |h-*(s)|, it follows that x is also contained in it. By Lemma 3, the 
correspondence T—T,,°T gives a one-to-one correspondence between points 
of % and points of a subset of |h-*(s)|. This shows that the dimension of 
each component of % is at most that of h-1(s). Since f;,f, are defined over 
is defined over k’ and consequently the Chow-point u=t,, 
of is rational over Therefore we get dim,-(u, t,2) =dim,-(t) by 
Lemma 3. Since ZN (ta,a)x LX VX V has not any component of lower 
dimension than that of ZN LXV XV by Weil [16], Chap. IV, 
Prop. 26, which is obviously the same as dimh-'(w) =dimh-}(s), our 
statement (i) is proved. By Lemma 3, if T,4°T7 is an isomorphism, so is 7. 
Therefore, every component of % contains the Chow-point of an isomorphism 
of U onto U, and since & is complete, it must be non-degenerate. This proves 
(ii). Let t’ be a point on V-—® such that the corresponding embedding 
transforms U to Uy. In order to prove (iii), it is sufficient to prove that 
the projection of ZM(ta,a)* LX V XV on the last factor of the product 
is |h-*(s)!, since the Chow-point of fsa°f’a is on |h-4(s)| and since the 
correspondence f,—> fs determines a one-to-one correspondence betwee! 
point of |h-1(s)| and points of a subset of % as before for the fixed fax 
By Lemma 3, the projection of Z N(tye.w)X LXV XT on the fifth factor 
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is |h-2(s)|, hence the same is true for ZN (t,a)K LXV XV. (iii) is 
thereby proved. 

Let V’ be the locus of (t,,w) over k’, then since h(t.) —w, VW’ is also 
the locus of (t,,w) over k. Let D’ be the set of points (¢t’,c) on V’ such 
that ’€ D. Then ©’ is also a closed subset of V’ over k. Let h’ be the 
rational mapping of V’ onto W defined by h’(ty,w)—w. h’ is defined 
everywhere on V’— and the set-theoretic image W, of V’—®’ by h’ is the 


point-set we are interested in. We are going to show that to V’, D’ and h’, 


our Lemma 5 can be applied. Let (ty,,w,h’1(w))— (taa,¥) ref. k’, 
where we assume now that a is a point on Wy. We have h’-"(w) =h"(w) X w, 
and since pr4(Z- ((tu,w)X LX VX V)) =h*(w), | ¥| is contained in 
Xa. Since dim Y = dimh-'(w) —dim% by (i), every component of 
contains a point of V’—®’ by (ii). Moreover, we see from this that every 
component of Y Xa is a component of H’M V’ Xa, where H’ is the graph 
of h’. Therefore we can apply our Lemma 5 and thus W, is an open algebraic 
variety over k in a projective space. Thus the first half of our theorem is 
proved. 

Let ky be the smallest field of definition for W. We shall show that W, 
is defined over ko, which will settle the last half of our theorem. Let w be 
a generic point of W over ky and f, be a non-degenerate embedding of U 
into the projective space, transforming U to Uy. It is easy to see that 
= fo ). fe contains a rational divisor over ky(w), 
a hyperplane section of Uy, and since f,(%) is complete and total, it is easy 
to see that f,,(%) is defined over a purely inseparable extension of k)(w). 
Let us take for U, 9 the variety U, and the family f,,(%). Since W and W, 
are invariants of B(U,M%) (Uw, it follows that W—W, is 
normally algebraic over ky)(w). Let w’ be a generic point of W over ky(w). 
Then in the same way, we can show that W— W, is normally algebraic over 
ky)(w’), hence W— W, is normally algebraic over ko. Our theorem is thereby 


proved completely. 


Section 3. 
8. 


Proposition 4. Let U be a vartety in a projective space, non-singular 
in co-dimension 1, and X be a set of divisors on U which defines a polariza- 
lion on it. There is a divisor class N* with respect to numerical equivalence 
with the following property: A positive U-divisor X belongs to X if and only 
if Y belongs to mN* for a certain positive integer m. 
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Proof. By Néron’s result, G(U)/Ga(U) is finitely generated (Néron 
[10]). On the other hand, G,(U)/G,(U) is a subgroup of G(U)/G,(U), 
consisting of elements of finite orders. Therefore, there is a finite set 
(D,, --,D,) of divisors on U, which are independent modulo G,(U), such 
that any U-divisor X can be written as Let bea 
divisor in X, then expressing Y in the form Y =>a,D,;mod G,(U), let b be 
the greatest common divisor of a,,:--,as. Putting aa—b-a’, let N* be 
the coset of G(U)modG,(U) determined by Z=Da',D,. Let m be'a 
positive integer and X be a positive divisor in m9t*. Clearly X is contained 
in X by the definition of X. Conversely, let X be any divisor in X. There 
are two positive integers m and ¢ such that mY =tX¥ modG,(U) and that 
m and ¢ are relatively prime to each other. Then bmZ==tX mod G,(U). 
Expressing X as XY =>) c,D,modG,(U), we see that }(bma’;—tc;) Dj= 
mod G@,(U), which implies that bma’;=Omodt. Therefore mb=0modt 
since (a’,,- - -,a@’,) is a set of relatively prime integers. Our proposition is 
thereby proved. 


THEOREM 4. Let V be a complete non-singular vartety, polarized by « 
set X. X can be written as PA(X) with X in X. Let X* be the set of 
divisors X in X such that U(X) is complete, total and consists of algebraically 
effective divisors. Then X* can also be written as (J M(X) with X in X*. 
Every U(X) in the expression for X, except for a finite set of them, 1s also 
a component of the same expression for X*. (V,X) (resp. B(V,X*)) ts 
the union of B(V,U(X)), where M(X) is a component of X (resp. X*). 
Moreover, when V 1s an abelian variety, B(V,X) and B(V,X*) coincide. 


Proof. The first two statements about expressions for X and X* are 
immediate consequences of definitions. 

Since X contains a linearly effective divisor by our definition, we may 
assume that X is determined by a hyperplane section of a variety V in a 
projective space. Let C be a hyperplane section of V. There is the divisor 
class N* with respect to numerical equivalence having the property described 
in Proposition 4. Let Z be a divisor in $t*, then there is a positive integer s 
such that C=sZmodG,(V). By Theorem 1, (ii), there is a positive 
integer m, such that whenever m > mo, 9(iZ-+ mC) is covered by a finite 
set of complete total families and that iZ + mC is numerically effective for 
Put t—mys, then mC =tZmodG,(V). We shall show 
that 2(t’Z) is not empty, consists of numerically effective divisors and 1s 
covered by a finite set of complete total families whenever >t. In fact. 
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'Z=atZ + bsZ+-cZmodG,(V), where a is a positive integer, b and 
¢ are non-negative integers and c is less than s. Therefore we have 
'Z= (am, + 6)C + cZmodG,(V) which should be numerically effective 
and 9(t’Z) is covered by a finite set of complete total families by our choice 
of my. Therefore our third assertion is proved. 

Our fourth assertion is trivial. In order to prove the last assertion, 
it is sufficient to show that when Y is a linearly effective divisor on an 
abelian variety, 2(X) is complete, total and X is algebraically effective, 


which are consequences of Proposition 2. 


THEOREM 5. Let V be a complete non-singular variety, polarized by a 
set X. Then every polarized variety in B(V,X), polarized by the natural 
polarization, ts wsomorphic to each other. When V is an abelian variety, 
underlying varieties of polarized abelian varieties in B(V,%) are projectively 
equivalent to each other, where ts a divisor class of Vmod G,(V) con- 


tained in X*. 


Proof. The first statement is obvious. Assume that V is an abelian 
variety and A,A’ be two polarized abelian varieties in 8(V,%), polarized 
by natural polarizations, with neutral elements 0,0’. Let us identify A, A’ 
with their underlying varieties. There is an isomorphism f between two 
polarized abelian varieties A, A’, which is determined by a divisor on 4, 
algebraically equivalent to a hyperplane section C of A. Let Y be such 
a positive divisor on A, then f(¥) is a hyperplane section of A’, and 
{(C) =f(¥Y) mod G,(A’). Since f(C) is non-degenerate by Proposition 2, 
there is a point a’ on A’ such that f(C)a,~f(¥Y). Hence, denoting by T the 
translation on A’ defined by a’, we have T-f(C)~f(¥Y). Moreover, 7'-f is 
an isomorphism between two polarized varieties A, A’ and transforms hyper- 
plane sections to hyperplane sections. Since linear systems of hyperplane 
sections on A and A’ are complete, 7'-f must be a projective transformation 


of A onto A’. Our theorem is thereby proved. 


9. Let U be a complete non-singular variety, polarized by a set X. 
We shall denote by G(U,X) the group of automorphisms of the polarized 
variety U. Let W be also a complete non-singular polarized variety, polarized 
by a set 9) and assume that f is an isomorphism between polarized varieties 
U and W. Then it is easy to see that the correspondence g—>f-g°f", 
g€G(U,X) gives an isomorphism of G(U,X) and G(W,Y). 


Proposition 5. Let U" be a projective variety, non-singular in co- 
dimension 1, and G" be a connected algebraic group variety. Let Z™** be a 


* 
~ 
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subvariety of GX U XU and assume that the projection of Z on GXU 
is GX U and is everywhere regular, where U is any one of the second and the 
third factors of GX U XU. Then for any point g on G, (9g XU XU)-Z is 
defined and Z(g) is the graph of an automorphism of U. Further. denote 
by Y9 the transform of a U-cycle Y by Z(g) and assume that ue =u for 
any point u on U, where e is the neutral element of G. Then we have the 
following: (i) When X is a U-divisor, X9=X mod G,(U); (ii) When X 
is a U-divisor such that X=OmodG,(U), X9I~X. 


Proof. Let g XT be a component of g X U X UNZ, which is simple 
on GXU XU. Let (u,v) be a point on 7; by our definition of Z, v is 
uniquely determined by g and u, hence dim T= dim U, which proves our 
assertion. Then it is clear that Z(g) is the graph of an automorphism of U. 
Next, we claim that Z-(G* X XU) =7Z’ is defined on G XU XU. Let 
(g,2,u) be any point in ZG X& X X U, then u = 7? and this shows that the 
dimension of any component of our intersection must be at most r+ n—1, 
which proves our assertion. Therefore by Weil [16], Chap. VII, Cor., Th. 10, 
we see that 


XU))=9 XZ(g)- (X XU). 


Z:(GXX XU) can be regarded as a cycle on G X L XU, where L is the 
ambient space of U, then by Weil [16], Chap. VII, Th. 18, we see that 


{((gX L XU): XX X 
=(9XU XU): (2: (4XKX 


That being so, by Weil [16], Chap. VII, Th. 16, we have 


XU))) =(9 XU): pris(Z: (GK X XU)). 


Therefore 


(9 XU) -pris(Z-(@ XX XU)) =gX pra(Z(g)- XU)) 


By taking g to be e, we get (eXU)-pris(Z-(@KX XU)) =e XX 
=e X, which proves that YY =X modG@,(U). (i) is thereby proved. 
Let 9 be a total maximal family of positive U-divisors, V be the Chow 
variety of % (the set of Chow-points of divisors in §) and denote by Y, the 
divisor whose Chow-point is v€é V. Let P(U) be the Picard variety of U 
and y be the canonical homomorphism of Ga(U) onto P(U). Let & be au 
algebraically closed common field of definition for U,@,Z,V.P(U) and } 
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over which X is rational. By (i), Z(g)*(Yv) =YvmodG,(U) and hence 
the mapping (g,v) >y(Z(g)""(Y.) defines a rational mapping of 
GX V into P(U) with a field of definition & (Y, is rational over k(v) ; ef. 
W. L. Chow, “On the defining field of a divisor in an algebraic variety,” 
Proc. Amer. Math. Soc., vol. 6, 1950), which we shall denote by F. Assume 
that g and v are independent generic points of G and V over k, then F can be 
written as F(g,v) = Fi(g) + F2(v), where F, is a rational mapping of G 
into P(U) and F, is a rational mapping of V into P(U) (cf. Weil [17], 
Cor., Th. 7), both defined over &. Since F(g,v) has the uniquely determined 
specialization y(Z(e)-"(Y,) over (g,v) (e,v) ref. &(v), and since 
(e,v) is a simple point on G X V, F is defined at (e,v) (cf. Weil [16], Chap. 
VI, Th. 18). Therefore, we have 


F(e,0) —y(Z(e)-*(Yo) —Yv) —Z(¥.—Y,) <0, 


which proves that F’,(v) =—-F,(e) is a constant, rational over k. By the 
compatibility of specializations with the operations of intersection-product 
and algebraic projection, we see that F is single-valued everywhere on G XK V 
and has the value y(Z(g)"(Yw)—Yw) at (g,w). Hence we have 


(Yo) — Ye) =y(4(9)* (Vw) — Fw), 
whenever w is a generic point of V over k(g,v). Consequently 
(Yt) (Ve) — Ys) 


for any two points ¢,s on V. Let now X be a U-divisor such that Y =0 
mod @(U), then since % is total, there are two points ¢ and s on V such 
that Y,—-Y,~X. By what we have proved, we have (Y;—YVs)¥~Yi— 
and since X9~(Y;—Y,)9, it follows that ¥2~X. Our proposition is 


thereby proved. 


10. 


Lemma 6. Let U be a normal variety in a projective space, C be a 
hyperplane section of U and assume that 2(C) is a complete algebraic family 
ot algebraically effective divisors and that the linear system of hyperplane 
sections on U is complete. Let & be the set of automorphisms f of U such 
that f(C) € U(C), and W be the set of Chow-points of f. Then W=Uo™Wi, 
where the W; are open algebraic varieties in a projective space. When U and 
X(C) are defined over a field k, then W is normally algebraic over k. 


Proof. Let V be the set of Chow-points of graphs of non-degenerate 
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projective embeddings determined by divisors in &(C). Then by our Lemma 


4, V is an open algebraic variety in a projective space L. Let f be an automor- 
phism of U such that f(C)€ M&(C). Then since f is everywhere biregular, 
f2(C) €UX(C); since M(C) is complete, every divisor in it determines a 
complete linear system of the same dimension as C. Therefore, f is a 


non-degenerate projective embedding determined by f-*(C) and the Chovw- 
point of it ison V. Let & be a common field of definition for U and Y(C), 
then V is an open algebraic variety in L over k by Lemma 4. Let v bea 
generic point of V over k and T,, be the variety with the Chow-point vr. 
T, is the graph of a non-degenerate projective embedding of U, determined 
by a generic divisor of &(C) over k and is defined over the field k(v). 
Therefore, there is a subvariety T of V X U XL, where L is the ambient 
space of U, such that T(v) =T, and that k is a field of definition for T 
(cf. Weil [16], Chap. VII, Th. 12). Let F=TNVXUXU. Bisa 
closed algebraic set, normally algebraic over k on VXKU XL. Let w bea 
point on V and T,, be the corresponding subvariety of U X LZ, then since 
Tw» is the uniquely determined specialization of T,, over v—>w ref. k, it 
follows that TN wx U XL reduces to a component w X T,. When T', is 
the graph of an automorphism of U, w X T,, is a subvariety of V XU XU 
and hence contains wXT,. Conversely, assume that 
&Ow XU XL contains a component w X R of at least the same dimension 
as U. Then since w XRF is a subvariety of T, we have w XR Cw X Ty. 
Since dim R= dim 7,,, it follows that R=T,, and the projection of 7%, on 
Lis U. Therefore T,, must be the graph of an automorphism of U. Thus 
we have shown that the set of points w on V, such that T, is the graph oi 
an automorphism of U, coincides with the set of points on V such that 
wxXU XL contains a component of dimension at least equal to that 
of U. Such a set forms a closed algebraic set on V, normally algebraic over 
k by Weil [18], Lemma 7. Our lemma is thereby proved. 


Lemma 7. Maintaining the same notations and assumptions as in the 
preceding lemma, denote also by T, the subvariety of U X U with the Chow- 
point w; on W;. Let W. be a component of W containing the Chow-point of 
the diagonal of UK U. Then we have the following results: 


(i) dim W,—dim W, - -—dim 
(ii) WiNW;=@ whenever ij; 


(iii) Let w; and w; be points of W; and W; respectively, then Tx, ° 


is the graph of an automorphism of U belonging to 3; 
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(iv) Let ki; be a common field of definition for W, and W; containing 
k. w; and w; be independent generic points of W; and W;, over ki; and let W, 
be a component of W containing the Chow-point ws of Ty,°Tw,, then s ts 
a function a(i,7) of (i,7) only and (wi, wj,ws) has a locus over 


(v) Projections of on WiX Wj, Wi X Ws and on W; X Ws are 


regular and surjective ; 


(vi) Let v;,v;,vs be arbitrary points on Wi, W;,Ws respectively, then 
(vi, 0;) XK Zijss viX Wi XvsN Zig and Wi XK (vj, Zijg have single 


zero-dimensional components ; 
(vii) @(0,7) =a(7,0) 


Proof. By Lemma 3, T,,°T, is defined and is again the graph of an 
automorphism of U, since Ty,,T, are such. Since T,,(C) =T,,(C) =C 
mod Ga(U), we see that T,,,°T»,(C) =C modG,(U). (iii) is thus proved. 
Let now w; and w; be independent generic points of W; and W; over kj;, then 
the Chow-point w, of T,,,° Tm, is rational over kjj(w;,w;) by Lemma 3. Hence 
(w;,w;,W,) has a locus over ki; on Wy XK Ws. Let (vi, be an 
arbitrary point on W;x W;, then T,,°T7,, is the uniquely determined 
specialization of over (wi, wj) > (vi, v;) ref. ki; by Lemma 3 and 
by Lemma 6. This shows that a(i,7) actually depends only on 7 and j as 
soon as we prove (ii). Moreover, we have shown that Zijs(vi,0;) xX Ws 
reduces to a point and the projection of Zjj, on Wi W; is regular and 
surjective. Next let us show, among other things, that W, is the unique 
component of W containing the Chow-point of A. Let W; be a component 
of W and put a(0,i1)==j. Since the projection of Zoi; on W; contains 
W; because T,,°A—T,,, it follows that W;—W; proving that «(0,7) 
In the same way, «(0,7) +t. Suppose now that W; contains also the Chow- 
point of A. Then W; contains W, since 2(0,7) and consequently Wo. 

The formula «(0,i) 7 shows that dim W, = dim W; by virtue of Lemma 


3. Conversely, let w; be a generic point of W; over ky; Then the set of 


Chow-points of 7,,,-1°7,,, where v; is a point on W;, is contained in | W | 


and forms an open algebraic variety in the ambient space of W. Since it 
contains the Chow-point of A, it must be contained in W, by what we have 
seen, proving that dim W,= dim W; (cf. Lemma 3). Thus (i) is proved. 

Let a be a common point of W; and W; and w;, w; be independent generic 
points of W;, W; over ki;(a@) respectively. Since A is a specialization of both 
Tw,°Ta* over kiy(a), it follows that Chow-points of them are 
on Wy. Since dim W, = dim W; = dim W,, it follows that T,,,° 
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are generic specializations of each other over kjj(a@), which shows that T,, 
and 7’, are generic specializations of each other over kj. Therefore W;= IW, 
and (ii) is thus proved. Now (v) and (vi) are easy consequences of what 


we have proved. 


11. 


THEOREM 6. Let U be a complete non-singular polarized variety, 
polarized by a set X. Then there is an algebraic group G= Uo"Gi, where 
G, ws the connected component of G conlaining the neutral element e and 
the G, are cosets of Go, and subvarieties Z; of GixXU XU with the following 
properties: 

(i) Projections of Z; on the product of G; and the second factor and 
also on that of G; and the third factor are everywhere regular; 


Gi) kU XU)-Zi=g9iX Zi(gi) is defined for all gi on G; and 
in particular Z,(e) =A; 


(iii) Zi(gi) =Z;(g’;) implies i=j and 


(iv) The group of automorphisms @(U,X) of U is the set of Z;(q:) 
for all g; on G; and for all 1 (we identify rational mappings and graphs) ; 


(v) When g;-gi=gs€ Gs, then Zs5(9s) =Z;(9;)°Zi(gi) 


(vi) When our polarized variety U is defined over a field ky and when 
X contains a rational divisor X, over ko which ts linearly effective, then ( 1s 
normally algebraic over k, and 3;Z; ts rational over a finite purely inseparabl 


extension of kp. 


Proof. Let C be a linearly effective divisor in X and k be a field of 
definition of U over which C is rational. By Weil [16], Chap. VIII, Th. 10. 
there is a non-degenerate projective embedding of U determined by C, defined 
over k. By our Th. 1, when r is sufficiently large, &(rC) is a complete 
total algebraic family of algebraically effective divisors, and since it contains 
a rational divisor rC over k, 9(rC) is defined over k (cf. Matsusaka, [6]. 
Prop. 1). Let f be any automorphism of U belonging to the set G(U,%). 
then f(C)=CmodG,(U); since G,(U)/Ga(U) is a finite group (¢. 
Th. 1), f(sC) =sC mod G,(U) whenever s is a positive integral multiple of 
the order of G,(U)/G,(U). Therefore, we may assume, from the beginning. 
that U is a non-singular projective variety defined over k, X contains 2 
hyperplane section C of U, %(C) is a complete total family of algebraically 
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effective divisors and that every automorphism f in @(U,X) transforms ( 
to a divisor in Y(C). 

When that is so, f is a non-degenerate projective embedding of U 
determined by f-'(C) and our Lemmas 6, 7 can be applied. Hence the set 
W of Chow-points of f€ G@(U,X) can be written as LJo"™Wi, where the W; 
are open algebraic varieties in a projective space, and has properties described 
in Lemmas 6, 7. Let k’ be the smallest perfect field containing k*, then the 
W, are defined over separable algebraic extensions k’; of k’. Let G’; be a 
derived normal variety of W, with reference to kh’; and let G; be the graph 
of the inverse of our normalization W;—>G’;. It is easy to see that the G; 
can be so chosen that they are in the same space and that when y is an 
automorphism of our universal domain over k, = implies = G;. 
Then Uo”"G; forms an algebraic set normally algebraic over k. Since the 
I’;;/k’ are separable algebraic extensions, )9’”k’;/k’ is also a separable algebraic 
extension. Since the G; are normal with reference to the k’;, it follows that 
the G; are still normal with reference to K = \(Jo"k’; and the G; X G; are 
also normal with reference to K (cf. Weil [20], Appendix, Prop. 14). 
Therefore, if we assume (i), (ii), (iii), (iv), Uo”"G; is an algebraic group 
satisfying (v) by our Lemma 7, such that G, is the connected component 
of it containing the neutral element. 

Let w; be a generic point of W; over hk’; and g; be the corresponding 
pont on G;. Let 7, be the variety whose Chow-point is w;, then it is the 
graph of an automorphism in @(U,X). Then T,, is defined over the field 
=k’;(gi) and hence there is a subvariety Z; of G;x U XU defined 
over k’; such that Z:(gi) =Tw, (ef. Weil [16], Chap. VII, Th. 12). Z; is 
then the locus of (gi,u,T,(u)) over k’;, where wu is a generic point of U 
over A’;(gi). (ii) is then an immediate consequence of the facts that the 
birational transformation g;—>w; of G; to W; is everywhere defined on G; 
and that specializations are compatible with the operation of intersection- 
product. Since the birational transformation w;—g; of W; to G; is such 
that any point on VW’; has only a finite set of image points in Gj, (i) follows 
easily because G; X U X U is non-singular (cf. Weil [16], Chap. VI, Th. 13). 
In particular, when g’; is a point on G; and w’; is the corresponding point on 
Wi, we have Z;(g’:) =T,, and conversely, if w; is a point on W, and g’; 
is one of the corresponding points on Gj, we have Z;(g’:) = T,. Therefore, 
the set of Z;(g’:) with g’; on G,; coincides with the set of varieties whose 
Chow-points are on W;. Since any f in @(U,X) is a non-degenerate pro- 
jective embedding of U determined by a divisor f-*(C), and conversely, 
any automorphism f’ of U, such that f’-?(C) is in U(C), is in G(U,X), it 
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follows that G@(U,X) coincides with the set of Z;(g’;) for all g’; on G; and 
for all 7. Hence (iv) is proved. (v) is an immediate consequence of our 
Lemma 7%. Since G= lJ) .™G; is normally algebraic over k, we see that 57, 
remains unchanged by any automorphism of the universal domain over f, 
which proves (vi). 

Let w; be a point on W; and assume that g;, g’; are two corresponding 
points on G; Let wo be a generic point of Wy over K(wi,gi,g’i) and 
let go be the corresponding point on Gp). Let Zou be the subvariety of 
Wo X Wi X W;, defined in our Lemma 7. Then by Lemam 7, (v) and (vi), 
Zou (Wo KX wi X Wi) reduces to a point (wo, wi,vi) and is a generic 
point of W,; over K. Let hy be the point on G; corresponding to v;. Then 
we see immediately that which proves Since 
Wi: W;—@ whenever 1+4j, and since we have taken for G; the graph of 
our normalization W;—>G’, it follows that Gj; G;—@ whenever 154}, 
Our statement (iii) follows now immediately. 


CoroLuary 1. Let A be a polarized abelian variety, polarized by a set 
X. Then @©(A,x) is a finite group. 


Proof. Let V be a variety and Z be a subvariety of V X A XA such 
that Z(v) defined by (v XK AX A)-Z=—vXZ(v) is the graph of an auto- 
morphism f, of the underlying polarized variety of A. Let O be the neutral 
element of A and put f,(0) =—O,. Then f,—O,—<« is an automorphism 
of our polarized abelian variety A. Let & be an algebraically closed common 
field of definition for A, for V and for Z. Then since @ is an automorphism 
of A defined over k(v), we see that 2 is defined over k, by taking v to bea 
generic point of V over k (cf. Chow [2]). Therefore, when v’ is a point 
on V such that Z(v’) is defined and is the graph of an automorphism of the 
underlying polarized variety of A, fy.—O,»—=«a. Our corollary now follows 
immediately from our theorem. 


CoroLLuaRy 2. Maintaining the same notations and assumptions us our 
theorem, Go is a normal subgroup of G. Denoting by P(U) the Picard 
variety of U and by B the canonical homomorphism of Ga(U) onto P(U), 
there is a rational homomorphism F of G,. into P(U) defined by F(q) 
= B(Z.(g)7(X) —X) with a fixed U-divisor X. F depends only on the 


class of X with respect to algebraic equivalence. When we take X to be « 
linearly effective divisor on U, the-kernel H, of F is a subgroup of a projective 
general linear group, and H, is a normal subgroup of Go. 
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Proof. Let K be a common field of definition for U, for every G, Z; 

and for P(U) and 8. Since G is a group variety of finite index in G, it 

follows that Gp is a normal subgroup of G. Let X be a U-divisor and K’ be 

a field containing K over which X is rational. Let g be a generic point of 
@, over K’ and let F be the mapping of G, into P(U) defined by 


F(g) —X). 


Then F is an everywhere defined rational mapping. F is then a rational 
homomorphism up to a constant (cf. Weil [17], no. 19). Since the neutral 
element e of G, is such that Z)(e) =A, it follows that F itself is a homo- 
morphism. Let Y be another U-divisor such that Y=YmodG,(U), and 
F’ be the similar homomorphism defined in terms of Y. Since we have 
Z(9’)*(X —Y)~(X—Y) for any g’ on G, by our Prop. 5, it follows 
that FF’. Let us now assume that Y is linearly effective. Then since 
the kernel Hy of F consists of those g’ such that Z,(g’)-1(X) ~X, it follows 
that H, can be identified with an algebraic subgroup of the group of pro- 
jective transformations PGL(m), where m=1(.1)—1. Our corollary is 
thereby proved. 

Let U be a non-singular projective variety and @ be an abstract group 
of automorphisms of VU. Then by Proposition 5 and Theorem 6, we see that 
( contains the largest connected algebraic subgroup and to put a structure 
of polarization on U has an effect of cutting down the set of cosets with 
respect to the subgroup to a finite set. The author found this when Weil 
pointed out that the original proof of our Corollary 1 can be generalized 
to our Theorem 6. 


Section 4. 


12. We shall define the field of moduli of a polarized variety (resp. 
abelian variety) V. Let $(V,X*) =U B(V,M), where X* is the subset of 
X defined in our Theorem 4. Then the field of moduli of V is the smallest 
field K with the following properties: 


(i) One of the $(V,%) in the above expression for $(V,X*) is 
defined over K; 


(ii) Every other $(V,%) in the above expression for %(V,X*) is 
defined over a separably generated extension of K. 


We are going to prove some lemmas, which we shall need to prove the 


existence theorem. 
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Lemma 8. Let V be a complete non-singular variety (resp. abelian 
variety) and M, WM’ be complete families of V-divisors consisting of alge. 
braically effective positive divisors. Let K bea field of definition for B(V, 9), 
Then B(V,Y’) ts defined over an algebraic extension of K. 


Proof. Without loss of generality, we may assume that K is algebraically 
closed. First let us assume that V is a complete non-singular variety, and 
X,Y be divisors in %, 2’ respectively. Since K is algebraically closed, there 
is a variety V’ contained in $%(V,%), defined over K. There is an igo- 
morphism f between V and V’ such that %f is transformed to the complete 
algebraic family on V’ containing a hyperplane section of V’. Also \! is 
transformed to the complete algebraic family on V’ containing f(Y) by f. 
Since 2(f(Y)) is a complete family and since K is algebraically closed, 
is defined over K. Since B(V,W’) =B(V’, A(f(Y))), our lemma 
follows from Theorem 3 in this case. When V is an abelian variety, our 
lemma follows easily from the definitions and from what we have proved. 


Lemma 9. Let V be a complete non-singular variety (resp. abelian 
variety) and X be a positive algebraically effective divisor. Assume that 
W(X) and M(mX) are complete total families of V-divisors, where m is 1 
positive integer. Let K and K’ be the smallest fields of definitions of 


B(V,U(X)) and B(V,A(mX)) respectively. Then K’ is a subfield of XK. 


Proof. Since $(V,%(X)) has a structure of an algebraic variety over 
K by Theorem 3, we can speak of a generic variety of 8(V,U(X)) over X. 
Let V* be a generic variety of it over K. There is an isomorphism f* of V 
onto V* such that f*(2(X)) is a complete total family of V*-divisors con- 
taining hyperplane sections of V*. Hence f*(2(X)) contains a rational 
divisor over any field of definition of the underlying variety of V*. Let K* 
be a regular extension of K, over which V* is defined. Then since f*(%(1)) 
contains a rational divisor over K*, and since it is complete and total, it is 
defined over K* (Matsusaka [6], Prop. 1). f*(2(mX)) is the complete 
total family on V* containing f*(mX) and hence it also contains a rational 
divisor over K*. Therefore f*(2(mX)) is also defined over K*. Since 
B(V,U(mX)) = P(V*, fF(A(mX))), it follows that P(V,W(mX)) 3s 
defined over K*. On the other hand, %(V,2(mX)) is defined over an 
algebraic extension of K by Lemma 8, therefore it is defined over K and our 


lemma is thereby proved. 


Lemma 10. Let U be a non-singular variety tn a projective space ant 
X be a positive U-divisor such that U(X) and A(mX) are total quasi-complete 
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families consisting of algebraically effective divisors, where m 1s a positive 
integer. Let K be a common field of definition for U and A(mX). If m 
is prime to the characteristic p, U(X) ts defined over a separably algebraic 
ectension of K. 


Proof. In order to prove our lemma, we may identify K with its 
separably algebraic closure. Since every element in the algebraic closure K of K 
is purely inseparable over K, 2(X) has no other conjugate than itself over K 
since it is quasi-complete. Let K’ be a purely inseparable extension of K over 
which &(X) is defined, and X* be a generic divisor of M%(X) over K’. 
Without loss of generality, we may identify X* with XY. Let K’(u) be the 
smallest field containing K’ over which X is rational. There is a positive 
integer s such that K(u?*) is a regular extension of K, where w? is the 
point whose coordinates are the p’-th power of the coordinates of u. Also 
there is a positive integer ¢ such that ptX is rational over K(w?*). Since m 
and p’ are relatively prime, there are two integers a and 6 such that when 
Y is a generic divisor of 2(mX) over K (wu), aY + bp'X¥ =X modG,(U). 
Moreover, aY -+-bp'X is rational over a regular extension of K by our 
choice of Y. We claim that 2*(a¥ + bptX) contains a positive divisor. 
Since aY + bp'X —YX is algebraically equivalent to 0, there is a positive 
divisor X’ in M&(X) such that aY Therefore, 
&*(aY + bp'X) contains a positive divisor, and we may assume that Y’ 
is rational over the same regular extension of K over which aY + bptXY 
is rational (cf. Weil [16], Chap. VIII, Cor. 1, Th. 10). Since %(X) 
contains a rational divisor X’ over a regular extension of K, and since it is 
quasi-complete total family, %{(X) is defined over a regular extension of K 
(Matsusaka [6], Prop. 1). Therefore %(X) must be defined over K and 
our lemma follows now from Theorem 3. 


13. 


THEorEM 7. Let V be a complete non-singular variety (resp. abelian 
variety), polarized by a set X and assume either that the order of G,(V)/Ga(V) 
is prime to the characteristic p or isomorphisms between V’, V” in B(V, X) 
are defined over separably generated extensions of any common field of 
definition for V’, V’. Then there is the field of moduli of V. When the 
characteristic is 0, it has the additional property that any field of definition 
of B(V,U), which appears in the expression for B(V,X*), contains the field 
of moduli. 


7d 
|| 
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Proof. Let r be the order of G,(V)/Ga(V). By Proposition 4, there 
is the divisor class J* on V with respect to G,(V) such that X belongs to % 
if and only if X is positive and belongs to m9t* for a certain positive integer 
m. There is a positive integer m, such that whenever m’ > mo, m’§ is not 
empty, contains a numerically effective divisor and is covered exactly by r 
complete total families (cf. Th. 1). Let us fix an integer m’ with that 
property. Let m’9 be covered by complete total families %(X;). Let us denote 
by &, the smallest field of definition of B(V,%(X;)). Put K* =k, U---Uk 
and let kim be the smallest field of definition for $(V,2%(mX;)), where i 
is a positive integer. We shall show that K* contains k;,, and is a finite 
normal extension of the latter, satisfying [K*:kim],=r. 

By Lemma 9, &; contains k;,,, and the former is an algebraic extension 
of the latter by Lemma 8. Since there is a positive integer a such that aJ, 
and aX; are algebraically equivalent to each other on V, and since (aj) 
is a complete total family consisting of numerically effective divisors by our 
choice of m’, k; is an algebraic extension of kj, again by Lemmas 8 and 9. 
If we take a to be a multiple of m, ki, itself is an algebraic extension of 
kiq and consequently k;Uk; is an algebraic extension of k;,» for every j. 
Thus we have shown that K* contains hj, and is an algebraic extension of 
kim. Let ky be the prime field and let W; be the open algebraic variety. 
which is the set of points c(f(V)), where f is a non-degenerate projective 
embedding determined by a divisor in 2(Y;) (ef. Th. 3). Let (w;) bea 
set of quantities such that ko((wi)) =k. Let U; be a generic variety of 
over and kj,» (u;) be the smallest field of definition for 
U; containing k;». There is an isomorphism between V and Uj, say fi, such 
that f;(2{(mX;)) is the complete total family of U;-divisors containing hyper- 
plane sections of U;, and we have clearly B(V, %(X;)) = B(Ui, fi(M (4X5) ))- 
Let a be an automorphism of the universal domain over kim(u). We have 
Ue=Ui, (fi(M(X;)))* (fi( )*). Therefore kim((w;)%) is the 
smallest field of definition for (Ui, 2((fi(X;))*)). Since 
contains a rational divisor over kim(ui), it follows that f,(X;)*=fi(4i) 
mod G,(V) and this shows that kim((w;)*) coincides with one of the 
Kkim((w;j)). Since K* =kim((w1),- (wr)), it follows that K* is a 
normal extension of kim and [K*:kim].Sr. 

Let k’im be the largest purely inseparable extension of kim in K*. 
When ¢ is a positive integer, we have kim > ki,tm by Lemma 9 and k’itm 38 
the smallest subfield of K* containing ki,tzm over which K* is a separably 
algebraic extension. Therefore, we have > Kiem and [K*:k itm] St 
From this we see that there is a positive integer ¢) such that whenever ¢ > li, 
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we have k’ itm = ’i,tm. Let us take m and m’ to be prime to the characteristic 
p (this is certainly possible because of our Theorem 1) and put 


, 
K=k i, toms 


We are going to show that K is the field we are looking for. Let $(V,%(Y)) 
be a component of %3(V,X*) and (y) be a set of quantities such that ko((y)) 
is the smallest field of definition for 8(V,2(¥Y)). Y is contained in s9* for 
a suitable choice of s by Proposition 4. Let ¢ be a positive integer prime to 
the characteristic p. Then b=tmm’ is prime to p and 9t(bsX;) = N(bm’Y). 
Moreover, we have K —k’;,y,. Let U be a generic variety of $(V, (bsX;) ) 
over K, then it is still a generic variety of it over K* and there is an iso- 
morphism g between V and U such that g(2(bsX;)) is the complete total 
family on U, containing hyperplane sections of it. Let K(w) be the smallest 
field of definition for U containing K, which is a regular extension of K 
by Theorem 3. Then since g(%(bsX;)) contains a rational divisor over 
K(u), it is defined over K(u) (cf. Matsusaka [6], Prop. 1). 

Assume for a moment that G,(U)/G,(U) has a set of representatives 
in G,(U) which consists of divisors rational over a separably generated 
extension of K(u). Then 9(bsX;) is covered by r complete total families 
consisting of numerically effective divisors by our choice of m’ and each 
family is defined over a separably generated extension of K(u) (cf. Matsusaka 
[6], Prop. 1), and consequently over a separably algebraic extension of K (uw). 
Therefore 2(g(bm’Y)) on U is defined over a separably algebraic extension 
of K(w) and since b and m’ are prime to p, it follows that U(g(Y)) itself 
is defined over a separably algebraic extension of K(u) by Lemma 10. This 
implies that 8(U,2(g(V))) is defined over a separably algebraic extension 
of K(u) by Theorem 3; since $(V,2W(1’)) =B(U,A(g(V))), our field K 
satisfies our requirements (i) and (ii). Let us prove now that K is the 
smallest field having the properties (i) and (ii). Let K’ be any field satis- 
lying (i) and (ii). By Lemma 8 and by the definition of K*, K*U K’ is a 
separably algebraic extension of K’. By (i), there is a component 8(V, U(Y)) 
of $(V,X*) such that it is defined over K’. There are two positive integers 
band c such that 2(bX;) =M(cY) and we may take b to be a multiple of 
fm. Then k;, is the smallest field of definition for B(V,%(cY)), which 
isa subfield of K’ by Lemma 9. By our choice of b, we have ki, C ky, = K. 
It follows that K is a purely inseparable extension of KM K’. Let d be any 
element of K, then d is purely inseparable over K’ and is contained in 
K*U K’. Since K* UK’ is separably algebraic over K’, d must be in K’, 


which proves that K is a subfield of K’. 
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Now let us prove that G,(U)/G.(U) has a set of representatives jn 
G,(U) which consists of divisors, rational over a separably generated extension 
of K(u). First assume that r is prime to p. Put Z—g(bsX;), then N(Z) 
contains a rational divisor over K{u), i.e. a hyperplane section of U, and 
is covered by r distinct complete total families. Let %,,- --,%, be such 
and assume that Z is contained in %,. Then %, is defined over K(u) since 
it is our g(M(bsX;)). Since rM,—r%j, rW; is also defined over K(u) and 
hence I; is defined over a separably algebraic extension of K(u) by Lemma 10. 
Therefore 2; contains a divisor which is rational over a separably algebraic 
extension of K(u). Our assertion is proved in this case. Next assume that 
isomorphisms between V’, V” in $(V,X*) are defined over separably generated 
extensions of any common field of definition for V’, V”. Let U,,: - -,U, 
be independent generic varieties of over 
K*(u). There is a regular extension K*(u,w) of K*(u) over which every 
U; is defined. Let g, f; be isomorphisms between V and U, V and U; 
respectively. Then g:f;? is an isomorphism between U; and U which is 
defined over a separably generated extension of K*(u,w) by our assumption. 
is defined over K*(u,w) and since we have g(Xi) = fi" (fi(Xi)), 
M(g(X;)) is defined over a separably generated extension of K*(u,w). 
Hence %(g(X;:)) contains a divisor which is rational over a separa)ly 
generated extension of K*(u,w) and our assertion is proved also in this case. 

When p=0O, the second condition about the field of moduli is auto- 
matically satisfied. Therefore, K is the smallest field over which one of 
components of 8(V, X*) is defined. Our theorem is thereby proved completely. 

Assumptions in our theorem are satisfied when p—0, or when V is a 
polarized abelian variety (cf. Chow [2]). Hence in these cases, there exist 
fields of moduli. 


14. Let U be an algebraic variety and G= {fi}, OSisr, be a finite 
group of automorphisms of U. The quotient variety of U with respect to 
is, by definition, the following pair (W,¢) of a variety W and a rational 


mapping ¢ of U onto W: 
(i) @¢ is defined everywhere on U; 


(ii) for all 1; 


(iii) When ¢’ is a rational mapping of U onto a variety W’ with 
¢’ = ¢’-f; for all i, then ¢’ =w-, where y is a rational mapping of W onto 
W’ such that when ¢’ is defined at u’ on U, y is defined at $(u’). 
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Sometimes ¢ is called the canonical mapping of U onto W. (W,¢) is 
clearly defined uniquely up to an isomorphism when it exists. When U is a 


projective variety, the existence has been proved by Serre (cf. J. P. Serre 
[12], §3, no. 13). Moreover, when that is so, W can be realized as a projec- 
tive variety; when U is defined over a field &, the f; are defined over a 
separably algebraic extension of k and f,*—f;€ G whenever z is an auto- 
morphism of the universal domain over /&, then there is a quotient variety 
(W,@) such that W and ¢ are defined over &. Let now A be a polarized 
abelian variety, polarized by a set of divisors X. By Corollary 1, Theorem 6, 
6(A,X) is a finite group and when k& is a field of defintion for A, every auto- 
morphism in @(A,X) is defined over a separably algebraic extension of k 
(cf. Chow [2]). Hence there is a quotient variety (W,¢) of A with respect 
to ®(A,X) such that W,¢ are defined over & and that W is a projective 
variety. In general, the quotient variety (W,¢) of A with respect to G(A, X) 
shall be called a generalized Kummer variety of the polarized abelian variety 
4. When the ring of endomorphisms of A is isomorphic to the ring of 
integers, (A,X) consists of two elements and in this case our generalized 
Kummer variety coincides with the usual Kummer variety of A. It is easy 
to see that any generalized Kummer variety is such that its Albanese variety 
reduces to a point. 


THEOREM 8. Let V be a polarized variety (resp. polarized abelian 
variety), polarized by a set X and assume that there exists the field of moduli. 
Assume the followin. 


(a) @G(V,X) is a finite group; 


(b) For any pair (U,U’) of elements in $(V,X) and for any choice 
of a common field of definition K’ for U and U’, isomorphisms between U 
and U’ are defined over separably generated extensions of K’. 


Let K be the field of moduli of V, then to each U in B(V,X), there is 
quotient variety (W,¢v) of U with respect to the group of automorphisms 
of the polarized U with the following properties: 


(i) W ts defined over K and ts independent of U; 


(ii) y ts defined over the smallest field of definition for U containing 


(iii) When U and U’ are any two elements in B(V,X) and fu-y ts an 
isomorphism of U to U’, then du: = du: 


K: 
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(Remark: When V is a polarized abelian variety, (a) and (b) are auto. 
matically satisfied (cf. our Cor. 1; Th. 6; Weil [17], Th. 6; Chow [2])), 
Proof. Let U, and U, be elements of $(V,X) and k,, k, be the smallest 
fields of definitions for U,,U.2 respectively. Let the (Wi,¢i) be quotient 
varieties of the U; with respect to the groups of automorphisms 6(U;) of U,, 
We shall show that there is an isomorphism y.,, of W, and Wz such that 
2° fe,1 = We2,1°¢: for any isomorphism f,, of U, to U2, and that when k’ is a 
common field of definition for W,, ¢,, W2 and ¢o, Wo, is defined over k’. It js 
easy to see that our two groups ©(U,) and @(U2) are isomorphic by the 
correspondence fj") — where the are elements of G(U,). 
Moreover, every isomorphism between U, and U2 can be written as f.,-f,”, 
This shows in particular that the set of isomorphisms between U, and U, is 
finite by (a). Let 2 be a generic point of U, over k’. We claim that the 
mapping defined by d2(fei1(x)) satisfies all our requirements. 
In fact, since f2,,°fj;" can be written as f;-f2,1, where f; is an element of 


&(U.), we see that 
(Fi )) = (fi = b2 (fo ). 


Hence our assertion is proved. 

By Theorem 7%, there is a component Mf of X* such that B(V,Y%) is 
defined over the field of moduli K. By our definition of ¥*, Y is a complete 
total family consisting of algebraically effective divisors. Let U, and U, be 
two independent generic elements of $3(V,2%) over K such that K(w) and 
K(v) be the smallest fields of definitions for U, and for U, containing K 
(cf. Th. 3). Then K(u) and K(v) are regular extensions of K such that 
they are linearly disjoint over K. Then there exist quotient varieties (W,, ¢,). 
(W.,¢,) of Uy,Uy with respect to the groups of automorphisms G(U,), 
@(U,) of polarized varieties U,, U,, defined over K(u),K(v) respectively by 
our assumptions (a) and (b). By what we have observed, there is an is0- 
morphism yy,» of W, to W, defined over K(u,v) such that $y: fru=Wo.u' bu 
for any isomorphism f,,, between U, and U,. Let now u,v and w be three 
independent generic specializations of w over K. Then we see easily that 
Wu,v' Wou=VWwu Since U,,U,,U, are projective varieties, we may assume 
that W,,W,, Wy are again projective varieties. Therefore, there is a variety 
W in a projective space defined over K and the isomorphism h, between W, 
and W defined over K(w) such that Wo.x—=hyt:hy (cf. Weil [21], Th. 5)- 
Put dy. Clearly, (W,¢u) is also a quotient variety of U, with 
respect to ©(U,). Moreover, for any isomorphism f,,, of Uy to Uy, we have 
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Let U’ be any element of 8(V,X) and (W’,¢’) be a quotient variety of 
U’ with respect to G(U’). By what we have seen in the beginning of our 
proof, there is an isomorphism y’ between W and W’ such that, for any 
isomorphism f,’ of U, to U’, we have ¢’-f,/=y'-d¢,. Hence if we put 
¢=y'*-¢’, (W,¢’) is a quotient variety of U’ and satisfies (i) and (iii). 
Let K’ be the smallest field of definition for U’ containing K. By (b), we 
may then assume that (W’,¢’) is defined over K’. By the definition of ¢’, 
6’ =¢y: fy for any isomorphism f,’ of U, and U’. Therefore ¢’ is defined 
over K’(v) by our assumption (b). Since we can write also ¢’ = dy: fy’ 
for any isomorphism f,’ of U, and U’, ¢’ is also defined over K’(u) and 
this proves that K’ is a field of definition for ¢’. Our theorem is thereby 


proved. 
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(Remark: When V is a polarized abelian variety, (a) and (b) are auto. 
matically satisfied (cf. our Cor. 1; Th. 6; Weil [17], Th. 6; Chow [2])), 

Proof. Let U, and U, be elements of $(V,X) and k,,k, be the smallest 
fields of definitions for U,,U, respectively. Let the (Wi,¢:) be quotient 
varieties of the U; with respect to the groups of automorphisms 6(U;) of U,. 
We shall show that there is an isomorphism y.,, of W, and W, such that 
= for any isomorphism f.,, of U, to U2, and that when k’ is a 
common field of definition for W,, ¢1, Wz. and do, Wo, is defined over k’. It is 
easy to see that our two groups ©(U,) and @(U.) are isomorphic by the 
correspondence fj where the are elements of G(U,). 
Moreover, every isomorphism between U, and U2 can be written as f.,-f;", 
This shows in particular that the set of isomorphisms between U, and JU, js 
finite by (a). Let z be a generic point of U, over k’. We claim that the 
mapping defined by > satisfies all our requirements, 
In fact, since f2,-f; can be written as f;®-f.,, where f; is an element of 
@G(U.), we see that 


bo (for (fi )) = G2 (fi (@) )) = (fo,1(2)). 


Hence our assertion is proved. 
By Theorem 7, there is a component % of X* such that $(V,Y%) is 


defined over the field of moduli K. By our definition of X*, Y is a complete 
total family consisting of algebraically effective divisors. Let U, and U, be 
two independent generic elements of 8(V,%) over K such that K(u) and 
K(v) be the smallest fields of definitions for U, and for U, containing K 
(cf. Th. 3). Then K(u) and K(v) are regular extensions of K such that 
they are linearly disjoint over K. Then there exist quotient varieties (W,, du), 
(W.,¢v) of Uy,U, with respect to the groups of automorphisms ©(U,), 
@(U,) of polarized varieties U,, U,, defined over K(u),K(v) respectively by 
our assumptions (a) and (b). By what we have observed, there is an is0- 
morphism yy,» of W, to W, defined over K(u,v) such that $y- fr,u= You’ bu 
for any isomorphism f,,, between U, and U,. Let now u,v and w be three 
independent generic specializations of w over K. Then we see easily that 
= Since U,,U,,U, are projective varieties, we may assume 
that W,,W,,W, are again projective varieties. Therefore, there is a variet) 
W in a projective space defined over K and the isomorphism h, between |, 
and W defined over K(w) such that Wo.=hy1+hy (cf. Weil [21], Th. 4): 
Put du—hu- dy. Clearly, (W,¢,) is also a quotient variety of U, with 
respect to G(U,). Moreover, for,any isomorphism f,,, of Uy, to Uy, we have 
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Let U’ be any element of 8(V,X) and (W’,¢’) be a quotient variety of 
U’ with respect to G(U’). By what we have seen in the beginning of our 
proof, there is an isomorphism y’ between W and W’ such that, for any 
isomorphism f,’ of U, to U’, we have ¢’-f,’=y’-d,. Hence if we put 
¢ =y'"-¢', (W,¢’) is a quotient variety of U’ and satisfies (i) and (iii). 
Let K’ be the smallest field of definition for U’ containing K. By (b), we 
may then assume that (W’,¢’) is defined over K’. By the definition of ¢’, 
¢’=¢y‘ fy? for any isomorphism f,’ of U, and U’. Therefore ¢’ is defined 
over K’(v) by our assumption (b). Since we can write also ¢’ = dy: fy! 
for any isomorphism f,’ of U, and U’, ¢’ is also defined over K’(u) and 
5 this proves that K’ is a field of definition for ¢’. Our theorem is thereby 


proved. 
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CONFORMAL INVARIANTS AND PRIME ENDS.*? 


By Ernest C. SCHLESINGER. 


Introduction. From the point of view of conformal mapping, it is 
unsatisfactory to consider the individual points of the boundary of a simply 
connected region as the primitive constituents of this boundary. When such 


a region is mapped conformally onto the unit disk, in accordance with the 


Riemann mapping theorem, the points of the unit circumference correspond, 
indeed, to the prime ends of the region. These prime ends are here con- 
sidered as equivalence classes of sequences of points of the region under a 
relation P*. The principal tool we employ to introduce this relation is 
extremal length, a conformally invariant quantity associated with a family 
of curves. Its definition was first given by Ahlfors and Beurling ([2], [3]). 

The term “prime end” originated with Carathéodory [4], who ini- 
tiated the systematic study of the structure of the boundary of a simply 
connected region. His approach was topological, and it dealt with concepts— 
subregions, crosscuts, etc.—which are defined with reference to the given 
region. It is easily seen that with Carathéodory’s definition the prime ends 
of the unit disk correspond to points on the circumference in the sense that 
an equivalence class is associated with each boundary point and that two 
sequences belong to the same class if and only if they converge to the same 
point of the circumference. The problem that arises under his approach, 
however, and this is solved by one of Carathéodory’s fundamental theorems, 
is that one must show that prime ends are preserved under conformal mapping. 

Lindeléf [6] circumvented this difficulty by defining prime ends by 
reference to the conformal map of the disk onto the region; namely in terms 
of the set of indetermination or cluster set. However, his method does not 
| obviate an explicit analysis of the topological situation in the region itself. 
Lindeléf also obtained the following result, which is related to the classification 
of prime ends. 

Carathéodory had distinguished two classes of points, principal and sub- 
sidiary (see Section 2.7, below), on the point set of a prime end, i.e. on the 


* Received July 11, 1957; revised December 2, 1957. 

1 This paper is a revision of part of the author’s dissertation (Harvard University, 
1955). Part of the research was carried on under support from ONR Contract No. 
NR-ori-07634 with Harvard University. 
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set of accumulation points of all sequences belonging to the prime end, 
Lindeléf showed that if a sequence of points of the disk converges to a 
boundary point in an angle (non-tangentially) then the image sequence has 
only principal points of the corresponding prime end for accumulation points, 
This is a precise way of stating that the principal points form a kind of 
nucleus for the point set of the prime end. 

Two other schemes for defining prime ends deserve brief mention. 
Mazurkiewicz [7%] introduced a metric, pr(%,22), equivalent to the euclidean 
metric in the region in the sense that pr(z;, 2.) —> 0 if and only if | 2; —z,|—0 
for any sequence {z;},” of points of the region. The boundary of the region 
with respect to pz (i.e. the complement of the region with respect to its p;- 
completion) is a space which can be identified with the set of prime ends of 
Carathéodory. 

Ursell and Young [9] have used the notion of an equivalence class of 
paths, which converge to the boundary of the region, to introduce the prime 
ends of the region. 

The purpose of the present paper is to define prime ends once more. 
We use extremal length, and thus, we are able to give our definition in terms 
of constructs related to the region itself, while we obtain the conformally 
invariant nature of our prime ends immediately, since extremal length is a 
conformally invariant quantity. Finally, we state and prove in a conformally 
invariant form the theorem of Lindeléf, relating to approach in an angle, 
to which we referred above. For this purpose we attach a conformal invariant 
(an extremal length) to each point of a sequence which converges to a prime 
end. Our condition is then formulated in terms of the boundedness of the 
sequence of conformal invariants. 

The author takes this opportunity to express his particular gravitude to 
Professor Lars V. Ahlfors of Harvard University who suggested the problem 
and whose encouragement and guidance at every stage made the completion 
of the study possible. 


I. Extremal Length. 


1.0 Summary. Our principal tool is extremal length, a conformally 
invariant quantity associated with a family of curves. In this section, we 
first make precise the special meaning of some of the terms used in the sequel. 
Then we give the definition of extremal length, and state, partly without 
proof, those of its properties which are needed for our investigation. 
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1.1 All our point sets are assumed to lie on the Riemann sphere, which 
we denote by =. The spherical distance, ¥(z,w), of the points with coordi- 
nates 2 and w, is used throughout. 

A region, as always, is an open connected subset of 3; it is simply 
connected if its complement with respect to = is connected. The closure 
and boundary of a region Q are denoted by © and 6dQ, respectively. A 
configuration consists of a region and a set of distinguished points of the 
closure of the region. This set may contain interior points, isolated boundary 
points, or sub-continua of the boundary of the region. 

Let Q be a region. An arc of © shall be a continuous map, z=2z,(t), 
of an (open, half-open, or closed) interval into 2. We denote the map and 
the point set of the arc, i.e. the subset of the region onto which the 
interval is mapped, by the same symbol y; when we want to emphasize that 
we are dealing with the point set, we shall occasionally use (y). A closed arc 
of 2 is the continuous map of a closed interval into QO for which the images of 
the initial and terminal points coincide. An arc y is simple, if z(¢,) = z,(t2) 
only if ¢; = ¢., or (in case of a closed arc) if ¢, and ¢, are endpoints of the 
parameter interval. 

We shall also consider certain finite collections of ares of Q; such a 
collection of ares we shall call a generalized curve. 

An are y of Q will be called a crosscut of Q, provided its point set, (y), 
is the homeomorph of an open interval, and ©—(y) has precisely two com- 
ponents.2 When we consider, in the sense of the preceding paragraph, 
generalized curves whose constituent arcs are crosscuts, we shall insist that 
the corresponding point set be connected. Thus we have the following 


definition. 


DEFINITION 1. A generalized crosscut of Q 1s a finite collection +r of 


n 
crosscuts 1, y2,°**; yn Of Q, such that the point set (r) =U (ys) 18 connected. 
j=1 


1.2 Let © be a region, {y} a family of generalized curves of Q, and 
let p(z) be a non-negative real-valued function defined on ©. If p?(z) is 


* This is a modification of the classical definition, according to which the point set 
of a crosscut is the homeomorph of an open interval with the additional property that 
this homeomorphism is the restriction of a continuous map of the closure of the interval 
into the closure of the region, and that the endpoints of the interval correspond to 
points on the boundary of the region. It is well known that these classical crosscuts 
have the separating property demanded above ([5]; p. 106). However, this formulation 
of the notion of a crosscut does not yield a conformally invariant concept. 
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integrable over we set Ao(e) p’(z)dzdy (z=2-+ iy), 


and otherwise, Ag(p) =o. 

Let y be a curve of the family {y}. If there is a finite or countable 
sequence {y;} of disjoint rectifiable arcs, which are parameterized by their 
arc lengths (i.e. the arc y; is given by z= 2 (s;), where and ]; is 


the length of y;), such that (y) =U (yi), and if the integrals appearing in 


the following sum exist in the sense of Lebesgue, we set 


If y cannot be represented in the above fashion, we set Ip(y) =o. Finally, 
we introduce the quantity 


L(p) = (p) = int lp(y), 
€ {7} 
where we agree that L,,;(p) = in case the family {y} is empty. 


1.3 Extremal length. The function p(z) shall be called admissible 
(with respect to QO and {y}) if A(p) and L(p) are not both zero or both 
infinite. 


DEFINITION 2. ([2], [3], [8]) The quantity 
Ao(y) =A(y) = sup L?(p)/A(p), 


where the supremum is taken over all admissible functions p(z), ts called 
the extremal length of the family of curves {y} with respect to the region Q. 


The following observations are found in the literature. (For example: 
[1], [8].) 
(a) Extremal length is a conformal invariant. 


(b) The extremal length Ag(y) depends only on the carrier of the 
family of curves {y} and not on the remainder of the region Q. 


(c) Since the ratio L*(p)/A(p) is homogeneous of degree 0 in p, we 
can introduce certain normalizations in the class of admissible functions: 


(i) Under the additional restriction that A(y) <<, we have A(y) 
= sup L;,;?(p), where the supremum is now taken over all admissible func- 
tions p for which A(p) —1. 
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(ii) If A(y) >0, we have A*(y) —infA(p), with the infimum taken 
over admissible p for which Lyy;(p) = 1. 


(iii) In case 0<A(y) <<, we may take A(y) —supLe;(p), the 
supremum being taken over all admissible functions p which satisfy the 
condition Ly (p) A (p). 


1.4 The comparison principle. The following lemma and its corollary 
allow us to give simple estimates for the extremal length. The proof is 
included as a typical one. 


LemMA 1. Let {y} and {y’} be two families of generalized curves of a 
region Q such that each y€ {y} contains a y’€ {y’}. Then rA(y) ZA(y’). 


Proof. Let «>0 be given and let p’(z) be admissible for the family 
{y'}, subject to the condition that 


(1) > A(y’) —e. 
We define a function po(z) in Q by 
po(z) =p’(z) if z belongs to some y’, po(z) =0 otherwise. 
For y€ {y}, let y’ be one of the elements of {y’} contained in y. Then 


(2) lpo(y) Lyyy(p’), 


since either Ipo(y) =, or 


Formula (2) holds for each y€ {y}, so that 
(3) (po) = (p’). 


Also, it is clear that 
(4) A (po) S A(p’). 


We must show that p, is admissible for the family {y}. Since the 
lemma holds trivially if A(y’) 0, we may assume that A(p’) <oo, and 
a fortiori A(po) <0. If A(po) 0, then either (i) A(p’) —0, or (ii) 
A(p’) > 0. In case (i), Lyy3(p’) > 0, since p’ is admissible for {y’}, while 
in case (ii), we choose e so that 0<« <A(y’) in (1), and we conclude from 
that formula that > 0. In either case, therefore, A (po) implies, 
by (3), that Ly43(po) > 0; hence, po is admissible for {y}. From formulas 
(3) and (4), we obtain 


(po) /A (po) = (p’)/A (p’), 
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and therefore, by (1), A(y) >A(7’)—«e. This holds for each positive ¢ 
and consequently, A(y) =A(y’). 
In particular, if {y} is contained in {y’}, then = X(7’). 
1.5 For the following two configurations we can compute extremal 
lengths explicitly. (For proofs see [1] or [8].) 


(a) Let Q be the interior of a rectangle with sides of lengths a and 5, 


and let {y} be the family of crosscuts of Q which connect the two sides of 


length a. Then A(y) =0/a. 


(b) Let Q be the interior of the annulus formed by two concentric 
circles of radii r and R(r< Ff). The family {y} of crosscuts of Q which 
connect the two circles has extremal length A(y) = + log(R/r), while the 
family {y*} of simple closed arcs of Q which separate the two boundary 
components has extremal length A(y*) = 2z/log(R/r). 


1.6 The next result allows us to conclude that if the union of two 
families of curves has vanishing extremal length, the same is true of at 
least one of these two families. 


LemMA 2. If {y’} and {y"} are two non-empty familtes of generalized 
curves of a region Q, and {y°} is the union of these two families, then 
A(y’) > 0 and A(y°) =0 imply that =0. 


Proof. [8; Satz 5] Assume A(y”) > 0, and let p’ and p” be admissible 
for the families {y’} and {y”}, respectively; we normalize by the conditions 
that = 1 and Lyyy(p”) 21. Set po(z) = max{p’(z),p”(z)}. It 
is clear that Ly.}(po) 21, and A(po) SA(p’) + A(p”). Hence, the func- 
tion po is admissible for the family {y°}, and 


A-1(y°) S inf A (oo) inf A(p’) + inf A(p”), 


where the first infimum is taken for all functions po of the above form and 
the last two infima are taken for all admissible p’ and “p. Consequently. 
S + A1(y”), and this contradicts the assumption that A(y°) =?. 


1.7 The material of the present section is required in the third part 
of this paper. The proofs are simple applications of the comparison prin- 
ciple (Lemma 1) and Section 1.5 (a). 


DEFINITION 3. ([2]) Let F, and EF, be closed disjoint subsets of tli 
boundary of a region Q. The extremal length of the family of crosscuts of 
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Q which have one endpoint on FE, and the other on E, is called the extremal 
distance of EH, and E, with respect to Q, and tt ts denoted by Ag( Fi, £:). 


In Section 1.5 (a), we saw that the extremal distance of the vertical 
sides of a rectangle of dimensions a X b is a/b; the extremal distance of the 
horizontal sides is b/a. We note that the product of these two extremal 
distances is 1. 

We are concerned with the following configuration embedded in the 
unit disk K. Let H, be the right semicircular are, (+%,-+1,—1), of the 
circumference of K, and let H, be the segment of the real axis from —1 io 
the point a (—1<a<+1). The upper semi-circular region is denoted 


by 8. 


LemMaA 3. The extremal distance of SE, and SE, with respect to S 
is twice that of H, and E, with respect to K — EF; in symbols: Ag(SE,, SE2) 
= (£3, 


Proof. It is possible to map K —F, conformally and one-to-one onto a 
rectangle with horizontal and vertical sides of lengths wu and v in such a way 
that #, corresponds to one and £, (traversed twice) to the other horizontal 
side. By conformal invariance, Ax_n,(/1,E,) =v/u. If the above rectangle 
is bisected by a vertical line, its right half will correspond to S under the 
inverse of the above map, and we have 


dg(SE1, = v/(u/2) 2dn-z,(E1, 


LemMaA 4. If EH; 1s the left boundary arc of K, and EF, is the segment 
of the real axis from the point a to +1, then 


Proof. This follows immediately, for by the preceding lemma we also 
have Ag(SZ3, SH,) = and in view of an earlier remark, 
As(SE3, -As(SE,, SH.) =1. 


THEOREM 1. The extremal length of the family {y} of crosscuts of K 


with endpoints on E, which separate the point a from FE is four times the 
extremal distance of H, and E, with respect to K —E,. 


Proof. We first show 
(1) AK (y) = 2As (SF, 


Let p(z) be a function which is admissible for {y}; we introduce the 
symmetrized function p==p-+p, where p(z) —p(Z), and Z is the conjugate 
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of z. Then As(p) =2Ax(p), since As(p) =$Ax(p) by symmetry, and an 
elementary estimate (Minkowski’s inequality), together with the observation 
that Ax(p) =Ax(p), shows 4Ax(p). 


By {5} we denote the family of crosscuts of S with endpoints on SJ, 
and SE2, respectively. If 8 belongs to this family, it, together with 4, its 
reflection in the real axis, forms a crosscut of K which separates a from £, 
and has endpoints on £,; in short, 3|US8=y€ {y}. We have 


Liyy(p) Slp(y) =lp(8U 8) =1p(8), 
and hence, Ly}(p) S Ly} (p), so that, since it is immediately verified that 
é is admissible for {8} and S, 
(p)/Ax(e) S S 2As(8). 


This relation holds for each p admissible for {y} and K, and thus we have 
formula (1). 


Next, we have 
(2) Ak (y) = (41, £2). 


Namely, if {8} is the family of crosseuts of K— ZH, with endpoints on 2, 
and E,, respectively, we let « be a positive number, and we consider a function 
p(z), which is admissible for {8} and such that 


> —€/4. 
Then we define po(z) for z€ K by placing 
po(z) =p(z) if there is a & in {8} for which z€ 9%, 


and po(z) =0 otherwise. Each y€ {y} contains two arcs, 8, and 8,, of 
the family {8}. Consequently, 


log(y) = Ip. lp, (8’2) 


and hence, Lyy}(po) 2 2Lys3(p); also Ax(po) SAx-z,(p). From this it 
follows that 


Ak (y) = Ly (po) /Ax (po) = > 4An-z,(8’) —e. 


This holds for each positive «, so that (2) is established. Formulas (1) 
and (2) together with Lemma 3, now yield the theorem. 


except 


reg 

len 

cut 

P-s 

seq 

rel 

{rar 

one 

gen 

thos 

of ( 
equi 
forn 
fun 
cont 
da 
pon 
com] 
poin 
prop 
of s 
fr 
set 
provi 
3 


CONFORMAL INVARIANTS AND PRIME ENDS. 


II. Property P and Relation P*, Prime Ends. 


2.0 Summary. We consider sequences of points of a simply connected 
region on the Riemann sphere. A P-sequence is one for which the extremal 
length of a certain associated family of crosscuts is 0. We also introduce 
(-sequences by a similar condition relating to a family of generalized cross- 
cuts, and we show that {a,} is a Q-sequence if and only if it is also a 
P-sequence. ‘T'wo sequences form a P*-pair provided their join, the mixed 
sequence obtained from them, is a P-sequence. Then P* is an equivalence 
relation defined on the P-sequences of the region. (It is the proof of the 
transitivity of the relation P* which requires the consideration of Q-sequences.) 

We shall see that the P* equivalence classes of a circular disk are in 
one-to-one correspondence with the points of the circumference, and, in 
general, for a simply connected region, the P* classes consist precisely of 
those P-sequences which converge to prime ends of the region in the sense 
of Carathédory. We may therefore identify these prime ends with our P* 
equivalence clases. Since P-sequences and P*-pairs are, by definition, con- 
formally invariant concepts, we obtain an immediate proof of Carathédory’s 


fundamental theorems. 


2.1 Let © be a simply connected region, and let A and B be two sets 
contained in Q. Then we say that the generalized crosscut + of Q separates 
4 and B with respect to Q, if AU BC {Q—(r)}, and if the set of com- 
ponents of Q—(r) containing points of A is disjoint from the set of 
components containing points of B. 

To formulate our principal definition, we consider a sequence {a,} of 
points of the region ©, together with a closed subset H of Q which has the 
property that a, belongs to the set Q— EF, except for at most a finite number 
of subscripts. With this configuration we associate two families of curves: 


{y}, the set of all crosscuts of 2 which separate # from almost all* a,, and 
{r}, the set of all generalized crosscuts of Q each of which separates 


E from almost all a,. 


DEFINITION 4. The sequence {an} has Property P with respect to the 
set E, provided the associated family {y} has extremal length = 0. 


DEFINITION 4a. The sequence {an} has Property Q with respect to E, 
provided the associated family {7} has extremal length A(r) =0. 


* As is customary, “ almost all a,” means “all a, with at most a finite number of 


exceptions.” 
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vemarks. 1. A sequence with Property P will be called a P-sequence, 


and similarly, one with Property Q, a Q-sequence. 

2. The purpose of the family {7} and of Property Q is to facilitate ihe 
proof of the transitivity of our relation P* (see Definition 6 and Theorem 4 
below). 


3. Since {y} C {rt}, A(y) =O implies A(r) —0, by the comparison 
principle. We shall see in the sequel that it is true as well, that if A(r) =0 
then A(y) =0; hence the two properties, P and Q, are equivalent. 


4. In Theorem 2, we shall see that Property P is independent of the 
set HL; hence, it suffices to speak of P-sequences. When no explicit reference 
to a set # is made, we assume that there is a fixed closed subset / of 0 with 
respect to which a given sequence of points of the region either has or fails 
to have Property P. 


LemMA 5. If {a,} is a P-sequence of Q (with respect to a set EB), 
then any subsequence is also a P-sequence. 


Proof. Clearly, almost all points of the subsequence belong to 0—f, 
and the family {y’}, of crosscuts of Q separating almost all points of the 
subsequence from FE, contains the family {y}. Hence, A(y’) SA(y) =9, and 
the lemma is established. 


Lemma 6. All accumulation points of the P-sequence {ay} lie on the 
boundary of the region Q. 


Proof. Let «€ Q be an accumulation point of the sequence. Then «¢ J, 
since otherwise {y} would be empty, and A(y) =o. Therefore, the open 
set Q—F contains a closed disk A with center « such that a,€ A for an 
infinite number of indices. If I is a polynomial arc contained in Q which 
connects « to a point B of F, then every crosscut y of the family {y} inter- 
sects the continuum x=IIUA. Now, « has positive spherical distance } 
from the boundary. Let p*(z) =w(z,0), where y(z,w) is the spherical 
distance. Then, for each y€ {y}, Ip+(y) 228, and hence, Ly,}(p*) 2%. 
Since 0 < A(p*) <=, p* is admissible, and we have 


A(y) L?(p*)/A (p*) = (4/7) > 0. 
This contradiction shows that « cannot be an interior point of the region. 
2.2 Tueorem 2. Let EH’ be any non-empty closed subset of Q. Then, 


if {an} has property P with respect to E, it also has property P with respect 
to the set E’. 
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Proof. First of all, we note that almost all points a, belong to O— EH’, 
for otherwise the sequence {@,} would have an accumulation point in E’, 
contradicting Lemma 6. We denote by {y’} the family of crosscuts of 2 
each of which separates H’ from almost all a,, and we show that if A(y) =0 
then A(y’) = 0. ‘Two special cases must be dealt with separately. 


(a) If E’ C H, every y is also a y’; the comparison principle (Corollary 
of Lemma 1) yields A(y) ZA(y’), so that A(y’) —0. 

(b) Next we assume that H’ is connected, and HC H’. The sets EH’ 
and bdQ have a positive spherical distance 8, since they are closed and 
lisjoint subsets of 3. Again, we use the spherical metric, p*(z)|dz|, and 
we consider the family of crosscuts {y°} = {y}—{y’}. If {y°} is empty, 
Li (p*) by convention, and we have automatically that A(y°) > 0. 
If {y°} is not empty, it follows from the connectedness of EH’ that each y° 
of this family intersects the set EH’; hence, lp+(y°) = 28, and we may conclude as 
in the proof of the preceding lemma that A(y°) > 0. Since {y} = {y’} U {y°}, 
Lemma 2, together with our assumption that A(y) = 0, implies that A(y’) = 0. 


(c) For the general case, where # and EH’ are arbitrary, we consider 
a closed and connected subset H* of Q which contains both F and H’. (A 
suitable set H* can be constructed in view of Lemma 6.) By (b), the 


sequence {dn} is then a P-sequence with respect to H#*, and hence, by (a), 
it is also a P-sequence with respect to the set H’. This concludes the proof. 


2.3 We now show that every Q-sequence is also a P-sequence. 


Lemma 7%. For every family {r} of generalized crosscuts of Q with 
\(r) =0, there is a point w€ bdQ and a sequence {rn} of the family, such 
that the generalized crosscuts t, converge to the point w, in the sense that 
the sequence {rn}, defined by r,a—sup {p(z,o)|z€ tm} converges to zero 
with 1/n. 


Proof. The spherical metric, p*(z) =y(z,0), satisfies 0 < A(p*) S7; 
hence, since = 0, = 0. Consequently, there is a sequence {rn}, 
contained in the family {7}, for which Ip+(tn) decreases to 0. We choose a 
point b, in each set (rn), and we show first that the sequence {b,} cannot 
have an accumulation point in the interior of the region Q. For, if w were 
such a point, let its spherical distance from the boundary be 38. Each tp, 
meets the set of points of Q whose spherical distance from the boundary is 
less than 8, and an infinite number of the r, also meet the spherical neigh- 
borhood of w» of radius 8 For these latter curves, we have then that 
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lps(tn) 28> 0, and this contradicts the assumption that decreases 
to 0. 

We now choose an accumulation point w of the sequence {bn}. w belongs 
to the boundary of the region Q, by the preceding observation. Hence, there 
is a subsequence, which we again call {r,}, with the property that the corres. 
ponding sequence of points {b,} converges to w. Consequently, since Ip+(r,) 


converges to zero, we have that r,— 0. 


TrErorEM 3. Let FE be a closed subset of the simply connected region Q. 
Then the sequence of points {an} (dn€Q) ts a Q-sequence of Q with respect 
to E if and only if it also is a P-sequence of Q with respect to EL. 


Proof. The necessity of the condition is obvious, in view of the Com- 
parison Principle. For the sufficiency, we observe that by Lemma 7 there 
is a point w» on the boundary of 2 and a sequence {rx} contained in the 
family {r} which converges to the point w. Without loss of generality, we 
may assume that »400. Then the sequence {r;}, 7, =sup {| z—o| | z€ 7] 
(k =1,2,- - +), converges to zero. Let C, be the circle with center at o 
and with radius r, (k=0,1,2,- --), where 7, is chosen so small that (@, 
separates almost all the crosscuts 7, from H. For each such k, every simple 
closed arc, which separates (in the plane) the circles C, and C;, contains a 
crosscut (indeed a crosscut in’ the classical sense) which separates (with 
respect to 2) H from almost all a, and which thus belongs to the family {y}. 
Consequently, denoting by {8;,} the family of all such simple closed arcs, 
we have by Section 1.5 (b) and Lemma 1 that 


A(y) SA(8&) = 2x/log 


The right side converges to zero as k-—>oo, and the result, A(7) = 0, follows. 


2.4 Derinition 5. If {an} and {bm} are two sequences, their join ts 


the sequence {cy}, gwen by and (k =1,2,° °°). 


DEFINITION 6. The sequences {an} and {bm} of points of a simply 
connected region Q form a P*-pair if the join of these sequences 1s 4 
P-sequence. 

Clearly, each sequence of a P*-pair is itself a P-sequence, and by 
Theorem 3, a Q-sequence. 

THEOREM 4. The relation of being a P*-pair is an equivalence relation 


on the P-sequences of a region Q. 


Proof. The reflexivity and symmetry of P* are obvious; it remains 1 
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show that this relation is also transitive. Let {a}, {b;}, {c,} be three P- 
sequences of Q, such that the first two and the last two form P*-pairs. Let 
B be a closed subset of 2 containing at most a finite number of points of 
the three sequences. By {rap}, {toc}, and {tac} we denote the families of 
generalized crosscuts of 2 which separate H from almost all points of the 
joins of the sequences indicated by the subscripts. In view of Theorem 3, 
we know from our hypothesis that 


(1) A(tav) =A(Toe) =O, 


and we must show that A(ra-) = 0. 

Now, let 7, and rz belong to {ray} and {r7»-}, respectively. The generalized 
curve, whose point set is (r,) U (r2), separates EZ from almost all points of the 
join of {a;} and {c,}. Hence, if (r,) U (72) is connected, it forms a member 
of {tac}. If, however, that set is not connected, then since each of (7,) and 
(r,) is connected, and both separate # from almost all points of {b;}, one 
of (71), (72) must separate the other from £, and it, therefore, belongs to 
the family {ra}. Thus, the union of every pair r2 contains a Let 
{r*} be the family of all zg, with the property that for each r* there is 
1€ {tap} amd r2€ {ry-} and such that r* C 7, U 79. 

Then we have, for every non-negative function p on the region 2 and 
for every that Ip(7*) S1p(71) +1(72), where 7, and are the elements 
of {rn} and {ry-}, respectively, which correspond to r*. Hence, 


(p) = lp (71) lp(t2), 
and finally, 
Lire3(p) S Lora} (p) + (p)- 


It is easily seen that p is admissible for {r*} if and only if it is 
admissible for both families {rap} and {7,-}. We may now restrict ourselves 
to functions p for which A(p) <oo, and for these it follows from formula (1) 
that the right side of the preceding inequality vanishes. Hence, the same 
it true of the left side, and consequently, 


A(z*) = sup (p) } = 0. 
This, together with the fact that {r*} C {rac}, concludes the proof. 


2.5 In the case of the unit disk K ={z||z| <1}, there is a com- 
llete characterization of the P* equivalence clases. 


THEOREM 5. A sequence {a,} of points of K is a P-sequence tf and 
inly if it converges to a point £—=e*9 of the circumference of K. 
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Proof. 
(a) Let lima,—f. We take the set consisting of the origin alone 


to be and set r;=|a;—£!, and The sequence 
{r;} converges to 0; without loss of generality we can, by restriction to a 
suitable subsequence of {a,}, assume that C, separates C, (for n >1) from 
E. Then, if {y} is the family of crosscuts of K which separate # from almost 
all a, it follows as in the proof of Theorem 3 that A(y) =0, and thus {a,} 
is a P-sequence of K. 

(b) If £,—e% and £,—e*% are distinct points of the circumference, 
let {a} and {b,} be sequences converging to ¢, and €2, respectively. Once 
more, let H be the set consisting of z—0 only. Each member of the family 
{yav} of crosscuts of K which separate # from almost all points of the join 
of our two sequences has Euclidean length at least |¢,—£.|. Denoting by 
po the function po(z)==1 for all z of K, we have Ley..)(po) = | —b, 
while A(p.) hence, 


A(yao) |? > 0. 


Consequently, a sequence of points of K with more than one accumulation 
point on the circumference cannot be a P-sequence. 
From the theorem we immediately deduce the following consequence. 


Corotuary. The P* equivalence classes of a circular disk are in one-to- 
one correspondence with the points of tts circumference. 


The correspondence in question is the one which assigns to each boundary 
point the family of all sequences converging to it. 

We have remarked repeatedly on the fact that our definitions of P- 
sequence and P*-equivalence are formulated in a conformally invariant 
manner. From this observation, we conclude that if 2 is mapped onto the 
unit disk K in accordance with the Riemann mapping theorem, then every 
P-sequence of 2 has an image which converges to a point of the circumference, 
and two P-sequences have images converging to the same point of the 
circumfeernce if and only if they form a P*-pair. Conversely, every sequence 
of points of K which converges to a point ¢ of the circumference is trans- 
formed by the inverse map into a P-sequence of the region Q, and two 
sequences of K correspond to a P*-pair if and only if they converge to the 


same point of the unit circumference. 


2.6 We now demonstrate the equivalence of our theory with the 
classical one. First, we state Carathéodory’s main definitions in a suitable 
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form. Throughout this section, 2 will be a bounded simply connected region ; 
that is the only situation considered by Carathéodory. 


DEFINITION 7. A sequence {yn} of crosscuts* of Q shall be called a 
chain of crosscuts of Q, af 


(i) for each n, yni1 Separates yn and yni2 (in Q), 


(ii) there is a point w€ bdQ such that each crosscut yn of the sequence 
isan arc of a circle C, with center w and radius rp, and 


(iii) the sequence {r,} decreases to 0. 
The: point w is called the center of the chain. 


DEFINITION 8. A sequence {dn} of points of Q converges to the prime 
end determined by the chain of crosscuts {yn}, provided each crosscut of the 
chain separates almost all points am from the component of Q—y, not 
containing ys. 


A prime end of Q is an equivalence class of sequences converging to 
the same prime end. 

A prime end may, of course, be defined by different chains, and these 
may have distinct centers. If w can serve as the center of a chain of cross- 
cuts defining a prime end, it is called a principal point of the prime end. 

Carathéodory has proved the following result, which allows the con- 
dusion that a sequence of points converges to a prime end under conditions 
on a sequence of crosscuts which do not require that it form a chain. 


Lemma 8. Let w be a point of the boundary of the bounded simply 
connected region Q, and let {yn} be a sequence of crosscuts which converge 


low im the sense that sup|z—w|—>0. Furthermore, let {an} be a sequence 
ZEYn 


of points of Q such that each y, separates almost all am from a closed set 
FCQ. Then {am} converges to a prime end of Q. 

For the proof we refer to Carathéodory’s paper [4; p. 338]. 

It is now an easy matter to prove the following theorem: 

THEOREM 6. (a) Hach P-sequence {an} of points of Q converges to a 


prime end of 2, and (b) each sequence which converges to a prime end is 
1 P-sequence. 


‘For Carathéodory, of course, “crosscut ” meant crosscut in the classical sense 
see Footnote 2). In view of an obvious modification of the argument of Lemma 7 
and Theorem 3, it is not necessary for us to make this distinction here. 
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Proof. (a) It follows from Lemma 7 that the family of crosscuts {y} 
which separate / from almost all 0, contains a sequence of crosscuts con- 
verging to a point w€ bdQ. Therefore, Lemma 8 assures that the sequence 
{a,} converges to a prime end of Q. 


(b) The proof parallels that of Theorem 3. Let {y,} be the chain 
of circular crosscuts defining the prime end, and let w be its center. C; and 
r; have the meanings attached to these symbols in Definition 7 (ii). For 
E we take a closed subset of that component of Q— (y,) which does not 
contain y2 Each simple closed curve, which separates (with respect to 
the plane) the circles C, and C,, contains a crosscut of © separating y, and 
yx (in Q). This crosscut therefore separates almost all a, from EF. Hence, 
by Section 1.5 (b) and Lemma 1, we have 


A(y) S 2x/log (r1/rx), 


and the right side converges to 0 as k—>o0, since {r,} is a sequence which 
decreases to 0. Therefore, A(y) = 0, and the proof is complete. 


2.7 We now identify our P*-equivalence classes with the prime ends 
of Carathéodory. Thus, we replace “ {a,} is a P-sequence” by “ {a,} con- 
verges to a prime end,” and “ {a,} and {b,,} are a P*-pair” by “ {an} and {bn} 
converges to the same prime end.” Also, if II is a prime end (i.e., a P*- 
equivalence class) of the region 2 and {a,} a sequence of points of Q, then 
“f{a,}€1” and “{a,} converges to IL” will be considered equivalent. 


The following two theorems are Carathéodory’s fundamental propositions. 


THEOREM 7. The prime ends of a (bounded) simply connected region 
are in one-one correspondence with the points of the unit circumference. 


Proof. In view of the conformal invariance of our definitions, this 
follows from Theorem 5 as we have already indicated in the remarks at the 
end of Section 2. 5. 


THEOREM 8. A sequence of points {an} of a (bounded) simply connected 
region Q either has an accumulation point in Q, or it contains a subsequence 


which converges to a prime end of Q. 


Proof. In the absence of an interior accumulation point, all accumt- 
lation point are on the boundary of 2. We consider the image sequence 
{f(an)}, where w—f(z) maps © conformally and one-one onto the unit 
disk K of the w-plane. All accumulation points of this image sequence lie 
on the circumference; we choose a sequence, which converges to a point of 
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the circumference, and thus, to a prime end of K. The preceding theorem 
assures that the inverse image of this subsequence converges to a prime end 
of 0. 


DEFINITION 9. The set of accumulation points of all P-sequences 
belonging to the P*-class (the prime end) II shall be called the point set 
of 11; we denote it by (Il). 


The point set (II) of a prime end II is a closed and connected subset 
of the boundary; it may reduce to a single point. The principal points of 
the prime end II (see Section 2.6) belong to (II); all other points of (II) 
are called subsidiary points of II. The following propositions are stated 
without proof [4]. The point set of each prime end contains at least one 
principal point; if it contains more than one, they form a closed connected 
set; also, there need not be any subsidiary points. In Part III, we shall 
give a sufficient condition that a P-sequence of points of II has only principal 
points of its prime end for accumulation points. 

For economy of language it is convenient to identify the prime ends of 
the unit disk with the points on the circumference to which all P-sequences 
of the equivalence class converge in view of Theorem 5. Thus, if ¢ is a 
point of the circumference, we shall freely employ terminology like “the 
prime end 

The correspondence of Theorem 7 is used to define the cyclic order of 
the prime ends of a simply connected region ©. A segment of prime ends 
isa collection of prime ends corresponding to a segment of the circumference. 
The notion of cyclic order could also be introduced intrinsically, i.e. using 
oily concepts and constructions relating to the region 9. (See, for example, 
Kerékjarté’s book ([5], p. 80), or the author’s thesis.) 


III. Central Convergence. 


3.0 Summary. In this final section we study the structure of prime 
ends in more detail. Namely, at the end of Section 2.7%, we distinguished 
between two types of points, principal and subsidiary, on the point set of a 
prime end. It is now our concern to place into a conformally invariant 
«tting a theorem of Lindeléf which gives a sufficient condition that all 
accumulation points of a P-sequence be principal. 


8.1 Derinition 10. If all accumulation points of a P-sequence of 
yoints of Q are principal points of the prime end to which the sequence 
“nverges, we call the sequence a principal P-sequence. 
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Being a principal sequence in this sense is not a conformally invariant 
property. However, we give a sufficient condition that a P-sequence be 
principal; this condition, which adapts Lindelof’s theorem on approach in 
an angle, is a conformally invariant one. Indeed, with each point a, of 
the P-sequence under consideration we associate an extremal length A,, and 
we formulate our theorem in terms of a certain boundedness condition on 
the sequence {Ay}. 

Suppose then that II and II* are two prime ends of Q which correspond, 
when © is mapped conformally and one-to-one onto K, to + 1 and —i, 
respectively. Let a be the segment of prime ends corresponding, under the 
inverse of this map, to the (open) are (+1, —1, —1t) of the circumference, 
and let «* be the segment of prime ends corresponding to the open arc 
(—i, +1, +7). Again indicating point sets of prime ends by parentheses, 


we have 
bdQ = (II) U (a) U (II*) U (a*). 


Of course, the preceding is not, in general, a union of disjoint sets. 


We shall say that a crosscut of the region Q terminates on the segment 
a if every P-sequence of points of 2 which lies on the crosscut belongs to a 


prime end of «a. 

With a point a€ and the pair of prime ends II and II* of Q we 
associate two families of crosscuts of 9, {y} and {y*}. Namely, each y€ {y} 
shall separate the point a from a* and terminate on a; the family {y*} is 
defined dually. From Theorem 1, we have that 


(1) A(y) -A(y*) = 4. 
This formula also follows from an explicit computation of A(y) ; in fact, 
(2) A(y) = 4v(cos (a)), 
where w,(a) is the harmonic measure with respect to 2 of the segment % 
at a, v(r) = 3K*(r)/K(r), 

1 

K(r) [(1 —22) (1 —r°2?) de, 

and K*(r) = K((1—r7’)4). 


8.2 Derinition 11. If {a;} is a P-sequence belonging to the prime 
end Il, then it is a central P-sequence, provided the associated sequence 0! 


positive numbers, {A(y;) +1/A(y;)} ts bounded. 


me 


if 
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It is a consequence of formula (2), above, that this definition is 
independent of the auxiliary prime end II*. 

In view of formula (1) of Section 3.1, {a;} is a central P-sequence 
if and only if neither of the sequences {A(y;)} nor {A(y*;)} has a subsequence 
which converges to either 0 or o. 

The theorem of Lindelof [6; p. 28] reads, in terms of central conver- 


gence, as follows. 


THEOREM 9. If {a;} ts a central P-sequence of points of Q, then {a;} 


isa principal P-sequence. 


Proof. We suppose that an accumulation point of the P-sequence {a;}, 
say w, is a subsidiary point of the prime end II to which the sequences con- 
verges; we show that no subsequence, which converges to w, can be a central 
P-sequence. It follows that the original sequence was not central. 

Let the sequence {a;} converge to the subsidiary point w; for convenience 
we assume w>400. We choose a prime end II* of Q distinct from II and a 
P-sequence {b;} which belongs to II*. Now let C be a circle with center 
at the point » and radius r. Let the positive number r be so small that 
(a) almost all a; lie inside C, (b) almost all 6; lie outside C, and (c) none 
of the arcs of 2M(C) separates the set # (employed in the definition of the 
prime ends II and II*) from almost all a; This choice of r is always 
possible, since aj —>o, II*4TI, and wo is a subsidiary point of II. 

If o; is a crosscut of Q which lies on C and which separates a; from F, 
it has both its endpoints on the segment a, or it has both endpoints on 2*. 
The collection {o;} is not finite, because of (a) and (c). Therefore, there 
must actually be an infinite number of distinct crosscuts o; whose endpoints 
are either both on @ or on @*. 

Without loss of generality, we now assume that an infinite number of 
the o; have endpoints on «*; we restrict ourselves to those values of the 
subscript 7 for which this condition holds. By Q; we denote the component 
of Q—(o;) which contains a; Then every prime end of 0; that does not 
belong to o; is also a prime end of the region Q, and it belongs to the segment 
a*, Consequently, every crosscut y of the family {y;} must contain a cross- 
cut of Q; both of whose endpoints lie on oj, and which intersects the circle 
C; with center at » and radius 7r;=|aj;—ol. 

Hence, every crosscut of {y;} contains a crosscut of the family connecting 
Cand C;. From Lemma 1 and Section 1.5 (b), we now deduce that 


A(ys) = log 
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so that A(y;) 0, since r;—0. This shows that {a;} is not a central 


P-sequence. The proof is complete. 
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ALGEBRAIC GROUPS AND THE GALOIS THEORY OF 
DIFFERENTIAL FIELDS.* 


By and Serce Lane. 


The purpose of this note is to draw together morely closely the Galois 
theory of differential fields and the theory of algebraic groups and homo- 
geneous spaces. 

Given a strongly normal extension of a differential field of characteristic 
0, it is known (see [2] or Matsumura [3]) that the Galois group is iso- 
morphic to the group of points of an algebraic group which are rational 
over the field of constants. We show below that the extension itself has a 
model which is a principal homogeneous space for the algebraic group, such 
that the operation of the elements of the Galois group on the extension is 
induced by the operation of the corresponding elements of the algebraic 
group on the space. The Galois theory can then be deduced from known 
facts concerning principal homogeneous spaces (Rosenlicht [4]). This pro- 
vides an analysis of the Galois theory into two parts, one depending on the 
foundations of differential algebra and the other on the foundations of the 
theory of algebraic groups. 

There remains almost untouched a converse problem which, for the sake 
of simplicity, we state for connected algebraic groups, or as we shall also 
ay, group varieties. Given a differential field /’ of characteristic 0 with 
ilgebraically closed field of constants C, a group variety @ defined over C, 
ind a principal homogeneous space V for G defined over F', to determine 
ill extensions of the differential field structure on F to the function field 
F(V) which makes F'(V) a strongly normal extension of F' with automor- 
thism group induced by the group Gg of points of G@ rational over C. Put 
nother way, the problem is to describe all possible ways of extending the 
lrivation operators of F to derivation operators on F(V) which are invariant 
lative to Ge, which commute with each other, and which have precisely C 
# field of constants. We observe here merely that the first condition alone 


*Received August 3, 1957. 
*The work of this author was assisted by a grant from the National Science 
foundation. 
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presents no difficulty, i.e. that it is easily shown that the derivations of F 


can be extended to invariant derivations of F(V). 


1. Algebraic groups. We recall here briefly the notions of algebraic 
group and principal homogeneous space. For the general theory, see Weil 
[5] and [6], and Rosenlicht [4]. 

An algebraic set V is a finite union of varieties, V =|) V;, which for 
the purposes of this paper we shall always assume disjoints; the V; are the 
components of V. Let V, W be two algebraic sets. A rational map f: VoW 
is an algebraic set, having one component f; for each component V; of V 
such that f; is a rational map in the usual sense of V; into a component of VW. 
We say that f is defined at a point we U; if f; is defined at that point, and 
we write f(u) =f;(u). 

An algebraic group is an algebraic set G together with an everywhere 
defined rational map of G X G into G, relative to which G is a group, having 
the further property that the inverse mapping z— x” is an everywhere defined 
rational map of G into G. 

If G is an algebraic group, a transformation space for G is an algebraic 
set V together with an everywhere defined rational map of V x @ into V 
(the operation of G on V) which, if we denote the image of (v,z) by vv, 
satisfies the conditions 

v(ry) = (vr)y and ve=v 


for all ve V, rE G, y€E G (e denoting the unity element of G.) A trans- 
formation space is a homogeneous space if, given any v,w€ V, there exists 
an «€ G such that vr =w. The homogeneous space is principal if this point 
x is determined uniquely and rationally. By the latter we mean that there 
exists an everywhere defined rational map A: V XK VG such that « = A(v, W). 
If V is a principal homogeneous space for G then the number of components 
of V equals that of G and each component of V is a principal homogeneous 
space for the component G, of G containing e, G, being a normal subgroup 
of G the cosets of which are precisely the components of G. 

We shall say that the algebraic group G@ is defined over a field k if all 
the components of G, of its group law, and of its inverse mappings are 
defined over k. Similarly, we shall say that the principal homogeneous space 
V for G is defined over k if G is defined over k, and if all the components 
of V, of the operation of G on V, and of A are also defined over k. Although 
this notion of field of definition may present some drawbacks, it is adequate 


for our present purpose. 
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2. Differential-algebraic preliminaries. Let F be a differential field 
of characteristic 0. Denote the field of constants of F by C. We work in a 
fixed universal extension F’* of F in the sense of [1], and denote the field of 
constants of #’* by C*. The facts stated in the following propositions were 
proved in [1]. 


Proposition 1. The fields F and C* are linearly disjoint over C. 


By an extension of F’, we shall always mean a differential field extension 
contained in the universal domain. Similarly, an isomorphism will always 
mean a differential field isomorphism. When we wish to consider only the 
field structure, we shall say field extension, and field isomorphism. 


Let / be an extension of F, and suppose that as a field extension EF 
is finitely generated. Let F’) be the algebraic closure of F in HE. We recall 
if ¢ and o’ are isomorphisms of EF, o’ is called a specialization of o if the 
family (o’%),., is a specialization of (oz),., over H# in the usual sense of 
algebraic geometry. The specialization is called generic if also o is a 
specialization of o’. An isomorphism of F over F is called isolated if it is 
not a nongeneric specialization of any isomorphism of F over F. 


PROPOSITION 2. (a) There exists a finite set of isolated isomorphisms 
of E over F such that every isomorphism of E over F is a specialization of 
precisely one of these. 


(b) An tsomorphism o of E over F is isolated if and only if the trans- 
cendence degree of the compositum E-oE over E equals that of E over F. 


(c) An alement of E invariant under an isolated isomorphism of E 
over F’ belongs to F,. 


(d) If o is isolated then o’ is a specialization of o if and only if their 
restriction to F', coincide. Every isomorphism of F, over F is the restriction 
to F, of an isolated isomorphism of E over F. 


Suppose further that # has the same field of constants C as F has, and 
that C is algebraically closed. We recall that an isomorphism o of EF is 
called strong if of CH-C* and Letting denote the 
field of constants of H-oH, we can see with the help of Proposition 1 that 
ois strong if and only if 


E-C(c) =cE-C(e). 


Every automorphism of FZ is obviously a strong isomorphism of F. 
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Proposition 3. (a) Every strong isomorphism of E over F has q 


specialization which is an automorphism of E. 


(b) An isomorphism of E over F is strong tf and only tf it is the 
restriction to E of an automorphism of E-C* over F-C*. 


As the automorphism mentioned in (b) is evidently unique, we may 
identify the strong isomorphism with it. The set of strong isomorphisms of 
E over F is then identified with the group of automorphisms of #-C* over 
F-C*, We denote this group by ©. 

Let o,r€ @. As is the field of constants of H-o oC 
= must be the field of constants of =F-ok. Thus 


C(o*) =C(e). 
Writing C(o,7r) to denote the compositum C(a)-C(r), we see that 
E-C(o, or) = E-C(e):C(or) = rE) =E - o(E-C(z)) 
= E-oE-C(r) = C(r) = C(o, 7). 


It follows with the help of Proposition 1 (applied to H instead of F) that 
C(o,7) =C(o,0r). Therefore =C =C(r7,07). Thus 


(1) C'(o,0r) =C (0,7) =C (or, 7). 


We observe also, using Propositions 2(b) and Proposition 1, that o€ & is 
isolated if and only if the transcendence degree of C(o) over C’ equals that 
of over F. 

We suppose, finally, that the extension H of F is strongly normal, that 
is, that in addition to all the hypotheses made above, every isomorphism of 
E over F is strong. © is then called the Galois group of EH over F. 


3. The theorem and its proof. We temporarily impose the restriction 
that F = F,. Then by Proposition 2(a) and (d), all isolated elements of & 
are generic specializations of each other. 

Let o, € & be isolated, and let W be any model of the field C(a,) over C. 
This means that W is a variety defined over C and there exists a generic 
point z of W over C such that C(o.) —C(zx). If o is any isolated element 
of & then o is a generic specialization of o) so that there exists an isomor- 
phism ~ E-oE over mapping o.% onto oa #). This isomor- 
phism maps C(o,) onto C(o) and therefore maps z onto a generic point 
of W over C, which we call zo (so that in particular ao, —«) and which 
has the property that C(o) =—C(ac). Because =E-C(a) the iso- 
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morphism over is determined by its restriction to C(oo), 
so that o is determined by Zz. 

Furthermore if y is any point of W which is rational over C* and generic 
over C’, there exists a unique field isomorphism C(2) = C(y) over C mapping 
z onto y, and because H and C* are linearly disjoint over C this field 
isomorphism can be extended to a field isomorphism ¢ over EF of E-C(z) 
=E-C(o.) onto H-C(y). As maps C(c) into C(y), ¢ com- 
mutes on C(o) with the derivation operators of the differential field structure, 
and as ¢ is the identity on L’, ¢ commutes on EF with these derivation operators, 
so that ¢ commutes on H-C(o) with these operators. In other words, ¢ is 
a differential field isomorphism. Letting += doo, we see that y—2z;. We 
have thus proved that o—2z is a bijective mapping of the set of isolated 
elements of G onto the set of points of W which are rational over C* and 
generic over CU. 

Let o,r€ &. If in addition to being isolated, o and + are independent, 
in the sense that C(o) and C(r) are linearly disjoint over C, then (1) shows 
that or is isolated. Furthermore, by Proposition 1, F-oH =E-C(e) and 
E-sE=EH-C(r) are linearly disjoint over £. If o’ and 7’ are also inde- 
pendent isolated elements of &, then the isomorphism = over 
E mapping (o%),., onto (o’%),., and the analogous isomorphism 
~E-7’E have a unique common extension. 


(2) E-ok 


For any element a€ /, ra can be expressed in the form ra—f(z;), 
where f is a rational function on W defined over LZ. Hence we have 
ora—f%(x7), and (a,). From this it is clear that 
the isomorphism (2) maps (or%),., onto and therefore maps or 
onto Thus (20, is a specialization of over C 
(and even over F). 

It follows that we may define a law of composition on W by the formula 
tol; =2Xo7, this law of composition being defined over C. From (1) we 


have = C (20,27) =C (aor, 27). Furthermore, if is an isolated 


element of © such that w,o,7 are independent, i.e. such that 2,20,@7 are 
independent generic points of W, then it is clear that ry(xotr) = (2o%o) Zr. 
Thus we have a normal law of composition on W, so that by the fundamental 
theorem of Wiel [5], W is birationally equivalent over C to a group variety 
defined over C. Thus we may suppose that W is itself a group variety, and 
we henceforth denote it by G. 


Since we have assumed that F—F,, FE is a regular extension of F. 
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Therefore there exists a model V for # over F, i.e. a variety V defined over 
F such that may be written =F (v) where v is a generic point of V 
over F. Letting o be an isolated element of ©, so that Zo is a point of ¢ 
which is rational over C* and generic over C (and therefore over F), we 


define a rational map of V X G into V by the formula 
(v, 20) > =v. 


It follows from the above considerations that this rational map, which is 
defined over F’, does not depend on which isolated element o is used. It js 
also easy to see from what precedes that if o and 7 are independent isolated 


elements of ©, then 


tc) = F (v, 20) = F (0, 
and 
= 

It follows from another result of Weil ([6] Prop. 3) that V is birationally 
equivalent over F to a principal homogeneous space for G defined over F, 
and therefore we may assume that V itself is such a space. This principal 
homogeneous space is, moreover, uniquely determined up to an everywhere 
defined birational correspondence compatible with the operation of G. 

This being the case, we see that every point a€ G (generic or not) such 
that v is generic on V over F(a) induces a field isomorphism o, of / = F(v) 
over F mapping v onto va. If ais any point of the group Gc- of points of 6 
rational over C*, then v is automatically generic on V over F(a), because 
EH and C* are linearly disjoint over C, and hence # and F'- C* are linearly 
disjoint over F. In this case, o, is an isomorphism of the differential field 
structure. Indeed, for elements of Gc» which are generic over C this has 
been proved above, and for an arbitrary a€ Gos, there exists an element 
Ge+ such that 21 and za are generic over C, and og 

The mapping a—o, (a€ Gc+) is obviously an isomorphism of Gee into 
®. It is actually onto G, for given any +r€ & we can select an isolated 
r’€ & so that 7 and 7’ are independent. Then rr’ and 7’ are isolated and 
(rr’) 

We have now proved our main result in the special case that F=J.. 
We shall indicate below how to extend it to the general case, and we state 
here the general theorem which for the case F =F, summarizes the above 


discussion. 


TueorEM. Let F be a differential field of characteristic 0 with alge- 
braically closed field of constants C, and let E be a strongly normal extension 
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of F, all lying in a universal extension F* with field of constants C*. Let 
6 be the Galois group of E over F. Then there exists an algebraic group G 
defined over C', and a principal homogeneous spave V for G, defined over the 
algebraic closure F, of F in E, having the following properties. 


(a) V is a model of E over F, that is, any component of V has a point 
generic over such that EH =F,(v), and these components are all con- 
jugates to each other over F. 


(b) For each o€ & there exists a unique point to€ Gc« (the group of 
points of G which are rational over C*) such that ov = vae, and the mapping 
oto (o € G) is a group isomorphism of & onto Ges. 


(c) This tsomorphism is rational in the sense that C(o) =C (axe) and 
that o 1s a specialization of o tf and only if to is a specialization of to 


over C. 


In order to extend the result proved for F =F, to the general case, 
we apply the proved result to the extension FH of Fy. We thus obtain a 
connected algebraic group G, defined over C and a principal homogeneous 
space V, defined over F, such that V, has a point v generic over Fy with 
E=F,(v), and the Galois group ©, of over F, is isomorphic with Goc« 
in the manner described in the statement of the theorem. Every o€ © 
maps F, onto the set of elements of o/# which are algebraic over F, so that 
if ¢ is an automorphism of H then of,—F,. Since by Proposition 3, « 
always has a specialization which is an automorphism of #, which by Proposi- 
tio 2(d) coincides with o on Fy, we see that of =F, for every o€ &. 
It now follows by Proposition 2(d) and (a) that the mapping 


o— restriction of o to F, 


isa homomorphism of & with kernel (, onto a finite group of automorphism 
of F, with fixed field F. If o; ({—1,:--,7r) are the elements of the finite 
set of itsolated isomorphisms mentioned in Proposition 2(a) (with say oy € ©») 
and if @; is the set of specializations of o;, then the ©; are cosets of ©, in G. 

Using the fact (Proposition 3(a)) that each @; contains an element a,’ 
which is an automorphism of FZ, we follow [2] to extend the isomorphism 
6,~G, to an isomorphism 6 ~G (rational in the sense of (c)), where 
is an algebraic group of which the component of the unity element is GQ). 
The varieties V;—V,%' determined by the restrictions of the o; to Fy are 
precisely the conjugates of V, over F, and for each 7 the point vj =o//v is a 
generic point of V; over Fy. We now define the operation of G on the 
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algebraic set V =|) V; in the obvious manner, namely by setting vo, =o;1; 
for alli and 7. We leave to the reader the verification that this makes V into 
a principal homogeneous space for G with the stated properties. 
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STRATIFICATIONS OF CAUCHY’S “STABLE” TRANSCENDENTS 
AND OF MITTAG-LEFFLER’S ENTIRE FUNCTIONS.* 


By AuREL WINTNER. 


1. Let a>0 and, if z is real and O0=q <1, put 


64(z,q9) 23 q" cos nz. 
n=1 


What will be proved below, when combined with a known procedure based on 
Poisson’s summation formula (cf. [13]), leads to the following result: When- 
ever 8 >a, there exists on the interval 0=r<1 a monotone bounded func- 
tion A(7r) = in such a way that 


1-0 
0 


Since 6.(z,q) is an elliptic theta-function which, in view of its Eulerian 
factorization, is positive throughout, there follows, as a corollary (B=2), 
the known fact that 0.(z,q) > 0 holds for every real x and for every positive 
q<1 whenever a=2. The integral formula becomes curious also under 
the stricter assumption a <1, since 0g(z,q) is Poisson’s explicit function 
(l—2qcosz-+ q*)-* if B=1. But the point in the general “stratification ” 
tule of 6,(z,q) is that arbitrarily large values of 8, and any positive a 
which is less than 8, are allowed for every positive q<1. Of particular 
interest are the cases B = 4,6,- - -, occurring in the Hardy-Littlewood treat- 
ment of Waring’s problem. 


2. It was shown by Cauchy ([2], pp. 99-101) that the densities of 
probability F(x), —o<2<oo, of what today are called symmetric stable 
distributions must be the Fourier transforms F(z) = F,(zx) of the functions 
exp(—|t|*), where a>0; so that, if and without loss of 
generality, then 
(1) F,(x) =2 f exp (— ¢*)cos zt dt 


0 


* Received October 8, 1957. 
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(the Fourier transform of (1) is absolutely convergent, since g(x) = O(a), 
where a-=1-+4a> 0, and even (x) where c—c(a), holds as ru, 
with c(a) =O if and only if a=2,4,6,-- -; ef. [11], p. 187). Cauchy's 
result on (1) the “stability” of (1) was rediscovered by Edgeworth [4] 
(Pizzetti’s analysis of the questions involved mentions only Edgeworth; ¢f, 
[9], p. 114). 

Cauchy and his immediate successors tacitly assumed that every function 
(1) actually is a density function, which would mean that F(x) = 0 holds 
for all z whenever a > 0 (and Cauchy found for a > 2 the curious “ paradox,” 
forgotten in the meantime, which is quoted by Czuber [3], p. 184). But it 
was observed by F. Bernstein [1] that this cannot be the case if n= 4 (and 
his method, adapted from Hardy’s proof for the existence of an infinity of 
odd zeros on the critical line of the Riemann zeta-function, applies to 
n= 6,8,- - - also). 

The final result is due to P. Lévy (cf., e.g., [6], chap. VI of the 
second part, or [8], chap. V), who proved that F,(z) = 0 holds for every ¢ 
if and only if a=2. But while the necessity of a2 can be proved easily, 
most proofs for the sufficiency of a2 are variants of one and the same 
existence consideration. 

In what follows, the existence statement will be modified so as to 
contain a result which holds for every a> 0 (i.e., not only for a=2) and 
to contain, nevertheless, Lévy’s result (F420) if a2 (even though the 
latter result cannot be true if a> 2). In fact, it turns out that, whenever 
0<a<B<o, there exists on the half-line 0S u<o a monotone function 
= dag(u) satisfying (0) =0, d(0) =1 and 


(2) F,(2) -f Fp (au) dbap(u) (débag(u) = 0) 

0 
(0OX2r<). Since (1) reduces to Cexp(—4a*?) >0 if a2, the case 
B=2 of (2) proves that not only F(x) 20 but even 


(3) > 0 for all if a2. 


But the point is that (2) holds for every B (even for B>2; e.g., for 
B=4,6,- --) whenever a < (concerning the case of when is a0 
even integer exceeding 2, cf. Pélya’s note [11] and his asymptotic formula 
which I quoted on p. 834 of vol. 78 (1956) of this Journal). 

It will also follow that, whenever 0 <<a < B the distribution ap () 
occurring in (2) is absolutely continuous on the closed half-line [0,~ ) and 
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regular (in the sense of analyticity) at every point u of the open half-line 
(0,0). 


3. For the point of departure in the proof of the first italicized theorem, 
it is possible to choose (among various, substantially equivalent choices; cf. 
e.g., the second paragraph of §5 below) the existence of those “stable 
distributions” which may be called wnilateral. These distributions, which 
in contrast to the symmetric stable distributions (which exist for aS 2; ef. 
§2), exist only for a <1, were introduced by Lévy (cf. [6], pp. 260-262, or 
[8], pp. 178-179). After a normalization of the unit of length on the a-axis, 
the unilateral stable distributions, which will be denoted by y(r) = ya(z), 
where —o << a<o and 0<a< 1, are constant either for —o< or 
for 0S a2 <o, and their Fourier-Stieltjes transforms 
(4) (x), where dy(x) = 0 and f dy(z) =1, 


are identical either with 
(5) exp(—! wu where —o<u<o, 


or with the complex conjugate of (5). 

Since both (4) and (5) go over into their complex conjugates if w is 
replaced by —w, it is sufficient to consider the case in which (4) is identical 
with (5) itself, where Then =0 for —wo<u=0; hence 
(6) exp(— + tan (2), 

if, as always from now on, wu is confined to the half-line OS u<o@ (this 
involves no loss, since (4) goes over into its complex conjugate if u is replaced 
by 

What will be needed of all of this can be summarized as follows: If 
Y<a< 1, then there exists on the z-half-line [0,00 ) a monotone function 
(with y(0) =0, satisfying (6) on the u-half-line [0,0). 


4. Change the unit of length on the z-axis in such a way that w becomes 
teplaced by cu, where c= gq is the positive constant (cos 47a)*/4, and denote 
the function of 2 which thus results from q(x) again by a(x). Then 
¥a(0) =0, —1 and dyq(z) =0 hold again, but (6) becomes simply 
(7) exp (— iuyem f (2), 
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since the parenthetical expression on the left of (6) becomes replaced by 
— + ibgut = (e47'u)*, where 


(8) Ag = cos 47a, ba = sin 47a (0<a<1l), 


For every a (<1), the analytic behavior of Ya(z) on [0,0 ) is as follows: 
Wa(z) is (i) of class C® on [0,0) and (ii) analytic (regular) at every point 
x>0 of [0,0) but (iii) singular at the end-point, 70, of [0,0), since 
all derivatives of yg(z) vanish at x0 (so that the analytic behavior of 
Wa(x) is the same as that of the function which is exp(—z") for z>0 
and 0 for z=0). 

In fact, if ag and bg are defined by (8), then wq’(x) = dWa(x) /dr can 
be represented as the following explicit Laplace transform: 


(9) a(x) =} f e-t exp (— agt*)sin(bat*) dt, where 

0 
cf. [14], p. 128 (where the parameter @ is 0 in the present unilateral case). 
Clearly, (ii) is implied by (9). On the other hand, (i) and (iii) can be 
obtained, after some explicit labor, by letting c—-+0 in (9). But it is 
easier to proceed as follows: 

If wa(xz) is defined to be 0 for —x«< 20, then, on the one hand, the 
integral (7) becomes (4) and, on the other hand, (i) and (iii) together 
become equivalent to the statement that a(x) is of class C* on (—,0). 
But Fourier’s inversion formula shows that w(x) is certainly of class (’ 
on (—o,o) if, for every fixed n, the function (4) of u is O(|u|-) as 
|u|—>o. Finally, the case (7) of (4) satisfies this O-condition, since the 
absolute value of the function on the left of (7) is exp(—| u |*), where a > 0. 


5. Since ¥,g(2) is monotone and bounded on the z-half-line [0,¢), 
and since (7) is valid on the open u-half-line (0,00) (incidentally, at u=+ 0 
as well), it is clear, by absolutely-uniform convergence and for reasons of 
analyticity, that (7) remains valid if —iw is replaced by —z, where z is ally 
point of the half-plane Rez >0. Hence, if z is chosen to be real, it follows 
that 
(10) exp(—2a*) = f e-*“dy,(u), where = 0, (0<a<l), 

0 
holds on the open z-half-line (0,0) and, for trivial reasons of continuity, on 


the closure [0,0) of (0,0) as well. 
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In view of the Hausdorff-S. Bernstein theorem, the existence of a function 
Yq satisfying (10) on [0,00) does not state more than that the n-th deriva- 
tive of exp(—2*) is non-negative or non-positive on [0,0) according as n 
js even or odd; and, since 0 <a<1 by assumption, this follows by a trivial 
induction from n to n+1. Conversely, since the steps in the preceding 
deduction (6) > (7) > (10) can of course be retraced, an application of the 
existence theorem of Hausdorff-Bernstein, when applied to exp(—<«*), sup- 
plies the existence of Lévy’s unilateral stable distributions.* 

In any case, (9) supplies the explicit form of the distribution occurring 
in (10). Actually, (9) will not be used in what follows (although the 
corollary (ii) of (9) in §4 will be needed in order to obtain the additional 
information claimed in the last paragraph of §2). 


6. In order to prove the first italicized assertion of § 2, let a, B be any 
pair of indices satisfying 0 <<a<B<o and let ¢ vary on the half-line [0,0 ). 
Then (10) is applicable when a and z are replaced by a/f and ¢ respectively. 
Hence 


(11) exp(— 17) e-'"dy,(u), where y=a/f. 

0 
But [0,00 ) goes over into itself if ¢ is replaced by ¢°, where c is any positive 
constant. Choose c=. Then, since y~(0) and dy,(u) = 0, 
it follows from (11), by placing v =w'/8, that there exists on the v-half-line 
[(0,00) a monotone function y(v) —wag(v) satisfying y(0) =0, y(o) 
and 


(1) exp(—t*) = exp(— (tv)?} 


0 


*It is clear that the formal fact used above can be phrased more generally, as 
follows: If du(u) is a symmetric distribution on (— %, co) and F(t) = F(—t) denotes 
its characteristic functon (i.e., the integral of exp(iau)du(u) or cos(au)du(u) over 
(—%,«) for a fixed real t, where du(u) + du(—u) = 0, du(u) =>0 and F(0) = 1), 
and if F(t) is totally monotone for positive t, then F'(i |¢|sgn¢) is the characteristic 
function of a certain unilateral distribution dx\(u) =O on (—%, ©), with dA(u) = 0 
on (—oo,0), and vice versa. For, by the Hausdorff-Bernstein theorem, the total 
monotony of F(t) means the existence of a distribution ddA(u) on [0,%°) for which 
the integral of exp(—tu)dd(u) over [0,©) becomes F(t) at every t>0. 

The symmetry of the original distribution du(u) on (—©°%,%) is implied, of 
‘course, by the circumstance that its characteristic function F(t) is real-valued (hence, 
‘ven). The introduction of Hausdorff-Bernstein transforms into the theory of prob- 
ability is due to P. Lévy; cf., e.g., his note in the Comptes Rendus, vol. 207 (1938), 
pp. 1368-1370, where these transforms occur in connection with certain (more general 
than stable) distribution laws of indefinite divisibility. 


int 
1ce 
of 
> 0) 
e). 
be 
is 
the 
her 
as 
the = 

| ——— 

of 
any 
), 


116 AUREL WINTNER. 


where 0=t<o and 


0 0 

Let c= 0, multiply (12) by cos(at), and integrate the product over the 
half-line O=t<oo (while z is fixed). It is seen from the definition (1) 
that what then results differs from the assertion (2) only in notation, pro- 
vided that it is legitimate to interchange the order of integrations with 
respect to ¢ and v. Finally, it is clear from (13) and from the parenthetical 
remark made after (1) that the legitimacy of this interchange is assured 
by Fubini’s theorem. 

The proof of the stratification theorem (2) of Cauchy’s transcendents 
(1) is now complete. The explicit form of the derivative of the (absolutely 
continuous) .anction ¢ag(u) occurring in (2) follows from (9) and from 
the substitutions which lead from (11) and (12) to (12) and (2) respectively. 


7. Let finally be mentioned a simple proof of the fact that F(z) 20 
eannot hold for all z>0 if a> 2. 

If a is arbitrary (> 0), it follows from the parenthetical remark made 
after (1) that, if F, is denoted by F, the integral 


(14) f F(x) cos ta dx 
0 


is absolutely convergent (at {0 and, therefore, at every ¢). On the other 
hand, (14) is the Fourier inversion of (1) and is therefore identical with 
exp(—/*), where 0 =t<o. But the latter function is 1+ O(#*), as t0, 
for every a > 0; hence, it is 1+ o0(#?) if a>2. 

Consequently, it is sufficient to ascertain that if F(#) is any function 
which is absolutely integrable on the half-line 0 a2<o and which has the 
property that the corresponding function (14) is 1+ 0(¢?) as t—>0, then, 
unless /'(z) vanishes identically, (2) =0 cannot hold for all x. But this 
can be seen as follows (cf., e.g., [12], p. 33): 

Since (15) is a continuous function of ¢ and is 1+ 0(t?) as (?. 
it follows, by placing t=0 in (14) and subtracting the result from (14) 
itself, that 

R 
f F(x)sin?(4tr)dr = 0(t?), where 10. 
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holds for #=oo and therefore, if F'(x4) =O throughout, for any positive 
function R=R(t) <o. Since sin*u exceeds a positive constant multiple 
of uw? if OS usb, it follows, by choosing R(t) =1/t, that, as t— 0, 


1/t 1/t 


f F(x) (tx)?*dx = o(t?), hence f F'(2)2? dz =o0(1), 
0 0 


and so f F(x)x*dx=0. Since F(x) = 0, this proves the identical vanishing 
0 
of F (for almost all x). 


8. The proof of (2) depended on the formal steps (6) > (7) > (10) 
> (2) and rested, therefore, on the following fact (cf. the second paragraph 
of §5): If fa(x) =exp(—2*), where 0=2<o, then there exists for 
)<u<o one monotone function dag(u) for which 


fa(2) = fo(au)dgap(u), where dpap(u) = 0, 


is an identity in 2, where a and # are arbitrary parameters satisfying 
0<a<B<o. Instances of such a stratification rule (*) which are more 
on the surface than is its instance fa(x) = exp(—-a*) are and fa=heg, 
where ga(z) denotes (1 + 2)~*, while ha(x) denotes or 0 according 
e< lo 

First, if > 0 and B >a> 0, then the integral of (a+ w)-8u-1+8-@ over 
the u-half-line [0,00 ) is convergent and (as seen by placing u—<-v at a fixed 
r) has a value which is independent of x (the value of this positive constant 
C=C(a,8) follows from one of the definitions of the beta-function). Hence, 
if z and wu are replaced by x +1 and u—1 respectively, it follows that 


where cag > 0, 
) B ) B 


holds on the open z-half-line (—1,0) and so, in particular, on [0,0). The 
satisfaction of (*) on [0,0) by faga, where ga(z) =(1+2)~4, now 
follows if w is replaced by 1/u in the last integral (so that ddgg(u) =0 in 
(*) iflSuco). 

Clearly, the satisfaction of (*) by faa can be verified in the same way. 


9. It is clear that if (*) is satisfied by a family f(x), then it is also 


0 
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satisfied (I) by the family f,(z“), where p is any positive constant, and 
(II) by the family 


f k (xs) fa(s) ds, 
0 


where k(t) is an “arbitrary ” function of (220), subject (relative to f,) to 
the applicability of Fubini’s theorem. 

For instance, (2) resulted by choosing fa(x) =exp(—2*%) and k(t) 
=cost in (II). But k(t) =siné (or, more generally, =7Z(t), where 
Z(t) is a cylindrical function, such as J,(¢) or K,(t), and y an appropriate 
index, leading to the applicability of Fubini’s theorem) could also have been 
allowed. Thus (2) remains true if coszt is replaced by sinwzt in (1). 

In order to illustrate (I1) and (1), apply first (1) alone, by choosing 
in it »=2 and either fga—ga or fa—=ha, where gg, ha are the functions 
of §8. It then follows that (*) holds for fg(x) = (1 + «?)-*3, where 

=2<0, as well as for the function fg(x) which is (1—2*)*? or 0 
according as O0=2<1 or 1=2<o (in both cases, O0<a<o). Hence, 
if (II) is applied to k(t) —cost in both cases, the “real integral ” definition 
of the cylindrical functions J)(¢), K)(t) shows that (*) holds, if B >a> 0, 
for fa(x) =Jq_;(x) and fa(x) = and, therefore (with some 
gap), for and fg==K,_; and so, in particular, for and 


fa= Keg. 


* 
10. Corresponding to the stratification theorem (2) of Cauchy’s trans- 
cendents (1), where a (>0) is arbitrary, there is (in terms of some family 


of distribution ¢) a stratification theorem 


(15) Eq(z) -f (dap(u) = 9), 
0 
where #,(z) denotes Mittag-Leffler’s entire function 
(16) Ea(z) =32"/T(1 + an) 
n=0 


and z can be complex in (15): If 0<a<B<o, then there exists on the 
half-line 0 =u a monotone function d(u) = dag(u) satisfying 6(0) =9, 
and (15). 


The (absolute) convergence of the integral (15) at every point z of te 
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complex plane is part of the assertion. The proof can be based on the 
following fact, verified in [15] along the lines of pp. 61-64 of my paper in 
vol. 58 (1936) of this Journal: Corresponding to every index 6 on the 
range 0 <@< 1, there exists on the line —«o<¢t<o a monotone function 
y(t) =y,(t) in terms of which the identity 

holds on the half-plane Rez >-—21 and so, in particular, on the half-line 
720. 

Choose z= fx, where B>0 and 20, put and replace ¢ by 
—log s in (17). Then, if —y (—logs) is denoted by ¢(s), where 
0<s<o, it is seen that, whenever 0<a< (i.e, 0<6< 1 for 
the relation 

+1)/T(ax+1) st*dp(s), where OS 4 <0, 
0 
holds for a certain monotone function $(s) = ¢ag(s) satisfying ¢(0) = ¢(+ 0) 
=(0 and ¢(«) —1 (in fact, the gamma-quotient on the left becomes 1 at 
s=(). If a and s are now replaced by n and wu respectively, it follows that 


the Streltjes moment problem 


8) deep (uw) (Bn + 1)/P(an-+1) 
0 
has a solution ddag(u) = 0 whenever B>a> 0. 

Since all coefficients of (16) are positive, it is sufficient to prove (15) 
lor positive z. But then a term-by-term integration (at this stage, possibly 
with the result coco) is allowed in what results if (16), with a and z (> 0) 
replaced by yw and zw respectively, is inserted on the right of (15). Hence 
(15) is equivalent to 
19) Ba(2) = 32" 

n=0 


0 


Since the truth of (19) is clear from (18) and (16), the proof is complete. 


The simplest particular case of the general stratification theorem of (16), 
‘particular case to which (16) cannot he reduced directly, is a result of 
V. Feller (found by him by entirely different means, namely, by an appeal 
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to Lévy’s result on the case a<2 of (1); cf. [10]), which states that 
E.,(— 2) is totally monotone on [0,0 ) if 0 << y <1 (and, of course, if y= 1), 
This fact relates to (15) in about the same way as (10) relates to (2). In 
order to see this, replace a, B and z in (15) by y, 1 (>y>0) and —z 
respectively, and denote the case B =1 of dag by gy. Then (15) goes 
over into 


(20) By(—2) (0<y<1), 
0 

since L',(z) =e, by (16). Since dp,(u) = 0, and since (20) holds for every 

x, it follow from (20) that #,(—vz) is totally monotone on (—,) or, 

equivalently, on [0,0). If z is replaced by —z in (16), this can be formu- 

lated as follows: If O0<y<1, then E,(x) and all of tts derivatives are 

positive for —wn<a<o (this is clear from (16) only for OS but 


then, of course, for every y=a> 0). 


remark. There results a stratification theorem corresponding to (2) 
and (16) if Cauchy’s and Mittag-Leffler’s transcendents, (1) and (16). are 


replaced by the entire function 


(21) ea(#) —32*/T(a+n), 


n=0 
considered (in a slightly different form) by Euler and (precisely in this 
form) in Heaviside’s formal work on fractional differentiation (for 0<a<1 
and, more particularly, for a=#). 

Both (16) and (21) reduce to e* if a1. But it so happens that the 
proviso 0<a< B of (15) must be changed to0< B<a if (16) is replaced 
by (21). In other words, corresponding to every pair of indices satisfying 
0<a< there exists on the half-line 0 =u <o a function = dap(u) 
for which 


(22) eg(z) = €a(zu)ddag(w), where ¢ag(0) =0, dag(co) 
and ddag(u) 2 0. 


holds as an identity in z. 
This counterpart of (15) lies quite on the surface. In fact, instead 
of (18), only the definition, 
1 
(23) ue *(1—u)** du (s+), (s > 0,t>0), 


0 


a 


—— 
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of the beta-function is now needed. In addition, ddag(u) =0 forl cuca 
in (22), and the existence statement of (22) can be replaced by the explicit 
formula 


0 
where 0K a<B<o. For, if the definition (21) is inserted on the right 
as well as on the left of (24), comparison of like powers of z shows that (24) 
is equivalent to what results if (23) is applied as follows: s=a-+-n and 
t=B—a, where n=0,1,:-- (so that, since 0<a< 8, the parenthetical 
proviso of (23) is satisfied for every n=0). 


APPENDIX. 


On a theorem of F. Bernstein. 


Let s be a positive constant (to play the part of a standard deviation 
or of its reciprocal value) and put e(x) —exp(— 2’). Then, since (1) 
reduces to a constant multiple of an e(sz) if a—2, it is clear from the case 
B=2 of (2) that Lévy’s theorem, asserting the positivity of Fa(2) when 
a<2, is equivalent to the statement that, if G(t) —G,(t) denotes, for a 
fixed x >0, the “ Gauss-Fourier transform ” 


(1) G(t) cos(tx)e(sx)g(x)dx, where «(y) =exp(—y’), 


0 

of a function g(x), where 02 <0, then 
(2) G(t) >0, where OX t<o 
(or, equivalently, <t<o), holds for a certain (if 2). 

Quite another class of functions g for which (7) satisfies (2) (for every 
’>0) was considered by F. Bernstein [1] (cf. also Mathias’ subsequent paper 
[2]; in particular, his Satz 13). Starting with a certain expansion of an 
“arbitrary” g(x), subject to restrictions of integrability (and, for some 
reason, of analyticity) of the functions occurring in the expansion, he con- 
siders a “Hankel kernel” K(2,y), a kernel which is a function K(z+ y) 
of r+ y alone; and, in terms of certain properties (in this connection, ef. 
[3], pp. 828-329) of a bilinear expansion of K(x+y)—=g(x+y), he 
specifies a condition under which (7) will satisfy (2). Finally, by an applica- 
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tion of the addition theorem of elliptic functions to K(z+y) =en(x+y), 


Bernstein proves that his conditions are fulfilled, hence (2) holds for (1), if 


(3) g(x) =cnw, where cnx —cn(z,k) and* <1 


(this Jacobian elliptic function g(x) = g(x) is real-valued, even and periodic, 
with a period 7 —T(k) which tends to 2x as k-—>0 and to o as k—> 1). 

It does not seem to have been observed in the literature that this result 
of Bernstein has actually little to do either with his bilinear expansions or 
with such a specific matter as the addition theorem of elliptic functions. In 
fact, it so happens that (2) must be satisfied by (1) whenever (i) the function 
g(x) is continuous, even, periodic (of an arbitrary period 7) and such that 
a, = 0 holds for every n, and a, >0 for some n, in its Fourier series 


(4) g(x) ~ Xa, cos(2anz/T) =g(x), where 0 = Sa,—% | an| <0; 
n=0 n=0 n=0 
more generally, whenever (ii) there exists on the half-line 0 =A <oo a mono- 
tone function f(A) satisfying 


(5) f cos(Ax) df (A), where 0<f(@)—f(0) — f | df(A)| <o. 


0 

Bernstein’s result on (3) follows from (i), since the classical Fourier 
series (Jacobi; cf. e.g., [3], p. 330) of (3) puts into evidence the truth of 
a, = 0 in the case (3) of (4). [In this connection, it is worth mentioning 
that also the results of Stieltjes ([4], pp. 549-555; ef [3], pp. 329-330) on 
the Laplace transform of (3) and a corresponding Stieltjes transform depend 
merely on the satisfaction of the assumption a,=0 of (4) by (3).] 

Curiously enough, the trivial limiting case k —0 of Bernstein’s result 
on (3), the case in which (3) and the assertion (2) for (1) reduce to 
g(x) =cosz and 
(6) f cos (tz)exp(—s2x*)cosz dz > 0 (s > 0) 

0 

respectively, is sufficient in order to prove not only the generalization (1) of 
Bernstein’s result but even the generalization (ii) of (i). 


* Actually, the limiting case k = 1 need not be excluded. This follows either for 
reasons of continuity or, more directly, by observing that, on the one hand, en(a,k) 
= 1/cosh w if k = 1, and, on the other hand, the value of @(a#) is known to be given 
by an explicit cosh-formula, rendering G(a#) > 0 trivial, if = 1/cosh @. 
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In fact, it is clear from reasons of distributivity that, in order to prove 
(ii), it is sufficient to verify the satisfaction of (2) by (1) for the case in 
yhich the function f(A) occurring in (5) is a step-function consisting of a 
single saltus (> 0, which can be assumed to be 1). But (2) then becomes 
equivalent to what results when the second cosine is replaced by cos(Ax) in 
(6), where f(A) =4sgn(A—Ajo). After a change of the unit of length on the 
raxis in (6), this can be reduced to the two particular cases Ay» = 0, Ay — 1. 
If 9, then, since exp(—4t?) is its own Fourier (cosine) reciprocal,. 
G(t) becomes aexp(— bt?), where a>0O and b=0 are constants; so that 
(2) is true if Aa —0. If Ay —1, then G(¢) is the integral (6) (as it stands 
fnow). Finally, the truth of the inequality (6) need not be concluded from 
the case k = 0 of Bernstein’s result on (3). In fact, an application of the 
Hlimiting case (cos(a+ k=0) of the addition theorem of the 
eliptic function (3) shows that the integral (6) can be written as the sum 
of two functions of the form aexp(— bt?), where a>0, b= 0. 


What all of this actually verifies is nothing but the fact that, under 
the assumption (5) of (iii), the function (2), instead of satisfying just (2), 
isa totally monotone function of #4, where O=¢<o. In particular, G(t) 
isa decreasing function (unless G(t) == Const., i.e., unless f(A) = const. sgn A), 


afact not revealed by Bernstein’s proof (loc. cit.) of (2) even in his case (3). 
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ON COSINE-LIKE ARCHES.* 


By AUREL WINTNER. 


Let f(a) be a function possessing derivatives of arbitrarily high order 
on an open z-interval (a,b), and let (—1)"D*"f(x) 20, where D=d/dz, 
hold on (a,b) for n=0,1,2,---. If the trivial case = const. (20) 
| is excluded, then, for reasons of convexity, this infinity of inequalities cannot 
be satisfied on an unbounded interval (a,b), and so it can be assumed that 
(a,b) = (—42, 47). The resulting class of functions on the interval 


(1) 
'will be called cosine-like, since f(z) —cosz is the simplest (non-constant) 


function satisfying 
(2) (—1)*D**f(z) =0 on (1) for n=0,1,---. 


In fact, (2) means that the graph of each of the functions f, — D?f, D*f, 
|—D*f,- - is an are (over —4xr< x2 < 4x) which is situated in the closure 
of the upper half-plane (in fact, within the open upper half-plane unless 
'f(c) const. 0) and which is (strictly) convex from above. 
Correspondingly, a straightforward adaptation of a classical argument 
(initiated, for the class of continuous convex functions, by Jensen and further 
developed, for the class of totally monotone functions, by 8. Bernstein) shows 
| that, if difference, instead of differential, quotients are used in the definition 
of the class of cosine-like functions, then the assumption of indefinite differ- 
entiability, or even the existence of a first derivative, need not be introduced 
explicitly. 

The general methods of Bernstein also supply, as a corollary, the 
following information: If f(x) is cosine-like, then it can be continued from 
the given interval (1) into the z-plane and leads to an entire function f(z) 
‘which, in addition, must be of exponential type. Only the first of these two 
results, proved also by Widder, will be used in what follows. References will 
he found in the paper of Boas and Pélya, Duke Math. Journ., vol. 9 (1942), 
pp. 406-407; for an exposition of the relevant results of Bernstein and his 
successors, ef. Chap. 11 of Boas’ Entire Functions, New York, 1954. 


* Received October 8, 1957. 
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A more delicate (as a matter of fact, a structural) function-theoretica] 
information on what is necessary for a cosine-like function is contained jy 
the following theorem : 

If a function f(x), given on (1), satisfies (2), then there exists on the 
closed t-interval [—1,1] a non-decreasing function $(t) having the following 
properties: If p(w) denotes the function which is defined by 


1 
(3) p(w) = where f 
n=0 
1 


(hence, | pn| Spo), on the circle 
(4) 
or, equivalently, by 


(5) p(w) = f (1—tw)*dg(t) (dg(t) =0) 


on the simply-connected domain S which results if both half-lines 
(6) 


are removed from the w-plane, and if the single-valued, regular function q(w) 
is defined on (4) or, equivalently, on S, by 


(7) q(w) = (1—w*)4p(w), where q(0) 20, 
then q(sinz) is an entire function (of exponential type) of z satisfying 
(8) f(x) =q(sinz) on (1). 


The functions f(z) satisfying (8), with (7) and (5) for some ¢(t), 
and rendering g(sinz) an entire function,t are not quite so scarce as it 
might seem from the function-theoretical restrictions needed for (7) and (5), 
and from Stieltjes’ inversion formula of his transform (5) of d@ (cf., e.g, 


7 If this restriction, which is essential indeed, is disregarded, then there results 4 
formal connection between (7)-(8) and a relation occurring in the theory of orthogonal 
polynomials. In fact, non-negative functions of the type 

p(u) =q(u)/V(1—u?), (—l<u<l, or u=sin2), 
where however p(u) need not satisfy anything like the regularity conditions imposed 
on it by (5) and the further restriction specified before (8), play there a considerable 
part, as densities of absolutely continuous weights (cf. Chap. XI-XIII of Szegi’ 
Orthogonal Polynomials, New York, 1939; the reason for the formal connection is clea 
from § 11.5). 
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§43-§45 of my Spektraltheorte, Leipzig, 1929). For instance, since (2) is 
satisfied if f(«) —cos(vz), where v is any value on the interval OS v1, 
it is satified if 
1 
(9) f(z) -f cos(vx)daA(v), 
0 

where A(v) is any non-decreasing function. Nor does (2) imply that the 
entire function f(z) is even (as (9) is). For, since (2) is satisfied by 
f(z) =cos(vz) if 0 << v <1, it is satisfied by f(z) —cos(vz—B) if B= B(v) 
is small enough, and the latter f(z) can be “stratified” (with regard to v) 
: by means of a weight dA(v) = 0, as in (9) (and this time for —1Sv=1). 
But by the theorem to be proved, all these functions f(z) on (1) must be 
such as to possess a representation (8) in which the corresponding dd¢(t), 
occurring in (5), satisfies the restrictions implicit in the condition that the 


product of cosz and 


(10) p(sinz) (1 —tsinz)- dp(t) (do(t) 20) 


becomes an entire function of z. In this regard, it is instructive to choose 
o(t) = 4sgn(t—.), where ¢) is any point of the interval [—1,1]. Then 
d¢(t) =0 is satisfied. But (10) and (7) show that f(z) —q(sinz) now 
becomes the meromorphic function 


(11) f(z) =W/(1—t,.W), where W=sinz and —1t,=1, 


a function of z which fails to be an entire function (and, correspondingly, 
f(z) fails to be cosine-like) unless tf) 0, hence f(z) = W-=cosz. On the 
other hand, if ¢(¢) =, then (10) leads to logarithmic branch-points, instead 
of poles.* 


*If Cn(a#,k) denotes what results from Gudermann’s en(t,k) (i.e., Jacobi’s 
cosamt), if ¢ is replaced by 2Ka/m, then y(x) = Cn(a#,k), where k is any fixed positive 
modulus < 1, is the most immediate generalization of cos = Cn(a#,0). But the func- 
tion y= y(@) = y,(@), where y, = Cn(a,k), though always even, of period 27, positive 
on (1) and decreasing on the upper half of (1), must fail to be cosine-like for every 
positive k, since, because of its double periodicity for complea a, it has poles, except in 
the limiting case k = 0 of y = cosa itself. 

Incidentally, even the case n=1 of (1), instead of being satisfied by f(a) 
=Cn(a,k) for every positive k(< 1), is satisfied only for 0=k =k), where ky is an 
absolute constant which is less than 1. In fact, y=Cn(a,k) is a convex arch over 
(1) if and only if g = exp(— 7K’/K) does not exceed the square-root of 3. This can 

readily be verified, either by differentiating the logarithmic derivative of Jacobi’s 
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Proof. On (1), let f(z) be a function of class C” satisfying (2), 
Then f(x) can be extended to an entire function f(z) which, in addition, 
is of exponential type (S. Bernstein). Even if this additional information js 
not used, it follows that Taylor’s expansion 


(12) f(x ty) = (ty)"D™f(x)/n! 
m=0 
is valid, at every xz, for every y. Let x and y be real, and replace the interval 
(1) by the corresponding strip 
(13) Rez WW). 


Since the case n = 0 of (2) implies that f(z) is real for real z, it implies 
that 2 Re f(z) is the sum of f(z-+ iy) and f(~—vwty). Hence, if y is replaced 
by —y in (12) and if the result is added to (12) itself, it follows that 


(14) Re f(z) = 3 


holds (by convergence) at every point of the z-plane and so, in particular, on 
the strip (13). But (14) and (2) imply that 


Re f(z) 20 on (18). 


Accordingly, if f(z) satisfies (2), then it can be extended into an entire 
function f(z) satisfying (15). Hence, more than what is needed for the 
completion of the proof is contained in the following criterion (which does 
not assure that f(z) is an entire function) : 


Let f(z) be a function which is regular on the strip (13) and real- 
valued on the segment (1), where z=ax-+iy. Then f(z) will satisfy (15) 
if and only if there exists on the closed t-interval [—1,1] a monotone nor- 
decreasing function $(t) having the following property: If p(w) ts defined 
by the Stieltjes transform (5) on the simply-connected w-doman which results 
when both half-lines (6) are removed from the w-plane, then 


(16) f(z) = p(sinz)cosz on (18). 


This criterion turns out to be a rephrasing of the symmetric case oi 
(F. Riesz’ version of) the Carathéodory-Toeplitz criterion for functions /(w) 


which are regular on (4) and satisfy 


infinite product for en(a,k) or by differentiating the pair of rational relations which 
connect the first derivatives of en(a,k) and sn(a,k) with sn(a,k) and en(a,k 
themselves. 
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F (17) Re F(w) 20 on (4) 
(by the symmetry restriction is meant the condition 
(18) F(w*) =F*(w) on (4), 
where the asterisks denote complex conjugations). 


Proof. The classical criterion, just mentioned, states that a function 
'F(w) which is regular on (4) will satisfy (17) if and only if there exists 
on the closed a-interval [—-7z,2] a monotone non-decreasing function p(a) 
in terms of which /'(w) is representable on (4) in the form 


(19) F(w) -f L(we'*)dy(a), where L(s) = (1+38)/(1—s). 


In order to characterize those particular distributions du(a) 20 on [—z,z] 
for which (19) will satisfy (18), expand (19) according to powers of w on 
(4) and insert the result in (18). Then comparison of like powers of w 
shows that (18) is equivalent to 


us 


2 f e'na du(a) f em du(a), 1.@., ff sin na du(a) =0, 
-T 


where nm=1,2,---, which in turn is equivalent to the restriction that 
du(a) =—dp(—a) if O0<a<-n. If this is inserted in (19), a trivial 
preduction leads to 


(20) F(w) =f P(w,cosa)du(a) on (4), 


where P is Poisson’s kernel 
(21) P(w, cosa) = (1— /(1— 2w cosa + w?) 


with complex w (instead of the standard w= |w|—r) and »(a) is monotone 
-uon-decreasing on the closed a-interval [0,7] but is otherwise arbitrary (the 
u(a) of (20) is not the same as the p(a) of (19) was). Thus (20), where 
du(a) = 0 on [0, x], is necessary and sufficient in order that a function F(w), 
regular on (4), be such as to satisfy both (17) and (18). 

Let f(z) be a function which is regular on (13), satisfies (15), and 
real on (1), where z=a2- iy. The latter restriction is equivalent to the 
‘mmetry assumption 


(22) f(z*) =f*(z) on (18). 
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But it is a standard exercise that 
(23) w = tan 


is a Riemann mapping function belonging to the strip (14) and the circle (4). 
Since (tan $z)* = tan($z*), it follows that (17) and (18) are equivalent 
to (15) and (22) by virtue of f(z) —F(w) and (23). Hence, by the end 
of the preceding paragraph, the class of functions f(z) dealt with in the 
last italicized assertion is the class of those functions which are representable 
on (13) in the form 


(24) f(z) = f P (tan $z,cosa)du(a), where du(a) 2 0. 
0 
Finally, it is readily verified that, by virtue of (23), Poisson’s complex 
kernel (21) becomes identical with the quotient of cosz and 1—¢sinz, where 
t— cosa. Hence (24) can be written in the form 


f(z) =( (1—tsin2)* du (a) }eosz, 


where {cosa and du(a) =0. Since this differs from (16) and (5) only 
in notation, the proof is complete. 

Since the crucial formal point in the proof is the explicit simplification 
which results when (19) is reduced by the symmetry requirement (18), it 
is worth mentioning that, while the formulation of (19) in terms of the 
trigonometric moment problem supplied by spectral resolution of arbitrary 
unitary matrices in Hilbert space (cf., e.g., §6, of E. Hopf’s Ergodentheorwe, 
Ergebnisse der Math., vol. 5 (1937), no. 2), the restriction (18) corresponds 
to the replacement of the unitary group by its orthogonal subgroup (ct. 
C. R. Putnam and A. Wintner, Amer. Jorn. of Math., vol. 74 (1952), pp. 
52-78, and the Johns Hopkins thesis of M. H. Martin referred to there). 
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VECTEURS ANALYTIQUES DANS LES REPRESENTATIONS DE 
GROUPES DE LIE.* 


par P. Cartier et J. DIxMier.? 


Introduction. Soit + une représentation continue? du groupe de Lie 
G dans l’espace de Banach §. Selon Harish-Chandra [1], on dit qu’un 
élément ¢€ § est un vecteur analytique pour la représentation z si l’applica- 
tion s—>a(s)¢ de G dans § est analytique. Les vecteurs analytiques de § 
forment un sous-espace vectoriel, non fermé en général, de §. Lorsque le 
- groupe G est semi-simple et que la représentation « est “permise,” Harish- 
Chandra a démontré dans [1] que les vecteurs analytiques sont partout denses 
| dans §; nous nous proposons de généraliser ce résultat au cas d’un groupe 
de Lie queleonque et d’une représentation bornée sur un certain sous-groupe 
| diserét. Le résultat précis est énoncé dans le théoréme du §6, qui est le 

résultat central de cet article. 

Nous suivrons une méthode de démonstration analogue 4 celle de Harish- 
Chandra: alors que Harish-Chandra démontrait d’abord que les vecteurs 
analytiques sont partout denses dans le cas d’une représentation d’un groupe 
quasi-nilpotent, nous commencerons par une étude approfondie du cas des 
groupes résolubles; une fois obtenu le résultat pour les groupes résolubles, 
la démonstration suivra de trés prés celle de Harish-Chandra. 


1. Notations. On désigne par N l’ensemble des entiers 20, par Z 
celui des entiers rationnels, par R le corps des nombres réels et par C€ le 
corps des nombres complexes. 

L’élément neutre d’un groupe sera toujours noté e. Si f est une fonction 
sur un groupe G, la translatée A gauche ,f(s€ G) est définie par f(s’) = f(ss’). 
Ia translatée 4 droite f, est définie par f,(s’) =f(s’s). Sur un groupe 
localement compact G, une mesure de Haar est une mesure =O non nulle 


"Received November 4, 1957. 

*Les numéros entre crochets renvoient 4 la Bibliographie située & la fin de article, 

*La représentation est dite continue si l’application (2,¢) de @ H 
dans § est continue, ou, ce qui revient au méme, si pour tout ¢€%, l’application 
t+ r(x) de G dans est continue. 
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invariante 4 gauche; ]’élément d’intégrale correspondant sera noté ds gj ; 
désigne l’élément générique de G. Une semi-norme sur G est une fonction 
semi-continue inférieurement p> 0 vérifiant lVinégalité p(ss’) p(s) p(s’) 
pour s,s’€ G; pour toute semi-norme p on notera L(G, p) Vespace des fone. 
tions numériques complexes sur G de puissance p® intégrable (p= 1) pour la 


mesure p(s) ds, muni de la norme définie par || f ||p,» = | f(s) ]®p(s) 
G 


la représentation réguliére de G dans L’¢(G,p) est définie par r(s)f 
pour f € p). 

Les espaces de Banach sont toujours supposés complexes (mais il n’y 
aurait pratiquement rien de changé s’ils étaient supposés réels). 

Si § est un espace de Banach, on désigne par £(§) l’espace de Banach 
des endomorphismes continus de §. Si p est une semi-norme sur le groupe 
localement compact G et + une représentation continue de G dans l’espace de 
Banach § telle que || z(s)|| p(s) pour tout s€ G, on pose 


pour f€ L'¢(G, p). 
Tous les groupes de Lie envisagés sont supposés réels, sauf mention du 


contraire. 

Soit G un groupe de Lie, d’algébre de Lie g; on note exp l’application 
exponentielle de g dans G, et pour toute représentation continue a de @ dans 
un espace vectoriel de dimension finie, on note dm la représentation correspon- 


dante de g. On a alors, pour tout S€ g 
(1) a (exp S) —exp dr(S) 


ou le second membre est défini comme @habitude par exp T= 7"/n'. 
n=0 


Soient G, et G, des sous-groupes de G, on écrira G = G,-G, si et seulement 
si les conditions suivantes sont remplies: 


1) G, et G, sont des sous-groupes analytiques de G; 


2) Vapplication (s,,s2) s,s. de G, X G, dans G est un isomorphisme 
de la premiére variété analytique sur la seconde. 


2. Rappel de certains lemmes. 


LeMME 1. Sotent E un espace localement compact, p une mesure 2! 
sur EL, § Vespace de Banach des fonctions numériques complezes p-intégrables 
V une variété analytique complexe et f une fonction numérique comples! 
continue sur VX E satisfaisant aux conditions suivantes: 
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(i) wd existe une fonction p-intégrable g=0 sur E telle que lon wit 
pour tout V et tout ce 


(ii) pour tout x€ EB, la fonction z—>f(z,x) est holomorphe sur V. 


Si Von note alors € la fonction x—> f(z, x), Vapplication z> (z) 


de V dans § est holomorphe. 
C’est le lemme 23 de [1]. 


LEMME 2. Soient G un groupe de Lie réel, § un espace de Banach, x 
une représentation continue de G dans § et y un élément de §. On suppose 
que Vapplication s—>-x(s)y est analytique en e; alors le vecteur y est 


analytique pour la représentation 7. 
Cf. [1], p. 209, lignes 7-11. 


LEMME 3. Soient G un groupe de Lie réel, S un espace de Banach, 
7 une représentation continue de G dans §. Soit p une semi-norme sur G 
telle que || r(s)|| p(s) pour tout se G. Alors, si les vecteurs de L*¢(G, p) 
analytiques pour la représentation réguliére sont partout denses dans L'¢(G, p), 
les vecteurs de § analytiques pour w sont partout denses dans §. 


Soit A Vensemble des éléments de L*¢(G,p) analytiques pour la repré- 
sentation réguliére. Soit ® V’ensemble des combinaisons linéaires de vecteurs 
(f)7, ob rE GH et fE A. Les éléments de KR sont analytiques pour ([1], 
lemme 24), et il suffit de prouver que ® est partout dense dans §, autrement 
dit, que si @ est une forme linéaire continue sur § nulle sur R, on a ¢=0. 
Or, pour toute f€ A et tout rE H, on a 


Puisque A est partout dense dans L'¢(G,p), on en déduit que $(p(s)-x(s)2) 
=( localement presque partout sur G, donc que 0—¢(2r(e)z) =¢(z) 
puisque la fonction s—>¢(2(s)x) est continue. D’ot notre assertion (cf. 


aussi [1], lemme 25). 


LemMeE 4. Soient X et Y deux variétés analytiques réelles, Y étant 
compacte, et f une application analytique de X K Y dans un espace de Banach 
§. Tout point de X posséde alors un voisinage ouvert V ayant les propriétés 


suwantes : 


(1) existe un systéme de coordonnées analytiques (t1,- -,tn) 
dans V ; 


> 
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(ii) il existe des applications analytiques fe de Y dans § 
(e== (€:,° - € N*) 
telles que pour x€ V et y€ Y, on ait: 
cette somme étant absolument et uniformément convergente dans V XY. 


Il suffit de reprendre pratiquement sans changement, la démonstration 
de [1], de la ligne 20 le la p. 221 a la ligne 19 de la p. 222, en remplacant 


partout G par X et K par Y. 


8. Structure des groupes résolubles. Soient une algébre de Lie 
résoluble réelle et n un idéal nilpotent de § contenant [§,§]; on note i la 
dimension de n et n celle de §. Comme toute algébre de Lie résoluble contient 
un idéal de codemnsion 1 et que tout sous-espace de § contenant 1 est un id¢al 
de h, il existe une suite de sous-espaces h; de h ayant les propriétés suivantes: 


a) est de dimension pour OSiSn; 
b) est un idéal de pour OSiSn—1; 


c) 
La propriété a) nous permet de choisir une base (Xi,- + -,Xn) de § telle 
que (X,,- - -,X;) soit une base de h;. Ces données resteront fixées dans tout 
ce paragraphe. 
LemME 5. II existe un groupe de Lie réel H ayant } pour algebre de 
Lie et jouissant des propriétés suivantes: 
n 
(i) Vapplication ¢: (t1,- -,tn) exp de R" dans H est un 
isomorphisme de varvété analytique ; 
(ii) soit h— (a,(h),- -,2n(h)) Vapplication réciproque de ¢ et soit 
A V’algébre complexe de fonctions sur H engendrée par 1, les a (1 S152) 


et les expar; (2€C,k< jn); pour toute fonction fe A, il existe des 
fonctions fp, A telles que l’on ait Videntite: 


(3) 


Nous raisonnerons par récurrence sur n, le cas n=O étant trivial: 


nous supposerons donc n>O et nous poserons h’—h,1, 1 


par 


sent 
exist 


(4) 


mais 
pour 
la dé 
en 


la fo 


ce qu 


r de 

indui 


(3) 


2a ( 
pendan 


134 
din 
on 
alge 
np 
par 
(3) 
adme 
de di: 
(Is 
angul 
= 
result 
— 


REPRESENTATIONS DE GROUPES DE LIF. 139 


dimension k’ de n’ est égale 4 n—1 si n=—b, et est égale a k si nC h’; 
on peut alors construire un groupe de Lie réel H’, une application ¢’, une 
algebre A’ ayant les propriétés (i) et (ii) de l’énoncé, ob l’on doit remplacer 


n par n—1 et & par k’. 


A) Pour toute fonction f€ A’, le sous-espace vectoriel de A’ engendré 
par les translatées 4 droite de f est de dimension finie sur C d’aprés la formule 
(3) ; par suite, A’ est réunion de ses sous-espaces de dimension finie invariants 
par les translations 4 droite. Soient V’ un tel sous-espace et 7’ la repré- 
sentation de H’ dans V’ définie par a’ (h) -f =f. 

Soit (f;)1<jem une base de V’; d’aprés la condition (ii) de l’énoncé il 
existe des fonctions a;;€ A’ telles que: 


(1) (1<lSm); 


mais, si h = exp avec 1 SiSF’, la définition des montre que z/(h) =0 
pour > k’ et (h) (indice de Kronecker) pour D/aprés 
la définition de A’, on voit que pour tout f€ A’, f(exp?tX;) est un polynome 
ent pour 1 Sik’; d’aprés la formule (4), la matrice de 7’ (exptX;) par 
rapport a la base (f;) est done un polynome en ¢ puisque a,;€ A’; mais d’aprés 
la formule (1), on a 


(exp tX;) =exp da’ (tX;) = 
r=0 


ce qui impose que dz’(X;) soit nilpotent pour 1S[iSF’. 

Soit (V’,)o<psm une suite de Jordan-Holder de V’ pour la représentation 
r de H’; d’aprés le théoréme de Lie sur les groupes résolubles, les espaces 
V,’/V’p1 sont de dimension 1. Pour 1 #’, Vopérateur nilpotent dz’ (.X;) 
induit un opérateur nul dans V,’/V’,., autrement dit applique V,’ dans 
V1. Supposons la base (f;) adaptée a la suite (V,’), c’est-d-dire que V,’ 
admet (f1,fo,- - -,fp) pour base; alors la matrice représentant dz’(Y;) est 
de diagonale nulle pour Il en résulte que si (uw) =X; + Suj;X; 


1SisSn—1), la matrice qui représente dx’(Y(u)) est tri- 
angulaire et que ses termes non diagonaux sont linéaires en Si 
1SiSF’, ses termes diagonaux sont nuls.* Du lemme A de l’Appendice 
resulte que les coefficients de la matrice associée 4 l’opérateur x’ (exp tY (u) ) 
=exp(tdn’(¥(u))) sont de la forme 


**On notera que dans vous les cas les termes diagonaux de d’(¥(u)) sont indé- 


a 
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ou les P, sont des polynomes et ou les Eg sont des exponentielles-polynomes® 
et méme des polynomes si 1LSiSF’. 
m 
Or, de la formule (4) résulte fi(h) = Day(h)fj(e) et par suite, f, est 


de la forme (5); comme A’ est réunion de sous-espaces analogues 4 V’, on 


voit que, pour tout f€ A’, la fonction 


(t,u) > f(expt(X4i+ Suk) ) 


est du type (5). 


B) Soit D la dérivation Y—[X,n,Y] de Bh et soit o(v) Vautomor. 
phisme expvD de h’; comme D applique dans [h,h] NH’ C nN b’=1, 
on a o(v)-Y—Y€Erw pour tout Y€h’, et les coefficients de o(v)-Y—Y 
par rapport a la base (X,,- - de n’ sont des exponentielles-polynomes 
en v et méme des polynomes si n—).** De ce qu’on a démontré en 4), il 
résulte alors que pour toute fonction f € A’, la fonction (t;, v) f(exp tio(v) 
est de la forme: 


(6) Be (ts) 


ou les H, sont des exponentielles-polynomes et méme des polynomes si 
1=i<F’, tandis que les H,’ sont des exponentielles-polynomes et méme des 
polynomes si n= b. 

Soit +(v) Vautomorphisme du groupe simplement connexe H’ associ 


n-1 
a V’automorphisme o(v) de bh’; pour h—[] expé,Xj, on a: 
i=1 


(7) r(v) exp tio(v) “Xp 


De la définition de A’, de la formule (6) et de la formule analogue 4 |a 
formule (3) pour n—1 facteurs (que se déduit de (3) par récurrence imme 
diate), on déduit finalement que, pour toute fonction f€ A’, la fonction 
{h,v) —>f(r(v)-h) est de la forme: 


Ha(v)fa(h) 


ou f,€ A’ et les Eq sont des exponentielles-polynomes. Si kn (c’est-a-dite 


les E, sont méme des polynomes. 


ana 
appelle exponentielle-polynome & p variables u,,° réelles ou complexes, 
une fonction de la forme: P,(u,° Up) les Py sont des polynome: 
i j 
a coefficients complexes et les a,,; des constantes complexes. 


82 On notera que dans ce dernier cas, la dérivation D est nilpotente. 
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C) On peut maintenant former le produit semi-direct H de H’ et R 
au moyen du groupe a un paramétre 7(v) d’automorphismes de H’. On 
rappelle que ce produit semi-direct est, en tant que variété, identique a 


H’ < R et que la loi de groupe est donnée par: 
(9) (h,v) (h’,v’) = (h-r(v) (h’),v+v’). 


Si l’on identifie X, au générateur infinitésimal du groupe 4 un paramétre 
vy (e,v) de H, on voit immédiatement que  s’identifie 4 V’algébre de Lie 
de H, H’ étant identifié au groupe des (h,e). 

On a alors: 


ce qui prouve que ¢ est un isomorphisme de vari¢té analytique. De plus, 
daprés la définition des 2;, on a: 


et par suite A est l’ensemble des fonctions de la forme (8) (ot les F, sont 
des exponentielles-polynomes en général, des polynomes si }—n). La 
formule (3) pour f€ A résulte alors immédiatement de la définition de la loi 
de composition dans H (cf. (9)) et de la conclusion de B).—c.q.f.d. 

Nous allons, en vue de besoins ultérieurs, déterminer la mesure de Haar 
sur le groupe H. L/’automorphisme r(v) de H’ transforme une mesure de 
Haar » sur H’ en A(v)p, ot A(v) est le déterminant de l’automorphisme 
contragrédient de o(v); on a donc 


A(v) = (deto(v))-*=exp—vTr(D). 


Si vy est la mesure de Haar usuelle sur R, la formule (9) montre que la 
translation & gauche par (h,v) transforme la mesure » en la mesure 
A(v)p»@yv; la mesure A(v) du(h)dv(v) est donc une mesure de Haar sur 
H. Raisonnant par récurrence sur n, on voit que la mesure de Haar sur H 


4. Vecteurs analytiques. Cas des groupes résolubles. 


LemME 6. Soit N un groupe de Lie réel résoluble, conneze et simple- 
ment connexe. Soit p une semi-norme sur N. Les vecteurs de L'¢(N,p) 
analytiques pour la représentation réguliére sont partout denses dans L*¢(N, p). 


A) Comme deux groupes de Lie connexes et simplement connexes ayant 
des algdbres de Lie isomorphes sont isomorphes, on peut d’aprés le lemme 5 
trouver des fonctions 2,° + -,2%, sur N ayant les propriétés suivantes: 
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a) JVapplication h— de N dans R* est un igo. 
morphisme de variété analytique ; 


b) il existe des exponentielles-polynomes P; telles que: 
(10) aj(hh’) =Pi(ai(h),- +, (h’),- +,an(h’)) (1SiSn); 


c) la mesure de Haar sur N est de la forme (exp > a2;)dzx,- - - dz, 
De plus, comme d’aprés (3) V’algébre A du lemme 5 est réunion de ses sous- 
espaces de dimension finie invariants par les translations 4 gauche, on peut 
trouver des fonctions réelles y; et ay (1Sj,kSm) sur N, s’exprimant 
comme exponentielles-polynomes en les z; et telles que: 


d) m2n et pour 1SjSn; 


e) on ait les identités: 


m 


(11) y;(hh’) —2 Ajx(h)yx(h’). 


Comme les exponentielles-polynomes se prolongent en des fonctions en- 
tiéres de variables complexes, on peut d’aprés le principe du prolongement des 
identités, plonger NV dans un groupe de Lie complexe N%, les fonctions 2;, y; 
et aj, se prolongeant en des fonctions holomorphes sur N° de sorte que les 2; 
forment un systéme de coordonnées complexes sur N° et que les identités (10) 
et (11) soient valables sur N°. 

Enfin, pour achever ces préliminaires, notons que sur R, toute semi- 
norme est majorée par une exponentielle: Mexpa|az! (M,ACR) 
(cf. par exemple [2], chap. VI). Revenant a la définition des 2; (lemme 5) 


n n 
et utilisant l’inégalité p( [[ exp 4.X;) p(exp on déduit la majoration: 
4=1 i=1 


(12) p(h) (he N) 


pour une constante réelle A convenable et M > 0. 


B) Soient Q° Vespace vectoriel complexe des formes quadratiques en 
des variables ¥’,,- - -, ¥» a coefficients complexes, Q le sous-espace réel forme 
des formes quadratiques 4 coefficients réels et O* le céne ouvert de OQ formé 
des formes quadratiques positives et non dégénérées. Nous définirons une 
représentation holomorphe du groupe opposé au groupe complexe N¢ dans &° 
en posant: 


pour et he Ne. 


hol 
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Comme Q* est ouvert dans Q, pour h appartenant 4 un certain voisinage 
ouvert V de e dans N° et FE O*, la forme R(r(h)F) —4F appartient a O+ 
(R désignant la partie réelle). On en déduit, pour h€ V, l’inégalité: 


| af | —exp— RF a(Ym)) Sexp—FP(ys,° Ym)- 
Or, puisque F’€ Q*, il existe une constante réelle a >0 telle que la forme 
+; soit positive; pour h€ V, on aura 
alors: 
(14) | of | -+ 257). 

D’aprés la formule (12), la formule (14) et la forme de la mesure de 
Haar sur NV, on a donc ,f € L'c(N,p) pour h€ V; de plus, pour h’ fixé dans 
=f(hh’) dépend holomorphiquement de he V. L’inégalité (14) 
et le lemme 1 montrent que l’application h—,f de V dans L1¢(N,p) est 
holomorphe, de sorte que f est un vecteur analytique de L’¢(N,p) pour la 
représentation réguliére (lemme 2). 

C) Soit ensemble des fonctions sur de la forme exp — Ym) 
axee € Q* et soit ensemble des combinaisons linéaires complexes d’élé- 
‘ments de #. Pour démontrer le lemme, il reste a faire voir que 9 est 
partout dense dans L'¢(N,p), ce que nous ferons par une méthode un peu 
différente de celle de [1], pp. 218-220. Observons pour cela que la famille 
J a les propriétés suivantes: 

1) Les fonctions de ¥ sont continues, partout >0 sur N, et nulles 
Vinfini d’aprés (14). 

Le produit de deux fonctions de ¥ est dans §. 


3) La famille ¥ est invariante par les translations 4 gauche, car si 
f=exp—F(y,,: Ym), on a af =exp— (y1,° Ym) 3 mais pour 
he N, la matrice || aj,(h)|| est réelle et par suite r(h)FE Qt si FED. 

4) & sépare les points de N: raisonnant par l’absurde, supposons qu’il 
exicte ho, € N avec h,~e et f(hohi) =f(ho) pour toute f€ F; d’aprés la 
propriété précédente, on aurait pour f€ F et he N: 


= (hohs) == (ho) =f (h) 


dou f(h) =f(hh,”) pour toute f€ F et tout entier m. Mais lorsque m tend 


n 
It 
It 
| 
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vers l’infini, il en est de méme de h,”*; comme f est nulle a V’infini sy 994, 
N, on en déduit f 0, ce qui est absurde. , 

Alors, § est une algébre de fonctions continues complexes sur N nulles 
a Vinfini, séparant les points et stable par conjugaison. D’aprés le théordme 


de Stone-Weierstrass, toute fonction complexe continue nulle 4 l’infini sur “se 
N est limite uniforme de fonctions de § ; soit alors f une fonction continue ge 
support compact sur NV; pour toute F et tout «> 0, il existe f,€ 
telle que | ffo*—f.|S« f..|f—fofilpdhSe pfodh. Comme fi, 
appartient 4 &, on a montré que est partout dense dans L'¢(N, p). 


5. Un lemme de transition. Nous considérerons dans ce paragraphe la 


situation suivante: 


G est un groupe de Lie connexe, K et N deux sous-groupes analytiques fi Don 
de G tels que G—=K-N; enfin Z est un sous-groupe central de G contenu 


dans K tel que K* = K/Z soit compact. 
analy 


x est une représentation continue de G dans un espace de Banach § JB y*> 


» est une représentation continue de K dans § telle que: 
sur 
a) quels que soient s€ K et s’€ G, on a p(s); 
b) Vapplication » de K dans £() est analytique (au sens de la " 
norme de £()); 
c) les restrictions de et » a Z sont identiques. le che 
Soit u—u* Vapplication canonique de K sur K*; d’aprés c), l’opérateur st 


est égal 4 1 pour s€ Z, donc il existe une continue 
de K* dans telle que =*(s*) pour s€ K. 


Ceci étant posé, on a le lemme suivant: ie 


Lemme 7%. Soit f une fonction analytique sur K* et soit ~ wn élément MR tans — 
de §, vecteur analytique de § pour la représentation de N induite par +. 


Le vecteur o— f f (u*)r*(u*)y du* est un vecteur analytique de pour 
K* 


ou les 

la représentation 7. conver 
Nous pouvons étendre sans difficulté les raisonnements de [1], pp. 2°I- 
‘Si h€ WN est différente de e, h” tend vers l’infini pour m—> ©: sinon, d’aprés [4], 
chap. VI, lemme 2, les h™ seraient contenus dans un sous-groupe compact de @ not 
réduit e; mais si 7,(h) ~ 0 et a4,,(h) =: - = a,(h) = 0, la construction récurrente 

de H montre que l’on a a,(h”™) = ma,(h), ce qui ne reste pas borné pour m—> &. cette q 


st ang 


It 
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94, Pour G. on a: 
et: *) (x) (u*)u du*. 


Posons, pour et u€ K, zu—uzs(z,u) ot K et s(z,u)EN. Si 
r€Z, on a —UzS(z,U)V = puisque v est dans le centre 
de G. Done (uz)*, s(z,u) et uu, ne dépendent que de x et de w*. Nous 
noterons ces éléments u,*, s(v,u*) et y(z,u*). Les applications (a, u*) > u,*, 
(r,u*) > s(z,u*) et (x,u*) > y(z,u*) sont analytiques et l’on a: 


= = u)) 


= (s(a, w*)) — w*))ar* 


Pour fixé, les applications et sont des applications 
analytiques réciproques l’une de l’autre de K dans K. Done les applications 
u*>u,* et u*—>u,.* sont des automorphismes réciproques de la variété 
aalytique K*. Posons du,;* = D(az,u*)du*, ot D est une fonction analytique 
ur K*. On a: 


Posons: w(x, u*) = u*) f p(y (2, )y. D’aprés 
le choix de dépend analytiquement de (x,u*); lapplica- 
tin (%, 8, aB(T-n) deRXRX £(9)X § dans § est multilinéaire 
et continue et (x,u*) >p(y(x,ur*)) est une application analytique de 
¢x K* dans $(). Il en résulte que y(z,u*) dépend analytiquement de 
(r,u*) € GX K*; comme K* est compact, il existe d’aprés le lemme 4 un 
voisinage V de e dans G et un systéme de coordonnées analytiques (¢,,---, tn) 
dans V tels que, pour (z,u*) € V X K*, on ait: 


y(z,u*) = (u*) t, (2) tn (x), C= (@1,° *,€n) 


ot les applications Ye de K* dans § sont continues; la somme précédente 
converge uniformément et absolument dans V X K*. Alors: 


e 


cette derniére famille de vecteurs étant encore sommable. Done 


&t analytique dans V, ce qui, avec le lemme 2, achéve la démonstration. 
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6. Vecteurs analytiques. Cas général. Nous commencerons par dé. 


montrer un lemme concernant la structure des groupes de Lie réels générauy, 
Ce lemme est contenu dans les résultats d’Iwasawa [3]. 


LEMME 8. Sowt G un groupe de Lie réel conneze et simplement connece, 
Il existe des sous-groupes fermés K et N de G, et un sous-groupe discret 7 
du centre de G, avec les propriétés suivantes: 


(i) G=K-N; 
(ii) WN est résoluble connezxe et simplement conneze; 


(iii) K est produit direct d’un groupe compact K’ et d’un groupe 
abélien connezxe et simplement connezre A; 


(iv) ZCA et A/Z est compact. 


Comme G est simplement connexe, il est produit semi-direct d’un groupe 
de Lie semi-simple connexe et simplement connexe S et d’un groupe de Lie 
résoluble connexe et simplement connexe FR (utiliser une décomposition d 
Levi de l’algébre de Lie de G et construire a priori un tel produit semi-direct, 


qui sera isomorphe a G, puisque deux groupes de Lie connexes et simplement 


connexes ayant des algébres de Lie isomorphes sont isomorphes) . Les groupes 
S et R sont des sous-groupes fermés de G, et F est le radical de G. L’applica- 
tion (s,r)—>sr est un isomorphisme de la variété analytique SX Ff sur la 
variété analytique G. 

I] existe d’autre part (cf. par exemple [1], p. 223) des sous-groupes 
fermés K et M de S et un sous-groupe discret Z° du centre de S, possédant 


les propriétés suivantes: 
a) S=K-M; 
b) M est résoluble connexe et simplement connexe; 


ec) K est produit direct d’un groupe compact K’ et d’un groupe abélien 
connexe et simplement connexe A contenant Z°, avec A/Z° compact. 


Soit Z’ intersection des noyaux des représentations linéaires continues 
de dimension finie de S. On sait que Z’ est contenu dans le centre de S, et 
que S/Z’ a un centre fini, de sorte que Z’ est d’indice fini dans le centre de S. 
Done Z=2Z’ Z° est d’indice fini dans Z° et par suite A/Z est compact. 
Soit p la représentation adjointe de G dans Valgébre de Lie g de (; s 
restriction 4 S est une représentation linéaire continue de dimension finie 
de S; son noyau contient done Z’ et par suite, pour s€ Z, on a Adgs=]; 
done Z est contenu dans le centre de G. 
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Soit V—=M-R; comme PF est distingué dans G, N est un sous-groupe 
fermé de G. En outre N/R est isomorphe a M, donc résoluble, de sorte que 
V est résoluble; comme M et & sont simplement connexes et que V=M-R, 
V est simplement connexe. Enfin, comme G=S-R et que S=K-M, ona 
¢=K-N.—c.q. f.d. 

Nous allons maintenant démontrer le résultat central de cet article. 


THEOREME. Soient G un groupe de Lie réel, § un espace de Banach 
et r une représentation continue de G dans §. Les vecteurs de § analytiques 
pour « sont partout denses dans chacun des trois cas suivants: 


1) G est connexe et simplement connexe; si Z désigne le sous-groupe 
introduit dans le lemme 8, les opérateurs x(z) pour z€ Z sont scalaires. 


2) G est connexe et simplement connexe, et l’ensemble des opérateurs 
r(z) pour z€ Z, est borné dans £(). 


3) La représentation w est bornée, c’est-a-dire que l’ensemble des 
opérateurs pour s€ G, est borné dans 


Lorsque G est résoluble connexe et simplement connexe, les vecteurs 
analytiques sont partout denses dans §, comme il résulte des lemmes 3 et 6. 
Supposons G connexe et simplement connexe et introduisons les groupes 
K, A, N et Z du lemme 8; comme A est abélien connexe et simplement 
connexe, il est produit direct de deux sous-groupes A’ et A”, Z étant contenu 
dans A” et image de Z? par un isomorphisme ¢ de R? sur A” (p—dim A”). 

Dans le cas 1), posons r(z) =yx(z)-1 pour z€ Z; il est clair que ’homo- 
morphisme x de Z dans le groupe multiplicatif C* des nombres complexes 
se prolonge en un homomorphisme continu y’ de A” dans C*. Comme K est 
produit direct de K’, A’ et A”, on peut prolonger y’ en un homomorphisme 
y’ de K dans C* égal 4 1 sur K’ et A’; on posera p(w) = y’(u) +1 et Vhomo- 
morphisme » de K dans le groupe des opérateurs continus inversibles de §, 
est une application analytique de K dans ¥(). 

Dans le cas 2), l’expression p(s) || r(sz) ||, z2€ Z, est finie pour 
tout s€ G@ et représente une semi-norme sur G telle que p(sz) =p(s) pour 
2€Z et s€ G; introduisons la représentation réguliére 7’ de G dans L?¢(G, p). 
Comme p est invariante par les translations par les éléments de 7, les opéra- 
teurs 7’(z) sont unitaires pour z€ Z; posons: 


ou les U; sont unitaires. On peut écrire U; exp H;V—1, ot Vopérateur 


hermitien continu H; commute a tout opérateur commutant a U;; soit alors 
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»w la représentation de A” dans § definie par: 


Dp 
i=1 


que nous prolongerons 4 K en posant =p(a”) pour k’€ K’, a’ € A’ 
et a”’€ A”. L’application » de K dans £(L*¢(G,p)) est alors analytique e 
les opérateurs p(w) commutent a tout opérateur commutant aux Uj, en 
particulier ils commutent aux w’(s) (s€G@). Ona enfin pou 
we Z. 

On notera alors, que pour tout groupe compact, les fonctions analytiques 
sont partout denses dans l’espace des fonctions intégrables pour la mesure 
de Haar, puisqu’il en est ainsi des coefficients des représentations continues 
de dimension finie. Le lemme 7% et ce qu’on a vu des groupes résolubles 
montrent alors que, dans le cas 1) les vecteurs analytiques sont partout denses 
dans §, et dans le cas 2) les vecteurs analytiques pour la représentation 7’ 
sont partout denses dans L’¢(G,p). D’autre part, l’application (f,g) > fy 
est une application bilinéaire continue de L?¢(G, p) L*c(G, p) dans L'c(G, p); 
done les vecteurs de L'¢(G,p) analytiques pour la représentation réguliére 
sont partout denses dans L'¢(G,p). D’aprés le lemme 3, les vecteurs analy- 
tiques pour la représentation 7 sont donc partout denses dans §, dans le 
cas 2). 

Dans le cas 3), soit Go la composante connexe de e dans G@ et soit &,* 
le revétement universel de G,; la représentation + de G@ définit de maniére 
bien déterminée une représentation continue bornée 7* de G)*. D/’aprés 2), 
les vecteurs de § analytiques pour +* sont partout denses dans  ; mais comme 
G,* est localement isomorphe 4 Go, un vecteur de § analytique pour 7x* est 
analytique pour la restriction de z 4 G, et donc pour z (lemme 2).—c.q, f. 4. 


Appendice. 


LemME A. Soit U=|| uj; || wne matrice a coefficients complexes, a. 
lignes et n colonnes; on suppose pour t1< 7; on considére les 
comme des constantes et l’on note t une variable complexe. Dans ces conii- 
tions, les coefficients de la matrice exptU sont de la forme 


> Eq(t) Po Usi,° ° * 
a 
ou les P, sont des polynomes de degré <n et les E, sont tous de la forme 
n 
(15) 


Q; étant un polynome de degré <n. 
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REPRESENTATIONS DE GROUPES DE LIE. 


Soit V(t) —exptU. On sait que dV(t)/dt=—U-V(t), dot 


II (d/dt—a,) V(t) (U—ay- 1) V(t) =0 


n 
puisque, d’aprés le théoréme de Hamilton-Cayley, on a [J (U—a;-1) =0. 
i=1 


Les coefficients de V(t) sont done, lorsque les ui; (1 > j) sont fixés, solutions 
de ’équation differentielle Il (d/dt —a;)f(t) =0, done de la forme (15). 


Considérons maintenant ¢ comme fixé. On peut décomposer de manicre 
unique U en somme d’une matrice diagonale D et d’une matrice N avec nj =0 
pour i Sj (et done pour i>j). Soit (e) la base canonique de C", 
et considérons D et N comme des endomorphismes de €"; si V; est le sous- 
espace de €" de base (6, *,@n), on a D(Vi)C Vi et N(Vi) C Vin, 
il en résulte que tout mondme (non commutatif) en D et N dont le degré en 
V est =n est nul; par suite, pour tout entier m, les coefficients de (D+ N)™ 
sont, pour D fixé, des polynomes de degré <n en les uj (1 > 7); il en résulte 


que, pour ¢ et D fixés, les coefficients de expt(D +N) = Yi™(D+ N)™/m! 


m=o 


sont des polynomes de degré <n en les wij (1 > 7): 
Ceci posé, le lemme A est une conséquence du lemme facile suivant, dont 
on laisse la démonstration au lecteur: 


LemMME B. Soient X et Y deux ensembles, K un corps, V (resp. W) 
un espace vectoriel de dimension finie de fonctions sur X (resp. Y). Soit f 
une application de X X Y dans K telle que: 


a) pour tout x€ X, Vapplication y>f(az,y) est dans W; 
b) pour tout y€ Y, Vapplication x—>f(2,y) est dans V. 


Alors f est de la forme f(z,y) =Sga(x)haly) avec ga€ V et ha€ W. 
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THE PROBLEM OF MINIMAL MODELS IN THE THEORY OF 
ALGEBRAIC SURFACES.* 


By Oscar ZARIskI.* 


Introduction. The non-singular varieties, in a given birational class of 
varieties (over an algebraically closed field &), form—in a well-known fashion 
—a partially ordered set 8. Any minimal element of @ is called a relatively 
minimal model, and the lower bound of @ (if it exists) is called a minimal 
model (we identify biregularly equivalent varieties). The object of the present 
paper is to prove, for ground fields of arbitrary characteristic, the following 
classical result (known to the Italian geometers in ths classical case) :* if a 
birational class B of non-singular surfaces contains no minimal model then 
B is the birational class of a ruled surface (§3, Fundamental Theorem 4). 
We prove actually a stronger result. It can be proved that if our birational 
class of non-singular surfaces contains no minimal model and if F isa 
relatively minimal model in the class (such models always exist even in the 


ease of higher varieties, as long as our birational class contains non-singular 
models at all; see Corollary 1.8), then F carries an irreducible exceptional 
curve Z of the second kind (Proposition 3.3, (a) and Proposition 2.6). It 
can also be shown that the self-intersection number (H?) of an irreducible 
exceptional curve # of the second kind (on a non-singular surface F’) is 20 


(and that if has singularities then > 0); see Proposition 2.7. Then 


* Received October 24, 1957. 

+ This research was supported by the United States Air Force through the Air 
Office of Scientific Research of the Air Research and Development Command under 
Contract No. AF18 (600) -1503. 

1 See, for instance, F. Enriques [2], pp. 372-374. The proof in the classical case 
is due to Castelnuovo and Enriques, but that proof cannot be regarded as entirely 
rigorous. Furthermore, some steps of the proof, even those which could be accepted 
without objections in the classical case, would break down in the case of characteristic 
p~0. Our proof differs from the classical proof also in some of its central ideas. 
Thus: (a) we do not have to presuppose that the Castelnuovo criterion of rationality 
Pa = P, = 0 has already been established (and in fact, the validity of that eriterion 
does not result from our proof, except in some special cases; see, however, the col 
eluding remarks of our introduction) ; (b) the crucial phases of the proof are basel 
on specific properties of exceptional curves of the second kind. 
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| what we actually prove is the following stronger result: if a non-singular 
| surface F carries an wrreducible exceptional curve E of the second kind, 
‘then F is birationally equivalent to a ruled surface, and that if, furthermore, 
(E*) is positive then F is a rational surface (Fundamental Theorem B, § 3). 
A preliminary study of the problem of minimal models is contained in 
our monograph “Introduction to the problem of minimal models in the 
‘theory of algebraic surfaces,” now in course of publication in the “ Publica- 
tions of the Mathematical Society of Japan.” In that monograph (based on 
}a series of lectures given in Tokyo and Kyoto in the fall of 1956) we give 
an exposition of some background material concerning rational transforma- 
F tions and linear systems, then develop the theory of exceptional curves on a 
non-singular surface, and finally give an outline of the contents of the present 
paper. This monograph will be referred to as IP. Frequent and explicit 
Preferences to various propositions proved in IP will be made in the present 
‘paper, especially in regard to the theory of exceptional curves. 
| In Section 1 we deal with varieties of any dimension and we prove that 
rthe class @ satisfies the descending chain condition (Proposition 1.5). Thus 
‘the existence of relatively minimal models as assured (as long as @ is non- 
empty; a question which is still open for varieties of dimension > 2 in the 
‘case of characteristic +40, and for varieties of dimension > 3 in the case 
jof characteristic zero). This result is a rather straightforward consequence 
‘of the theorem of Neron-Severi.? In Section 2 we review some of the results 
concerning exceptional curves which have been obtained in IP, and we derive 
ja few other properties of exceptional curves. In Section 3 we give various 
criteria of existence of minimal models. In partilular, we show that if there 
Hloes not exist a minimal model then we are dealing with surfaces all pluri- 
igenera of which are zero (Proposition 2.9). This result (above all, the 
vanishing of the geometric genus p, and of the bigenus P,) is repeatedly 


fused in the rest of the paper. In Section 4 we prove the fundamental 


*In the case of surfaces it is possible (as was pointed out by Serre) to prove the 
descending chain condition by using sheaf theory. Namely, one observes that if F < F’, 
Where F and F’ are non-singular surfaces, then h''(F') <h'"(F’), where the notations 
fre those of the theory of sheaves. This inequality is first proved directly in the case 
ho which the birational transformation F > F” is locally quadratic, and then one uses 
ur factorization theorem for antiregular birational transformations of non-singular 
Rurfaces (see IP, Theorem II. 1.2; or also our paper [12], Lemma on p. 538). 

A second proof (which we shall publish in the Mem. Col. Sci. of Kyoto University ) 
Hs based on the consideration of the anticanonical system | — K | of an algebraic surface. 
It can be shown that if we have an infinite strictly descending chain F,>F.,.>° °° of 
Mon-singular algebraic surfaces, then dim | — K(F;)|— + %, and this can be shown 


to lead to a contradiction. 
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theorem B (stated in Section 3) under the assumption that (£°) =0 and 
also in the case in which F is non-singular. The conditions p(£) ~0 and 
(EZ?) = 0 characterize the irreducible non-singular exceptional curves of the 
second kind (Proposition 2.8), and what we are actually proving in Section 4 
is that if a non-singular surface F carries an irreducible curve EF such that 
p(E£) =0 and (£*) =0, then F is birationally equivalent to a ruled surface, 

The remainder of the paper deals with the proof of the fundamental 
theorem B in the case (H?) >0. In this case it is the rationality of F 
that has to be proved. A first step in that direction is the proof of the 
vanishing of the arithmetic genus p, of F (Section 5). It will be noted that 
our present proof of the vanishing of p, is much simpler than the proof 
which was outlined in IP (III, §3). We now make no use of the concept 
of strongly minimal models (IP, Definition III.3.1), and—what is more 
important—we do not use a local result which was stated without proof in 
IP (Proposition III.3.4). The proof of this local result will be published 
elsewhere. What is common to both proofs is the recourse to Abelian varieties 
and the use of the equality ¢g —=— pz, which holds on any surface of geometric 
genus zero. 

The proof of the fundamental theorem in the case (#7) >0 (and under 
the permissible assumption that F' is a relatively minimal model; see remark 
at the end of Section 5) has to be divided into various cases, according to 
the value of (K*), where K is a canonical divisor on F. A very short proof, 
given in Section 6, settles the case (K*) =0. In Section 7 we develop some 
general properties of surfaces which satisfy the Castelnuovo criterion p, =), 
= 0 and the inequality (K*) >0. In Section 8 we prove the Castelnuovo 
criterion of rationality in the case (K*) =3. This leaves us only with two 
cases for completing the proof of the fundamental theorem: (K.) =1 and 
(K?) =2. The proof in the case (K*) =1 (Section 9) is very short and 
simple. In the last section (Section 10) we deal with the case (K*) =? 
and here again, as in Section 8, we are proving not merely the fundamentil 
theorem B but actually the Castelnuovo criterion of rationality py—P,=! 
in the case (K?) —2 (the latter implies the former once the vanishing 0! 
Pa has been established in Section 5). We first give a very simple prod, 
but unfortunately this proof does not work for characteristic 2. We then 
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give a second (and much longer) proof which is valid for any characteristic. & ; 


This second proof is constructive in the sense that we construct the enti 
family of algebraic surfaces with pa —=P,—0 and (K?) =2. We show that 
the general member of this family is a rational surface, and we then prove ili 
rationality of the given surface F’ by a specialization argument. 
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From the foregoing outline it is seen that the present investigation 
‘contains a proof of Castelnuovo’s criterion of rationality of a surface (“a 
surface is rational if pa—=P,—0”) in the case (K?)=2. A proof of 
' Castelnuovo’s criterion of rationality, in the classical case, was given by 
Kodaira in a lecture course at Princeton in 1956 (the existence of this proof, 
and the proof itself, because known to me in Paris through an exposé by 
Serre in a Bourbaki seminar in 1957). It appears clearly from that exposé 
| that Kodaira’s proof, in the case (K*) <0, is algebraic in nature and is 
| valid for any characteristic. [On the contrary, in the case 0 < (K?) $9, 
Kodaira’s proof uses topological considerations ; our proof in the case (K*) = 3 
was presented in a Kyoto seminar in 1956 and is similar to, but somewhat 
simpler than, the proof of Kodaira in the case (K*) >9]. Thus the proof 
}of Castelnuovo’s criterion of rationality in the abstract case is complete, 
except for the case (K*) =1. We have a proof also in this case, but in order 
‘not to lengthen the present paper we do not include it here; it will be 
published elsewhere. 

We point out that the proof of the fundamental theorem in the case 
(kK?) [0 which we gave in our Kyoto seminar was very long, while in the 
present paper the proof takes a few lines (Section 6). The reason for this 
is that in the Kyoto seminar we were essentially proving also the Castel- 
Inuovo criterion of rationality in the case (K?) <0 (and not merely the 
fundamental theorem B). However, our Kyoto proof of Castelnuovo’s cri- 
‘terion of rationality in the case (K?) =0 was not as simple as Kodaira’s 


proof and is therefore superseded by the latter. 
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1. Minimal and relatively minimal models. Let & be an algebraically 
closed field and let & be a field of algebraic functions of 7 independent 
variables over k, i.e., a finitely generated extension of k, of transcendence 
degree r. By a projective model of %/k we mean a pair (V,P), where JV js 
a (projective) variety which is defined and irreducible over k, P is a general 
point of V/k, and 3=k(P). In the sequel we shall often refer to V itself 
as a projective model of =/k and shall write V instead of (V,P) without 
fear of confusion. 

We shall denote by @* the totality of all normal projective models of 
>/k, and by @ the totality of all non-singular projective models of 3/t. 

Given two projective models V—(V,P) and V’=(V’,P’) of S/l. 
there is a unique birational transformation T of V onto V’ such that 
T(P) =P’. We shall say that V dominates V’, or in symbols: V >V’, if 
T is regular on V. The relation > defines a partial ordering of the birational 
class @*. As a rule we shall identify biregularly equivalent models, i.e, 
models V and V’ such that V > V’ and V’ > V. 

Let V,V” be members of @* such that V >V’ and let T: VV" hy 
the regular transformation of V onto V’. To any irreducible subvariety W/I 
of V/k there corresponds a unique irreducible subvariety W’/k of V’/k, and 
we have dim W’=dimW. We say that W is an exceptional variety of T 
if dim W’ << dim W. It is known (see IP, Corollary I. 2.4) that there exists 
a subvariety FE of V, called the exceptional locus of T, having the following 
properties: 1) H# is defined over &; 2) every irreducible component of //! 
is an exceptional variety of 7; 3) every exceptional variety of T is containe! 
in EH. The exceptional locus FH of T is identional with the set of all points 
of V at which T is not biregular. 

Let & denote the group of divisorial cycles on V which is generated by 
the prime divisorial cycles which are rational over #. Let @’ have the similar 
meaning for the variety V’. We shall now associate with the regular tran 
formation T: V— V’ a mapping, denoted by the same letter 7, of G into &. 

If Z is a prime divisorial cycle on V, rational over k, and if the variety 
Z is not exceptional for 7, then the corresponding variety on V’ is of the 
same dimension as Z and defines a prime divisorial cycle Z’, rational! over I. 
We then set 7(Z)=—Z’. If, however, Z is an exceptional variety we ‘¢t 
T(Z) =0. We then extend the definition of the cycle transformation Z > 7(Z) 
to the whole group ©, by linearity. If we denote by G(7') the subgroup 0! 


® generated by prime divisorial cycles which are exceptional for 7, then the 
cycle transformation 7 is a homemorphism of & into &’, with kernel (7). 
It is clear that T is a mapping of & onto @’, for every (r—1)-dimensiona! 
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irreducible subvariety W’/k of V’/k corresponds, under T, to at least one 
irreducible subvariety W/k of V/k. 

Let G, (resp. &’,) be the subgroup of & (resp. of &’) which is generated 
by the cycles which are algebraically equivalent to zero. 


PROPOSITION 1.1. Denoting by E€(T) + Ga the subgroup of G which 
Sis generated by the subgroups E(T) and Ga, we have 


T(E(T) -+ Ga) = Ga. 


Proof. We shall use notations and results from Weil’s paper [10]. 
Any cycle in G, is of the form Z(N) —Z(M), where Z is a divisorial cycle 
' on the product V XC of V by a non-singular irreducible curve C/k and 
where M and N are points of C which are rational over k (Weil [10], Lemma 
10). Here the divisorial cycle Z may be assumed to be a “reduced” one, 
ie. free from prime components of the form V X W’ or WXC (WE V’, 
WcV). As to the symbol Z7(Q), where Q is a point of C, it is defined by 
the relation Z(Q) X Q@=Z-V XQ. Since Z is a reduced divisorial cycle 
and both V and C are normal, it is true for any point Q of C that all the 
prime components of the cycle Z- V & Q are proper intersections of the variety 
of the cycle Z with the variety V X Q, i.e., they are all of dimension r—1 and 
are simple for V & C (and also for VX @). They are therefore all of the 
form TX Q, where T is a prime divisorial cycle on V. Thus Z(Q) is a 
divisorial cycle on V. 

The birational transformation T7*: VX V’ XC defined T*(A X B) 
=T(A)X B (A€ V,BEC) is regular. By the preceding definition, we have 
an induced transformation, denoted by the same letter T*, of the group of 
divisorial cycles of V & C onto the group of divisorial cycles of V’ XC. We 
set Z’ = T*(Z). We now observe that if Q is a rational point of C, then 
the restriction to V Q of the birational transformation T*:V C3 
isa birational transformation Tg: V X Q— V’ X Q, defined over k, and it is 
immediate that for any divisorial cycle T on V we have 


(1) To(T XQ) =T(T)X Q. 
We have the following relation: 
(2) T*(Z)-V’' X Q=To(Z(Q) X Q). 


In fact, let T be any prime divisorial cycle on V, rational over k. If T is 
not an exceptional variety of 7, then T is biregular at a general point of I/k, 
| T* is biregular at a general point of TX @Q/k. In this case, the coefficient 
in Z-V XQ is the same as the coefficient of T(T)XQ in 
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T*(Z)-V’ XQ. On the other hand, the coefficient of [XQ in Z-V xQ 
is the same as the coefficient of T7(T) XK Q in Te(Z- V X Q), by the definition 
of the cycle transformation 7g. Hence in this case, the cycle T(T) X Q occurs 
with the same coefficient in both sides of (2). Now, assume that I is an 
execptional variety of 7. In that case, TX Q is also an exceptional variety 
of Tg [by (1)], and thus T9(T X Q) =0. Since any prime divisorial cycle 
of V’ <Q is the Tg-transform of a cycle of the form T X Q, where I is a 
non-exceptional prime divisor cycle of V, relation (2) is established. 

We now go back to our cycle Z(N) —Z(M) in G,. Let Z(M) = day, 
Z(N) => )jA;, where [; and A; are prime divisorial cycles on V, rational 
over k. We have 


Hence, by (2), 

where Z’—T*(Z). Consequently 
(3) Z’(M) —Z’(N) =T(Z(M) —Z(N)). 
This establishes the inclusion 7'(@,) C Gq and therefore also the inclusion 
T(€(T)+ G,) C Ga, since E(T) is the kernel of T. The opposite inclusion 
@’, C T(G,) follows from the fact that given any reduced divisorial cycle 
Z’ on V’ XC there exists a reduced divisorial cycle Z on V XC such that 
Z’ =T*(Z). This completes the proof of the proposition. 

CoroLuary 1.2. The group of Neron-Severi of the variety V’ (1.¢., the 


group &’/G’,) is isomorphic to ©/(E(T) + Ga) and is therefore a homo- 
morphic image of the group of Neron-Severi of the variety V. 


1.3. If the exceptional locus E of T has dimensional 
then the number of Picard p(V’) of V’(p(V’) =rank of &’/G’q) ts less than 
the number of Picard p(V) of V. 


For under our assumption, there exists a prime divisorial cycle T on 
such that 7 (If) =0, and the corollary follows from the fact that no integral 
multiple nf of T (n0) can be algebraically equivalent to zero. 


Corottary 1.4. If V is either a non-singular variety or is a normil 
surface, and if the regular transformation T: VV’ is not biregular, then 


p(V) >p(V’). 


For in either case the exceptional locus EF of T has dimension r—! 
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(van der Waerden, Algebraische Korrespondenzen und rationale Abbildungen, 
Math. Ann. 710, 1934, p. 154; Zariski, Foundations of a general theory of 
birational correspondences, Trans. Amer. Math. Soc., 53, 1943, p. 532, Corol- 
lary to Theorem 17). 

As a consequence of Corollary 1.4 and the finiteness of the number p 
of Picard we have 


Proposition 1.5. The birational class B of non-singular projective 
models of %/k satisfies the descending chain condition. If r=2 then also 
the birational class B* (of normal projective models of 3%/k) satisfies the 
descending chain condition. 


Note that in this proposition it is tacitly assumed that biregularly 
| equivalent varieties have been identified. 


DEFINITION 1.6. By a relatively minimal model of %/k we mean a 
minimal element o fthe ordered set ®B, i.e., a non-singular projective model 
V of &/k which does not dominate (in the strict sense) any other non-singular 
projective model of 


DEFINITION 1.7. By a minimal model of 3/k we mean a lower bound 
of the ordered set B, i.e., a non-singular projective model V of 3/k such 
that V< V’ for all non-singular projective models V’ of 3/k. 


CoroLuaRy 1.8. If a field %/k of algebraic functions of r independent 
variables possesses at all non-singular projective models (in particular, if 
r=2, or if r=3 and the characteristic of k 1s 0) then 3%/k also possesses a 
‘relatively minimal model, and, in fact, given any non-singular projective 
model V of %/k there exists a relatively minimal model V’ of 3/k such 
that V’< V. 


This follows from the descending chain condition in 8 (Proposition 1.5). 

If there exists a minimal model of 3/k, then there is only one such 
model. On the other hand, it follows from Corollary 1.8 that if there does 
not exist a minimal model of %/k and if the class @ is not empty, then 
there exist at least two distinct relatively minimal models of 3/k (distinct 
=not biregularly equivalent). 


2. Exceptional curves of the Ist and 2nd kind. The problem of mini- 


mal models for algebraic surfaces requires a preliminary study of exceptional 


curves on an algebraic surface. This preliminary work has been carried out 
in Part II of our paper IP and will be briefly reviewed here (without proofs). 
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DEFINITION 2.1. An algebraic curve E (reducible or not) on a normal 
surface F is said to be an exceptional curve of F tf there exists a birational 
transformation T: F—F’ of F onto a surface F’ such that E ts the tora, 
T-1-transform of @ SIMPLE point of F’ 


DEFINITION 2.2. An exceptional curve E of a normal surface F is said 
to be OF THE FIRST KIND ?f there exists a birational transformation T satisfying 
the condition stated in the preceding definition and satisfying the further 
condition that it be regular at each point of E. In the contrary case E is 
said to be an exceptional curve OF THE SECOND KIND. 


Given a curve # (on F) and a birational transformation 7: F=f’ 
such that / is the total 7-*-transform of a normal point P’ of F”’, we shall 
say, for the sake of brevity, that 7’ contracts EF into the point P’. This 
expression, when used in this paper, will therefore always mean a little more 
than what it actually says; it will mean that not only does every point of £ 
correspond to the point P” in the birational transformation T’,, but also that 
no point of F which lies outside the curve # corresponds to P’ (and it is also 
tacitly assumed that P’ is a normal point of F”). 

If a birational transformation 7: F— F’ contracts a curve F into a 
(normal) point P’ of F’ then we shall say that P’ is a contraction of E. 
If, furthermore, 7 is regular at each point of # then we say that P’ ts « 
regular contraction of E. 

An exceptional curve on a normal surface F is therefore a curve which 
admits a simple contraction (i.e., a contraction P’ which is a simple point), 
and an exceptional curve of the first kind is one which admits a simple 
regular contraction. On the other hand, if # is an exceptional curve of F, 
of the second kind, then any birational transformation 7 of F' which contracts 


E to a simple point has necessarily at least one fundamental point on the 
curve E (since F is normal), and thus T “blows up” some points of 


into a curve. 


Proposition 2.3. If P’ is a simple regular contraction of an excej- 
tional curve E, of the first kind, of a normal surface F, then P’ ts the only 
regular contraction of E (in the biregular sense; i.e., if P” is any regular 
contraction of E then the local rings op: and op» coincide). Similarly, r 
is the only simple contraction of E. The point P’ is thus uniquely determined 
by the curve E, being independent of the choice of the birational transform 
tion which contracts E into a simple point. The local ring op: is the inter- 
section of the local rings op, P€ H (see IP, Theorem IT. 2.3). 
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It can be shown by examples that an exceptional curve of the first kind 
has infinitely many non-regular (and therefore necessarily non-simple, by 
Proposition 2.3) contractions. As to exceptional curves of the second kind, 
it can be shown that any such curve has infinitely many simple contractions 
(IP, Corollary IT. 5.15). 

Let E be an exceptional curve of the first kind on a non-singular surface 
F. and let T: F—F” be a birational transformation of F which contracts 
FE to a simple point P’. By Proposition 2.3, the birational transformation 
T is necessarily regular at each point of H, whence P’ is the (uniquely 
determined) simple regular contraction of #. Nothing in our definition of 
exceptional curves of the first kind specifies the behavior of 7 at points of F 
which are not on /. Thus 7 may have fundamental points outside of FL; 
T may also contract into points other curves of F (such curves will neces- 
sarily have no point in common with F, since F is the total T-1-transform 
of P’ and since 7’ is regular, hence single-valued, at each point of F; and 
the contractions of these curves will necessarily all be different from P’). 
However, it can be shown that there exists another birational transformation 
of F which contracts F to P’ and which is biregular on F—E (see IP, 
Theorem II. 2.4, where a more general result is proved). We can formulate 


this result in the following fashion: 


We note first that F—E-+ P’ is easily seen to be an abstract surface 
in the sense of Weil. Then the above result can be stated as follows: 


Proposition 2.4. If KH is an exceptional curve, of the first kind, on 
anon-singular surface, and if P’ is the (uniquely determined) simple (whence 
also regular) contraction of EF, then the abstract surface FR—E-+-P’ ts a 


projective surface. 


By repeated applications of Proposition 2.4 we find the following 


generalization : 


Proposition 2.5. If are exceptional curves, of the 
first kind, on a non-singular surface F', such that no two of the curves F; 
have points in common, and if P’; is the simple contraction of Ej, then the 
abstract surface F—SE,;+ > P%; is projective. 


The simplest exceptional curve of the first kind which has a preassigned 
contraction P’, where P’ is a simple point of a surface F’, is the total trans- 


form of P’ under a locally quadratic transformation of F’ with center P’. 
The exceptional curve Z which is thus obtained is irreducible, rational, non- 
singular, and its numerical characters p(/) (arithmetic genus) and (E?) 
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(virtual degree, or self-intersection number) are given by (see IP, Proposi. 
tion IT. 5.9) 
(1) 


Conversely, every irreducible exceptional curve EF of the first kind, on a non- 
singular surface, is the total quadratic transform of its simple construction P’ 
(IP, Corollary II.3.2). A deeper result is the following: if an irreducible 
curve # on a non-singular surface is such that p(#) =0 and (£*) =—1, 
then £ is an exceptional curve of the first kind (see our Ergebnisse monograph 
“Algebraic surfaces” [11], pp. 71-72). 

In IP we have derived a number of properties of reducible exceptional 
curves, of the first kind, on a non-singular surface (IP, Section II.3), but 
we shall make no use of reducible exceptional curves of the first kind in 
the present paper. 

Given a reducible exceptional curve £, of the first kind, on a non-singular 
surface F’, it is possible to define a divisorial cycle € on F whose prime com- 
ponents are the irreducible components of FH, counted to suitable (positive) 
multiplicities, in such way that relations similar to (1) be satisfied, i.e., s0 
as to have p(€) =0 and (€*)——1. For the definition and _ properties 
of these exceptional cycles of the first kind (which were not treated in IP) 
see our cited monograph [11], pp. 36-40; compare also our forthcoming 
note “ Exceptional cycles of the first kind on a non-singular surface and the 
descending chain condition in birational classes of non-singular surfaces” 
in the Mem. Coll. Sci. Univ. Kyoto. 

We terminate this section with listing a few properties of exceptional 


curves of the second kind, on a non-singular surface. 


Proposition 2.6. If a relatively minimal model carries an exceptional 
curve of the second kind, then it also carries an irreducible exceptional curve 
of the second kind. (IP, Corollary II. 4.6) 


Proposition 2.7%. Jf EF is an irreducible exception curve of the second 
kind, on a non-singular surface F, and if 81, 82,° * *,8m are the multiplicities 
of its singular points (including its infinitely near singular points; if E's 
non-singular we set m and all the s; equal to zero), then there exists a non- 


negative integer n such that 
(2) p(£) =X 
(3) (EH?) =—1+235?+n, nt+m>0; 


It follows, in particular, that (EZ?) =0 and that if E has singularities then 
(E?) >0. (IP, Corollary II. 5.14) 
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We now prove the converse of Proposition 2.7: 


PROPOSITION 2.8. Let EF be an irreducible curve on a non-singular 
surface F’, and let s,,82,° + *,8m be the multiplicities of its singular points 
| (including its infinitely near singular points). If there exists an integer 
n=0 such that n+-m>0 and such that the numerical characters p(E£) 
and (E?) of E are given by (2) and (3), then E is an exceptional curve of 
the second kind. 


Proof. We have only to show that there exists an antiregular birational 
transformation 7’: F — F” of F onto a non-singular surface F” (i.e., a trans- 
formation T such that T-* is regular) such that the proper transform 
f’=T{[E] of £ is an exceptional curve of the first kind. For assume that 
this has already been shown. Then, denoting by P” the simple contraction 
of H’, the antiregularity of JT shows immediately that the total transform of 
P” on F contains the curve # and no other curves. Since the proper trans- 
form of P’” must be pure one-dimensional, it follows that / is the proper 
transform of P”, whence EF is an exceptional curve. Since (H?) 20, by 
(3), # must be of the second kind. 

Now, to obtain 7’ we apply to F successive quadratic transformations 
whose centers are at the singular points of # and of the successive transforms 
of Z, until we obtain a non-singular proper transform EF of F. Frem (2) 
and (3) we obtain easily that p(#) =0, (#7) =—1-++n. We then choose 
n distinct points of # and we apply n quadratic transformations with these 
points as centers. The proper transform of # is then an irreducible curve 7’ 
such that p(H’) —0 and (H#’)?=—1, hence an exceptional curve of the 
first kind. Q.E.D. 

If K is a canonical divisor on a non-singular surface F and Z is any 


divisorial cycle on F we set 

(4) o(Z) =—-(Z-K). 

It is known (see IP, II.5, formula (6)) that 

(5) o(Z) — (Z*) —2p(Z) +2. 


It follows from (2) and (8) that if # is an irreducible exceptional curve, 


of the second kind, on F, then 


(6) o(E) =14+n4+ 35,22. 


Thus <0. On the other hand, we have (#2) and _ hence 
(E-Z) =0 for any divisorial cycle Z=0. Consequently, if i is any integer 
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= 1 there cannot exist a divisorial cycle =O which is linearly equivalent 
to iK. In other words, the multicanonical systems |iK |, i=1,2,3,- -., 
do not exist. We have therefore 


Proposition 2.9. If a non-singular surface F carries an irreducible 
exceptional curve E of the second kind, then all the plurigenera P; of F 


(121; are zero. 


Remark. What matters in the proof of Proposition 2.9 is not that FZ js 
an exceptional curve of the second kind but the fact that F is an irreducible 
curve such that (H?) =0 and o(/) >0. Consequently, already the presence 
of such an irreducible curve # implies the vanishing of all the plurigenera. 


3. Preliminary criteria of existence of minimal models and state. 
ment of the main results. Let F be a member of our birational class 8, 
i.e., F is a non-singular projective model of the function geld 3/k. If F 
carries an exceptional curve /, of the first kind, and if P’ is the simple 
contraction of #, then, by Proposition 2.4, the class @ contains the surface 
F— E+ P’ which is strictly dominated by F, and hence F is not a relatively 
minimal model of 3/k. Conversely, if F is not a relatively minimal model 
of 3/k, then exists a surface F’ in B such that FP’ < F~AF’, the birational 
transformation 7’: F’—F has then necessarily a fundamental point P’ on 
F’, and the total transform 7'{P’} is an exception curve on F, of the first 
kind (since 7-? is regular on F’, and P’ is a simple point). We have therefore 


PRoposITION 3.1. A necessary and sufficient condition that a surface 
F in the birational class 8 be a relatively minimal model of 3/k is that F 
be free from exceptional curves of the first kind. 


We now prove 


PROPOSITION 3.2. <A necessary and sufficient condition that a non- 
singular projective model F of %/k be a minimal model of 3%/k is that F be 
free from exceptional curves (of the first or of the second kind). 


Proof. The condition is obviously sufficient. Suppose now that F 
carries an exception curve FZ. Let 7: FF” be a birational transformation 
of F which contracts F into a simple point P’. By the theorem of reduction 
of singularities there exists a non-singular projective model F” of 3/k such 
that F’< F”. Since P’ is a simple point of F’ we can choose the resolving 
birational transformation F’—> F” of F’ in such a way that it be biregular 
at P’. Then also the birational transformation F— F” contracts F to the 
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point P’, Thus and since € @, F is not a minimal model of 
This completes the proof. 

Let #1, EH, be two exception curves, of the first kind, on a non-singular 
surface F’, and let P’ and P” be the simple contractions of £, and F, 
respectively. If H, C #., then it follows from the last part of Proposition 
2.3 that op D op». (Note that also the converse is true, for if op- D op» then 
every zero-dimensional valuation with center P’ has necessarily center P”, 
' and thus the total transform F, of P’ on F is contained in the total transform 
B, of P”’). It follows that the projective surface F—H#,+ P’ strictly 
| dominates the projective surface F—EH,-+ P” (we assume, of course, that 
|B, ~ Ep). By the descending chain condition in @ (Proposition 1.5) it 
follows therefore that F’ cannot carry a strictly ascending chain FE, C FE, 
| CE;: +--+ of exceptional curves of the first kind. If, then, we call an 
; exceptional curve # of the first kind maaimal when F is not a proper subset 
of any other exceptional curve of the first kind, then we conclude that any 
exceptional curve, of the first kind, on a non-singular surface F is contained 
in at least one maximal exceptional curve of the first kind. 


PROPOSITION 3.3. A necessary condition that the field 3/k have a 
minimal model is that every non-singular projective model F of 3%/k have 
the following three properties: 


(a) F carries no exceptional curves of the second kind. 
(b) F has only a finite number of exceptional curves of the first kind. 


(c) Any two distinct maximal exceptional curves of the first kind 


have no points in common. 


A sufficient condition that &/k have a minimal model is that there exist a 
non-singular projective model of %/k having properties (a), (b) and (c). 


Proof. Assume that %/k has a minimal model, say F*. Let F be any 
non-singular projective model of 3/k. We first show that F can carry only 
exceptional curves of the first kind. Let EH be an exceptional curve on F and 
let T: FF’ be a birational transformation of F which contracts E to a 
simple point P’ (P’€ F’). Without loss of generality we may assume that 
F’ is a non-singular surface (see proof of Proposition 3.2). Let P be any 
point of H. Since P and P” are corresponding points under T, there exists 
a zero-dimensional valuation v of &/k having centers P and P’ on F and 
F’ respectively. Let P* be the center of v on F*. Since F* is a minimal 
model we have F*< F and F*< F’, whence op» C op and op» C op. From 
these inclusions and from the fact that P,P’ are simple centers of one and 


| 

| 
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the same valuation it follows by a known result (see Zariski [12], Lemma 
on p. 538, or also IP, proof of Theorem II.1.1) that either op C op. oy 
op Cop. The first inclusion is impossible since 7-? is not regular at P’ 
(the point P’ is fundamental for T-'). Hence op C op, and thus T jg 
regular at P. Since P was any point of F, the curve F is exceptional of the 
first kind, by Definition 2.1. 

We have thus shown that F has property (a). Now let P,*, P.*,- - -,P,' 
be the fundamental points of the birational transformation f: F*—F and 
let H;=f{P;}. The s curves H; on F are exceptional of the first kind (we 
assume, of course, that F~F*, and that therefore s=1, for otherwise 
conditions (b) and (c) are trivially satisfied), and no two of these curves 
have points in common; both these assertions follow from the regularity of f. 
Let FH be any exceptional curve on F. We know already that F is of the 
first kind. Let P’ be the simple contraction of F, let F’ = F—EH-+-P’ and 
let P* be the point of F* which corresponds to P’ in the birational trans- 
formation F’—>» F*, Since ops C op and P’ is fundamental for the birational 
transformation F’—> F, it follows that a fortiori also P* is fundamental for 
f: F*—F. Hence P* is one of the points P;*, say P*=—P,*. Since 
Op+ C op, it follows, by a remark made earlier, that the total transform [, 
of P* on F contains the total transform F of P’ on F. We have therefore 
shown that every exceptional curve F, of the first kind, on F is contained 
in one of the s exceptional curves ;. Hence F carries exactly s maximal 
exceptional curves of the first kind, and this proves (b). Since no two of £; 
intersect, the necessity of the condition is established.® 

‘Assume now that there exists a non-singular projective model F of 
having properties (a), (b) and (c). Let - +, be the maximal 
exceptional curves, of the first kind, on F and let P;* be the simple contrac- 
tion of F;. Since no two of £; intersect, the abstract surface F* = F — > fF; 
+ > P;* is projective (Proposition 2.5). We shall show that F* is a minimal 
model of 

Let F’ be any non-singular projective model of 3/k and let f: F’>F 
and f*: F’—>F* be the birational transformations of F’ onto F and F* 
respectively. Let P’ be any point of F’. If f is regular at P”’ then also f* 
is regular at P’ since F*< F. If f is not regular at P’, let H=f{P’} be 
the exceptional curve on F' which is the total f-transform of the fundamental 


3 We observe that even if there does not exist a minimal model the following is true 
for any non-singular projective model, F of =/k: there does not exist on F an infinite 
set of exceptional curves of the first kind such that no two curves in the set intersect 
This is a straightforward consequence of the descending chain condition in the class 8. 
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point P’ of f. The exceptional curve # is of the first kind, since F has 
property (a), and # is contained in one of the s maximal exceptional curves 
EB, say EC E,. Since P’ and P,* are the simple contractions of H and F, 
respectively, it follows from EF C K, that op D op,«. Thus also in this case 
the birational transformation f*: F’— F* is regular at the point P’. Since 
P’ is any point of F”, it follows that ¥’ >F*. Since F”’ is any non-singular 
projective model of %/k the assertion that F* is a minimal model of 3/h is 
established. This completes the proof of the proposition. 

Our principal object in this paper is the characterization of those func- 
tion fields 3/k of transcendence degree 2 which have no minimal model. 
This characterization is given by the following theorem (due to the Italian 
geometers Castelnuovo and Enriques in the classical case) : 


FUNDAMENTAL THEOREM A. [f the field %/k does not possess a minimal 
model then & 1s the field of rational functions of a ruled surface (or equiva- 
lently: & is a simple transcendental extension Q(t) of a field Q/k of algebraic 
functions of one variable). 

The converse of the fundamental theorem A is also true, but is trivial. 


For, if == (t) and if C denotes a non-singular curve such that k(C) =Q, 
then the direct product C & L, where L is a projective line, is a non-singular 


projective model of =/k (the Segre variety of the pairs of points of C and L). 
The curves FZ on C X L, given by Q & L (Q€ C), are irreducible, non-singular, 
and we have p(#H) =0, (HZ?) =0. Hence each F is an exceptional curve of 
the second kind (Proposition 2.8), and therefore Q(t) has no minimal model 
(Proposition 3.3). 

We shall prove the fundamental theorem A in the following stronger 


form: 


FUNDAMENTAL THEOREM B. Jf a non-singular surface F carries an 
reducible exceptional curve E of the second kind, then F is birationally 
equivalent to a ruled surface, and if, furthermore, (EZ?) >0 (in particular, 
if E has singular points; see Proposition 2.7) then F is a rational surface. 


The remainder of this paper is devoted to the proof of this theorem. 
In regard to this theorem we point out at this stage that if the theorem is 
true under the additional assumption that F is a relatively minimal model 
then it is true in general. For assume that the theorem has already been 
proved under the assumption that F is a relatively minimal model and let F 
hy non-singular surface satisfying the conditions of the fundamental theorem 
B. By the descending chain condition in the birational class @ of F, there 


11 


162 OSCAR ZARISKI. 


exists a relatively minimal model /* in B such that F*< F. Let T: F 3 F* 
be the (regular) birational transformation of F onto F*. We assert that ff 
is not an exceptional curve of 7’, i.e., that T{H#} is not a point. For assume 
the contrary, and let T{H} be a point P* of F*. Let P’ be a simple con. 
traction of # and let F”’ be a non-singular surface which carries the point P’, 
From the regularity of 7 and from the fact that F is the total transform 
of P’ it follows that P* is the only point of F* which corresponds to the 
point P’ in the birational transformation F’—> F*. Hence ope C op. Since 
we have also op+ C op for any point P of H#, the argument developed in the 
first part of the proof of Proposition 3.3 shows that op C op. This being 
true for every point P of EH, P’ is a simple regular contraction of F, in 
contradiction with the fact that # is an exceptional curve of the second kind. 
[What we have proved here is that no irreducible component of an excep- 
tional curve of the first kind (in the present case—of 7-'{P*}) can be an 
exceptional curve of the second kind. |] 

Let then T{#} = E*, where H* is an irreducible curve on F*. From the 
regularity of 7 and from the irreducibility of EF it follows that also E* is 
an exceptional curve (every simple contraction of H is also a contraction of 
E*). The regularity of T implies that (#**?) = (#?) (IP, I15, formula 
(12)). Since (H?) 20 it follows that also (#**) =0, and consequently 
E* is of the second kind. If, furthermore, (#*) >0 then also (/*?) >0, 
F* is rational, and so is F. 

The proof of the fundamental theorem will be divided in several cases, 
according as (£*) is zero or positive, and in the latter case according to the 
value of (K*), where K is a canonical divisor. In view of what was just 
said above, we may assume, in any given case, that F is a relatively minimal 
model. In some cases this assumption will play a crucial role in the proof, 
while in other cases that assumption is not required and will in fact not 


be made. 


4, Case (E?) =0. Beginning with this section, and throughout the 
rest of the paper, we assume that the field 3/k has no minimal model. We 
fix a relatively minimal model F of 3/k. The surface F must then carry 
an irreducible exceptional curve E, of the second kind (Propositions 3.1, 3.° 
and 2.6). In this section we assume that F carries an irreducible exceptional 
curve E, of the second kind, such that (#7) 0. Then F is non-singular 
and p(Z) 0 (Proposition 2.7), whence £ is a non-singular rational curve. 

We proceed to prove that any non-singular surface F which carries an 
irreducible non-singular rational curve EF such that (EH?) 20 (such a curve 


pen 
is 
The 
has 
whe 
com 
min 


Say 


is 

eq 

( 

wi 
Z 

we 

(2 
F 
E 
or 
n 
0: 
of 
(3 
wh 
(4 

Sin 

| has 
be 
of 
= 


THE PROBLEM OF MINIMAL MODELS. 163 


is in fact exceptional of the second kind; see Proposition 2.8) ts birationally 
equivalent to a ruled surface. 

We first consider the case (FZ?) =0. By formula (5) of Section 2 
we have o(/7) and consequently = 2n for any integer n. 


If Z is any divisorial cycle on F then by the Riemann-Roch theorem 
(1) dim | Z| = $[o(Z) + (2*)]+ po—i(2), 


where 1(Z) =1-+dim|K—dZ| and p, is the arithmetic genus of F. If 
Z=0 then 1(Z) —0 since the canonical system dos not exist on our surface 
F (see Remark following Proposition 2.9). Applying (1) to the cycle 7 = nF 


we find 


(2) dim | n#Z|=n-+ pa, n= 0. 


For any integer n = 1 we have only the following two possibilities: (a) either 
E is a fixed component of | n# |, and in that case dim | nH | dim |n—1)F , 
or (b) # is not a fixed component of |n#|, and in that case dim |n¥ 

=1+dim|(n—1)F |, since =0 and since therefore the trace of 
nE| on £ consists only of the zero-cvcle on ZH. Hence in both cases we have 
0<dim | nF |—dim|(n—1)F|S1, and from this it follows, in view 


of (2) that for large n we have 

(3) dim | =n-+c, 

where c is a constant, and 

(4) dim | | =1-+ dim |(n—1)E |. 


Since F is irreducible, it follows from (4) that for large n the system | nF | 
has no fixed components. On the other hand, if n > 1 the system | n/ | must 
be reducible since any two cycles in | n#| which pass through a given point 
of F must have a common component (the intersection number (nH: nF) 
being zero) ). Therefore, for large n, the system | nF | is composite with a 
pencil, or else all the members of | nE' | are the p-folds of other cycles, where 
p is the characteristic of k (Theorem of Bertini; see IP, Theorem I. 6.3). 
The second alternative is to be excluded, for if n is large, then also |(n —1)E | 
has no fixed components and thus | nZ| contains a cycle of the form £ + D, 
where DE |(n—1)H#| and £ is not a component of D, so that F is a simple 
component of that cycle. Therefore |n#| is composite with a pencil (not 
neecssarily linear) and thus it is also composite with a (uniquely deter- 
mined) irreducible pencil, say LZ,. Since nH€|nE|, some multiple of £, 
say 8,2, belongs to LZ, Then every cycle in |n#| which contains F as 
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if n is large, then there exist cycles in |n#| which contain F as a simple 
component, we conclude that s, 1, i.e., H itself is a member of the pencil 
L,. Since £ is irreducible and (H?) —0, EF cannot belong to two distinct 
pencils. Hence LZ, does not depend on n, and the systems | nE I, on large, 


component must contain # to multiplicity = s,. Since we have just seen that 


are composite with one and the same irreducible pencil L = Lp. 

We have thus found a pencil Z on F one member of which, namely £, 
is a prime cycle whose arithmetic genus is zero. But then also the general 
eycle of LZ, over k, has arithmetic genus zero. By the theorem of Noether- 
Enriques (or as a consequence of the purely algebraic theorem of Tsen [8])/ 
it follows that F is birationally equivalent to a ruled surface. 

The preceding proof is applicable also to the case (H?) >0 provided £ 
is non-singular, and in that case the conclusion is that the surface F ts rational. 
In fact, if (Z?) —s > 0, then after s quadratic transformations with center 
on FE and the successive transforms of EH we obtain a non-singular surface F’ 
on which the proper transform of / is an irreducible, non-singular, rational 
surve such that(#’?)—0. By the preceding proof, is a member 
of a pencil LZ’. The corresponding pencil LZ on F has s base points (s > 0) 
and is therefore a linear pencil (Schilling-Zariski [6]). Therefore also L’ 
is a linear pencil, and F is a rational surface (the field 2 of footnote 4 is 


now a simple transcendental extension of k). 


5. Case (E) >0. The vanishing of pa(F). We now assume that 
our relatively minimal model F carries an irreducible exceptional curve L. 
of the second kind, such that the self-intersection number (KH?) of EF is 
positive. Our object in the rest of the paper is to prove that F is a rational 
surfaces. In this section we shall carry out a first step of the proof, namely. 
we shall show that the arithmetic genus pg of F is zero. 


We shall need the following lemma: 


Lemma 5.1. Let T: GG’ be a rational regular transformation of « 
non-singular surface G onto a (not necessarily non-singular) variety G’ of 


‘The pencil Z determines a subfield 2 of =/k, of transcendence degree 1. The fact 
that the general member of L/k has arithmetic genus zero signifies that if 2 is taken 
as ground field then 2—a field of algebraic functions of one variable over 2—has genus 
zero. Thus =/Q has divisors of degree 2 (the anticanonical divisors of 2/2), and the 
Riemann-Roch theorem yields a projective model C of 2/2 which is a conic, defined over 
2. Since k is algebraically closed, the theorem of Tsen guarantees the existence of a 
rational point of C, over 2, and consequently C is birationally equivalent, over ©, to 4 
projective line. Hence = is a purely transcendental extension of Q. 
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positive dimension (whence G’ is either a surface or a curve). If E is an 
irreducible curve on F such that T{E} is a point then (EH?) =0. 


Proof. Let L be the linear system on G, free from fixed components, 
which corresponds to the system of hyperplane sections of G’ (see IP, I.3 
and 1.5). Since 7’ is regular, ZL has no base points. Since £ is exceptional 
for 7, the linear system T'rgL has dimension zero, i.e., this linear system 
consists only of one divisor (on #). This divisor must be the null divisor, 
for L has no base points. Hence (D-L) =0 for any cycle Din LZ. Further- 
more, if dim Z—m (where necessarily m1), then Z contains a linear 
subsystem L,, of dimension m—1, having H as fixed component. Fix a 
cycle sH + A in L,, where A=0, s=1 and where we assume that F is not 
acomponent of A. Then (A-#) 20, and since (s# + A- EF) =0, it follows 
that =0, as asserted.5 

We now go back to our relatively minimal model F. 


PROPOSITION 5.2. The irregularity q of F ws zero (q=—dimension of 


the Albanese variety of F). 


Proof. Let A be the Albanese variety of F, let f be the canonical 
mapping of F into A and let F’=f(F). Since F is non-singular it follows, 
by a well-known property of Abelian varieties (A. Weil, [9], Th. 6, p. 27) 
that the rational transformation f of F onto F” is regular. Since F is a 
rational curve and since A carries no rational curves, the transform f(E) of 
E must be a point (for otherwise f(#) would be a curve, which—by the 
theorem of Liiroth—would then be rational). Since (H?) >0, it follows 
irom the preceding lemma that F”’ cannot have positive dimension. Hence 
F’ is a point, and since F” generates A, also A is a point. Q.E.D. 

In the classical case, Severi has proved, by an essentially algebraic method, 
the completeness of the characteristic series of any ample complete con- 
tinuous system of curves on a surface F whose geometric genus py, is zero 
(see Severi [7%], Anhang F; see also our monograph [11], pp. 84-86, where 
the proof and references may be found). In other words, Severi has proved, 
in the classical case, the equality q=pg—pa by algebraic methods, under 
the assumption p,=0. This equality, under the same assumption, has now 
een established also in the abstract case, and independent proofs have been 
given by Akizuki-Matsumura [1], Nakai [4], [5] and Matsumura-Nagata 


5 Note that if F’ is a surface then one can conclude that (H?) <0. For in that case 
we have m > 2, dim Z,>0, and thus we can find a cycle s¥ + A in LZ, such that A>0. 
By the connectedness theorem (Zariski [13], Theorem 14, p. 77) it then follows that 
whence (EH?) <0. 
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[3]. Since we know that for our surface F we have p, =0 (Proposition 2.9), 
it follows from Proposition 5.2 that pa=:0. This completes the preliminary 
step of our proof of rationality of /. | 

In view of the vanishing of pa, the Riemann-Roch inequality on the 


surface F is now as follows: 

(1) dim | Z| = 3[o(Z) + (2?) ]—«(Z), 

where i(Z) ~1+dim|K—Z| and o(Z)=—(Z-K) (Z, a divisorial 

cycle; K, a canonical cycle). Since py we have i(Z) =0 if Z=0. 
We denote by Z’ any cycle which is linearly equivalent to Z + K, whence 

| Z’| is the so-called adjoint system of |Z|. We set 


(2) (K?) =». 
Then 
a(Z’) =0(Z) —», (Z’?) = (Z*) + v—-20(Z), 1(Z’) =1+ dim | 


Hence, applying (1) to Z’ instead of to Z, and using the equality o(Z) 
= (Z*) —2p(Z) +2, we find 


(3) dim | Z’ | = p(Z) —dim | —Z | —2, 
and if | Z| contains positive cycles then 


(4) dim | Z’| = p(Z) —1, Z> 0. 


6. The case (E*) > 0, (K*) = 0. In this section we prove the funda- 
mental theorem B under the assumptions that > 0, (K?) =0 and that 
F is a relatively minimal model. 

We assert that the linear system |E+nK| (the n-th adjoint system 
of |E|) does not evist if n is large. In fact, we have o(£) = 2 [see (6),§2]. 
(E-K) S—2, whence <0 if n is large. Hence, if the 
system | #-+nK | exists for large n, then that system would have the curve 
E (which is irreducible) as fixed component, in contradiction with the non- 
existence of |nK | (Proposition 2.9). 

Let m be the smallest integer (m0) such that | £ + mK | exists and 
| (m-+-1)K| does not exist. Since (mK-mK) =m?(K*) while 
(E?) >0, we have E-+mK 40. Hence the system | ¥-+ mK | consists of 
positive cycles. Let Z be a positive cycle in that system, and let D be any 
prime component of Z. Since | Z’| does not exist, a fortiori | D’| does not 
exist. Hence by (4), §5, we must have p(D) =0. On the other hand, since 
o(Z) =o(E) —m(K?) >0 we must have o(D) >0 for at least one prime 
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component D of Z. For such a D we have therefore (D?) +2>0 (since 
p(D) =0). The case (D?) =—1 is excluded since F carries no exceptional 
curves of the first kind. Hence (D*) = 0, and thus F is birationally equivalent 
to a ruled surface (§4). Since pa(F') =0, F is rational. 


7. Some general properties of surfaces with pa = P, = 0 and (K*)>0. 
In this section we consider a non-singular surface F for which the following 
conditions are satisfied: pg —=P,—0 and (K*) >0. We shall derive some 
general properties of such a surface and we shall use these properties in the 


rest of the paper. 
We set (K*) =v and we denote by K, any anticanonical cycle, i.e., any 
cycle of the form —K. We note first of all that 


(1) p(Ka) =1. 


This equality holds on any non-singular surface, for we have o(K,) 
=——(K,:K)=(K,’), and (1) follows from (5), 2. From o(K,) =v 
| we find by (1), §5: 


(2) dim | K,| 2v21, 


since =dim|2K|+1—0. Hence the anticanonical system | K,| 
exists and has positive dimension. A fortiori, all the multi-anticanonical 
systems |nK,| (n >0) exist and have positive dimension. Therefore none 
of the multicanonical systems |nK | (n >0) exists, and thus all the pluri- 
genera of vanish. 

Let Z be any divisorial cycle on F and let n be an integer >0. Assume 
that the system |Z-+nK| exists. Then if we fix a positive cycle K, in 
K, |, the linear system | Z| will contain a cycle which is =nKjy. Since, for 
a given Z, this is not possible if n is large, it follows that the system | Z-+ nK | 
does not eiast if n is large. Thus the process of successive adjunctions, 
applied to a cycle Z, always terminates after a finite number of steps. 


Lemma 7.1. If D is an irreducible curve on F and | D’| does not ezist, 
then p(D) =0 (and hence D is a rational non-singular curve). 


Proof. By (4), $5, the non-existence of | D’| implies p(D) <0, and 
hence p(D) 0 since D is an irreducible curve. 


Lemma 7.2. Let Ka be a positive anticanonical cycle. If Ka is not 
 ’ prime cycle, then every prime component of Kq has arithmetic genus zero. 


Proof. Let D be a prime component of K, and let Ka =D+ A, A>0 
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[3]. Since we know that for our surface F we have py =0 (Proposition 2.9) 
it follows from Proposition 5.2 that pa=:0. This completes the preliminary 
step of our proof of rationality of F. . 

In view of the vanishing of p,, the Riemann-Roch inequality on the 


surface F is now as follows: 
(1) dim | Z| 2 4[o(Z) + (2?) ]—«(Z), 


where 1(Z) =1+dim|K—Z| and o(Z)=—(Z-K) (Z, a divisorial 
cycle; K, a canonical cycle). Since py=0 we have 1(Z) =0 if Z=0. 

We denote by Z’ any cycle which is linearly equivalent to Z + K, whence 
| Z’| is the so-called adjoint system of |Z|. We set 


(2) (K*) =». 
Then 
o(Z’) =0(Z)—v, (2?) = (Z*) +v—20(Z), i(2’) =1+ dim 


Hence, applying (1) to Z’ instead of to Z, and using the equality o(Z) 
= (Z*) —2p(Z) +2, we find 


(3) dim | Z’ | = p(Z) —dim | —Z|—2, 


and if | Z| contains positive cycles then 


(4) dim | Z’| = p(Z) —1, a >t. 


6. The case (E*) > 0, (K*) = 0. In this section we prove the funda- 
mental theorem B under the assumptions that (£?) >0, (K?) 0 and that 
F is a relatively minimal model. 

We assert that the linear system |E-+nK| (the n-th adjoint system 
of | E|) does not exist if n is large. In fact, we have o(£) = 2 [see (6),§2]. 
(E-K) S—2, whence (E+ nK-F) <0 if n is large. Hence, if the 
system | H+ nK | exists for large n, then that system would have the curve 
E (which is irreducible) as fixed component, in contradiction with the non- 
existence of |nK | (Proposition 2.9). 

Let m be the smallest integer (m0) such that | f+ mK | exists and 
|E+(m+1)K| does not exist. Since (mK-mK) =m?*(K*) 50 while 
(E?) > 0, we have H+ mK=+0. Hence the system | + mK | consists of 
positive cycles. Let Z be a positive cycle in that system, and let D be any 
prime component of Z. Since | Z’| does not exist, a fortiori | D’| does not 
exist. Hence by (4), §5, we must have p(D) =0. On the other hand, since 
o(Z) =o(E) —m(K*) >0 we must have o(D) >0 for at least one prime 
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component D of Z. For such a D we have therefore (D?) +2>0 (since 
p(D) =0). The case (D?) =—1 is excluded since F carries no exceptional 
curves of the first kind. Hence (D?) = 0, and thus F is birationally equivalent 
| toa ruled surface (§4). Since pa(F') =0, F is rational. 


7. Some general properties of surfaces with pa = P, = 0 and (K’)>0. 
In this section we consider a non-singular surface /' for which the following 
conditions are satisfied: pg—=P.,—0 and (K*) >0. We shall derive some 
general properties of such a surface and we shall use these properties in the 
rest of the paper. 
We set (K*) =v and we denote by K, any anticanonical cycle, i.e., any 
cycle of the form —K. We note first of all that 


(1) =1. 


This equality holds on any non-singular surface, for we have o(Kq) 
=—(K,:K) =(K,’), and (1) follows from (5), 2. From o(K,) =v 
we find by (1), $5: 


(2) dim | K,|2v21, 


since i(K,) =dim|2K|+1—0. Hence the anticanonical system | 
exists and has positive dimension. A fortiori, all the multi-anticanonical 
systems |nK,| (n >0) exist and have positive dimension. Therefore none 
of the multicanonical systems |nK | (n > 0) exists, and thus all the pluri- 
genera of F vanish. 

Let Z be any divisorial cycle on F and let n be an integer >0. Assume 
that the system |Z-+nK | exists. Then if we fix a positive cycle K, in 
K,|, the linear system | Z| will contain a cycle which is =nKjy. Since, for 
a given Z, this is not possible if n is large, it follows that the system | Z-+ nK | 
does not eixst if n is large. Thus the process of successive adjunctions, 
applied to a cycle Z, always terminates after a finite number of steps. 


Lemma 7.1. If D is an irreducible curve on F and | D’ | does not exist, 
then p(D) =0 (and hence D is a rational non-singular curve). 


Proof. By (4), $5, the non-existence of | D’| implies p(D) <0, and 
hence p(D) =0 since D is an irreducible curve. 


Lemma 7.2. Let Kq be a positive anticanonical cycle. If Ka is not 
a prime cycle, then every prime component of Ka has arithmetic genus zero. 


Proof. Let D be a prime component of K, and let K,=D+A, A>0. 


| 
| 


168 OSCAR ZARISKI. 


We have | D’| =| K,—A+K|=—|—A|. Hence | D’| does not exist, and 
we can apply the preceding lemma. 


Proposition 7.3. If |Ka| contains a reducible linear subsystem L, 
of positive dimension, then F is a rational surface. 


Proof. The system L may have fixed components. Let B be the maximal 
fixed component of Z and let L, be the system obtained from L by deleting 
the fixed cycle B (so that L, is a linear system of positive dimension and 
free from fixed components). Let the cycle A be defined as follows: 1) If L, 
is irreducible then A is a general cycle of [,/k. 2) if L, is reducible, then 
L, is either composite with an irreducible pencil or the cycles of L, are all 
of the form p°C, where C varies in an irreducible linear system M of positive 
dimension ; in the first case, A shall be a general cycle of that pencil, in the 
second case it shall be a general cycle of the linear system M/k. In all cases, 


A is a prime cycle and is a component of a positive anticanonical cycle 
which is not prime. Therefore, by Lemma 7.2, we have p(A)=0. We 
have thus on F either an irreducible linear system of positive dimension. 
whose general cycle A has arithmetic genus zero, in which case F' is a rational 


surface, by the theorem of Noether-Enriques; or a pencil whose general 
member A has arithmetic genus zero. In the latter case, F must be birationally 
equivalent to a ruled surface, again by the theorem of NoetherEnriques. 
But since pg=0O, this ruled surface is of genus zero, and so again F is 


rational. 


8. Proof of Castelnuovo’s criterion of rationality in the case 
(K?) = 3. We again assume that pa—= P20 and we consider first the case 
(K*?) =v=4. We fix a rational point P of F, over k, and we denote by / 
the linear cystem of all cycles in | Kq| which have at P a singular point 
{hence at least a double point). We have dimL=dim|K,|—3, whence, 
by (2), §%: dimZZ2v—3=1. If L is reducible, then F is rational 
(Proposition 7.3). Assume that ZL is irreducible. Since p(K,) =1 it 
follows that the general member of L/k is a rational curve (which, however. 
as a cycle has arithmetic genus 1). Let T: FF be a quadratic trans 
formation of F, with center P. For every cycle D in L we have T()) 
= D+ 2#, where EF =T{P} is the irreducible exceptional curve of the first 
kind created by T and where D is a positive cycle. As D varies in /, 
D varies in a linear system L, of positive dimension, and since p(D) =! 
it follows at once that p(D) 0. Thus F carries a linear system (of positive 
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dimension) of cycles having arithmetic genus zero, the general cycle of the 


system being prime. Hence F, and therefore also F’, is rational. 


We consider now the case y=3. By Proposition 7.3 we may assume 
that | Kq| is irreducible (since dim|K,|=3). If r denotes the dimension 
of |Kq|, the system | K,| defines a rational transformation 7’: F—> F’ of 
F onto an algebraic variety F’ of positive dimension <2, immersed in a 
projective space of dimension r, whose system of hyperplane sections corres- 
ponds to | K,|. Since | K,| is not composite with a pencil, ¥’ is a surface 
(not a curve). Since the degree of | K,| is the prime integer 3 and the 
dimension is = 3, the system | K,| cannot be composite with any unramified 
involution. Hence, the function field S—k(F) either coincides with the 
function field &(F”) or is a purely inseparable extension of k(F’), of degree 
3. In the latter case, F’ would be a surface of order 1, i.e., a plane, which 
is impossible, since F” does not lie in a projective space of dimension <r, 
and r=3. Hence k(F)=—k(F’), and /” is a surface of order 23, 
birationally equivalent to F' (it could be a surface of order < 3, for a priori 
'K,| may have base points; see, however, Lemma 9.1 in the next section). 
If F’ is a surface of order < 3, or if F”’ is a cubic surface and r= 4, then 
F’ is rational [if r= 4 then a central projection of F”’ transforms F’ bi- 
rationally onto a quadratic surface; actually, it can be shown that r=3 
(see Lemma 9.1 in the next section) ]. If F” is a cubic surface in S; (r=83) 
then F” cannot be an elliptic cubic cone since pa(F’) =0 and since F and F’ 
are birationally equivalent. Hence F” is necessarily a rational surface. This 
completes the proof of Castelnuovo’s criterion in the case v= 3. 


9. Proof of the fundamental theorem B in the case (K*?) = 1. In this 
case we shall use the following result: 


Proposition 9.1. Let F be a relatively minimal model of a field %/k 
of algebraic functions of two variables and assume that pa=P.=0 and 
that (K?)=v>0. If there exists on F a divisorial cycle which is not 
linearly equivalent to an integral multiple of K, F is rational. 


Proof. We first show that F carries at least one irreducible curve having 
arithmetic genus zero. Assume the contrary. Since there exist on F divi- 
sorial cycles which are not linearly equivalent to an integral multiple of K, 
there also exist positive divisorial cycles having this property. Fix one such 
positive cycle Z. Let D be a prime component of Z. Since, by assumption, 
p(D) =1, the adjoint system | D’| exists (Lemma 7.1). A fortiori, also 
the adjoint system | Z’| (=| D’+Z—D)) exists. The system | Z’| must 
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contain positive cycles since Z=4—K. Obviously no cycle in | Z’| can be 
linearly equivalent to an integral multiple of K. Therefore, replacing Z by 
a cycle belonging to | Z’| and applying the same argument we deduce that 
also the second adjoint system |Z”| (—|Z’+K|) exists. Thus all the 
successive adjoint system |Z+nK|, n=1,2,---, exist, and this is in 


contradiction with what has been shown in the beginning of Section 7. 


The proposition will be established if we show that either F is rational 
or F carries an irreducible curve # such that p(#) =0 and (£7?) =0. For 
in the latter case F is birationally equivalent to a ruled surface (Section 4) 
and is therefore again rational, since pa = 0. 


Assume that for any irreducible curve H on F such that p(/) =0 we 
have necessarily (#?) <0, and therefore [—2 (since —a relatively 
minimal model—carries no exceptional curves of the first kind (Proposition 
3.1)). We fix an irreducible curve # on F such that p(£) =0. Since 
(H?) =—2, we have = (H?) —2p(#) +250, ie, S0. 
If (Z-K,) <0, then £ is a fixed component of | K,|, thus | K,| is reducible 
and F is rational (Proposition 7.3). We are trus led to the only remaining 
possibility: if # is any irreducible curve on F such that p(H#) =0 then 
(EH?) = — 2, whence = (K,:H) =0. If we fix such a curve it is 
a fundamental curve of | K,| (in view of (Ka: #) Thus there exist 
a cycle K, in | Ka| which has £ as component. For every irreducible com- 
ponent # of K, we have p(#) —0 (Lemma 7.2), whence o(#) =0. This 
is in contradiction with o(K,) =v > 0 and with the additive property of 
the numerical character o. This completes the proof of the proposition. 


Using the above proposition we shall now prove the fundamental theorem 
B in the case (K*) 1 assuming—as we may—that F is a relatively minimal 
model. It will be sufficient to show that our (irreducible) exceptional curve 
EF of the second kind cannot be linearly equivalent to an integral multiple 
of K. Assume the contrary:  =4qKq, where q is necessarily a positive integer 
since | K,| contains positive cycles. Then (H*) =gq? and o(Z) =q. Using 
formulae (2) and (3) of Section 2 (Prop. 2.7) we find 


h h 
g@=—1+257, q=1+2%, 
i=1 i=1 


where h> 0, 5, >0 (i—1,2,---,h) and where, in the notations of 
Proposition 2.7, we have set h=n-+-m and Sp = 1. 


h h 4 
Hence (1+ => s—1, or 1+ S 5,8; + ¥s;—0, which is impossible. 
i=1 i<j 
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10. Proof of Castelnuovo’s criterion of rationality in the case 
(K?)= 2. We shall need the following lemma which deals with the general 
case of a non-singular surface for which pp =P,—0 and v [= (K?)] is 


an arbitrary positive integer. 


LemMA 10.1. Let F be a non-singular surface such that pa=P.=0 
and v= (K*) >0. Then either F 1s rational or the following is true: the 
linear system | Kq| is irreducible, dim | Ka| =v and, furthermore, if v= 2, 


then | Kq| has no base points and no fundamental curves. 


Proof. If |Kq\| is reducible, then F is rational (Proposition 7.3). 
Assume that | K,! is irreducible. We show that the assumption dim | K,| >v 
leads to a contradiction, and that consequently dim|K,|—=v, by (2),§7. 
If dim | K,| > v, then the characteristic series of | K,| on a general member 
K,° of | Kq|/k is a linear series of degree vy and of dimension =v (hence 
necessarily of dimension y, so that dim! K,|=v-+1). This implies that 
K,° must have a singular point Q. But then the cycles of | K,| which pass 
through @ would cut out on K,° a linear series of degree [v—2 and of 
dimension = v—1, which is impossible. 

Assume now that v= 2 (and that | is irreducible). If | K,| has. 
base points, then the characteristic series of | Kq| on K,°, after the fixed 
eyele at the base points has been deleted, would be a linear series L of 
degree <v and of dimension y—1. Thus again K,° would be of effective 
' genus zero and would have to have a singular point Q. The point Q cannot 
be a base point, for in the contrary case the above series L would be actually 
of degree Sv—2 (and of dimension v—1), which is impossible. This 
being so, the cycles of | K,| which pass through Q would cut out on K,°, 
outside the fixed cycle at the base points and at Q, a series L, of degree 
Sv—8 and of dimension v—2, which again is impossible (note that L, 
is defined, since v= 2 and since therefore dim | K,| 2 2, so that there exist 
cycles in | K,|, different from K,°, which pass through Q). 

Assume now that | K,| has fundamental curves (always under the 
assumption that v= 2) and that | K,| is irreducible, and let I be an irre- 


ducible fundamental curve of | K,!. Then there exist cycles D in | Kq| which 
contain T as component, and these cycles form a linear system of dimension 
'v—1>0. Therefore F is rational (Proposition 7.3). This completes the 
proof of the lemma. 

The following is a generalization of the preceding lemma: 


LemMa 10.2. Under the same assumplions as those of Lemma 8.1, 


either F is rational, or for any integer n >1 the following is true: the system 


| 

| 
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|nK,| is irreducible, has dimension 4[vn(n+1)], is free from base points, 
and furthermore it is also free from fundamental curves tf v= 2 or if F is 


a relatively minimal model. 


Proof. We may assume that |K,| is irreducible (otherwise F jx 
rational). Applying the Riemann-Roch inequality (1), Section 5, to the 
cycle Z=nkKg, we find 


(1) dim |nK,|=4[vn(n+1)]. 


From the irreducibility of | K,| and from the fact that dim | K,| > 0, it 
follows that | nK q | can mave no fixed component. If vy > 1 that dim | K,|=? 


and hence |n,| cannot be composite with a pencil. If v1 then | K, 
is a pencil, and this could be the only irreducible pencil with which | nX, 
might be composite. But were | | composite with the pencil | K, |, then 
we would have dim|nK,|=7n, in contradiction with (1) which yields 
dim |nK,|=4[n(n+1)] >n if n>1. Hence | nK,| is not composite 
with a pencil. It is also clear that not all the cycles in |nK,| are p-fold 
of other cycles, for |nK,| contains sums of n distinct primes cycles belonging 
to |K,|. We therefore conclude that | nK,| is irreducible. 

We shall now prove, by induction on n, that dim | nK, | =vn(n + 1)/2. 
Since this equality is valid for n =1 (by the above Lemma 10.1), we assume 
n=2. We denote by r the dimension of the linear series g = Tro | nK, . 
where C is a general member of | K,|/k. Then g is a series of degree wn. 
and we have dim|nK,|=1-+7-+dim|(n—1)K,|, whence, by induction 
hypothesis, dim |nK,| =1+r+4[vn(n—1)]. By (1) we must have 
r=m—1. Were dim|nK,|>4[vn(n+1)], we would have r=vn, and 
the linear series g would have degree vn and dimension vn. That would 
imply that C has effective genus zero. Since p(C)=1 [see (1),§7], 
C would have to have a double point Q. The linear series cut out on C by 
the cycles of |nK,| passing through Q would then have degree Svn—? 
and dimension = vn—1, which is impossible.6 This proves the equality 
dim | nK, | =wn(n+1)/2. 

If v=2, then | K,| has no base points or fundamental curves, and 
this implies that also |nK,| has this same property. In the case y—1 we 
use an indirect argument. Assume that |nK,| has a base point A (n= 2). 


* Note that the cycles in |nK,| which pass through the point Q form a linear 
system of dimension => vn(n + 1)/2—1, while the cycles in | nK,| which contain ( 
as component form a linear system of dimension vn(n—1)/2. If n=2 the former 
dimension is greater than the latter, and thus there exist cycles in | nA, | which pas 
through Q and do not contain C as component. Therefore the linear series in question 


is defined. 
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Then A is also a base point of | Kq|, A€C, and the series g =Tro|nKaq\, 
outside of a fixed cycle at A, has degree =n—1. Since the dimension r 
of g is n—1, C is of effective genus zero and must have a double point Q. 
The point Q is different from A, for otherwise the above series g, outside a 
fixed cycle at A, would have degree = n—2 and dimension n—1, which is 
impossible. The cycles of |nK,| passing through Q would cut out on C a 
series of degree = n—3 and of dimension n—2, which is impossible. 

For any irreducible fundamental curve F of |nK,|, n>1, we must 
have (nKq:H) =0, since |nK,| has no base points. This implies that FZ 
is not linearly equivalent to any integral multiple of Ky. Hence if F is 
relatively minimal model, F is rational (Proposition 9.1). 

This completes the proof of the lemma. Note that Proposition 9.1 has 
been used only at the end of the proof, and hence only in the case v1, 
since in the case v= 2 the non-existence of fundamental curves of | nK,| 
has already been established in the earlier part of the proof. 

After these preliminaries we begin to treat the case v2. We assume 
that we have a surface F' which is a relatively minimal model of 3/k and 
that we have pp —=P,—0, (K*) =2. We also assume that | K,| is irre- 
ducible (Proposition 7.3). Then | K,| has no base points and has dimen- 
sion 2 (see proof of Lemma 10.1). We may also assume that | K,| has no 


fundamental curves, for otherwise F is rational (Lemma 10.1) and there is 


nothing to prove. 

Under these assumptions a very short proof of the rationality of F 
can be given, provided the characteristic p 1s different from 2. The proof is 
as follows: 

The irreducible net | K,| defines a rational transformation 7: F—> 8, 
of F onto a projective plane, the T-transform of | K,| being the net of lines 
/in S.. Since | K,| has no base points, 7 is regular on F. Since | K,| has 
degree 2, the functions field 3 (= k(F)) is an algebraic extension, of degree 
of the subfield Q—=&(S.). Since | K,| has no fundamental curves, 7? 
_ has no fundamental points in S,. Since F is non-singular, it follows that F 
is the normalization of S» in the field &% (F is a “double plane”). Since 
| p¥2, the quadratic extension ¥/k(S2) is separable, and if x,y are affine 
codrdinates in S,, then the portion of F' which lies over the affine (2, y)-plane 
is biregularly equivalent to a surface given by an equation of the form 
*=f(x,y), where f(x,y) is a polynomial free from multiple factors. The 
curve f(x,y) 0 is the affine part of the branch curve A of the double 
plane F. It follows from the equation z?—=f(a,y) that if I is a line in 8, 
}and C is the corresponding cycle in | K,| then a singular point of C neces- 


| 
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sarily corresponds to a multiple intersection of 1 with A. It follows that 
the general cycle in | K,| is a non-singular curve and is therefore of effective 
genus 1 (since p(K,) 1). Since in an elliptic function field any function 
of order 2 has 4 branch points (provided the characteristic p is ~2), it 
follows that the branch curve A is of order 4. There exists at least one 
line 1, in S2 which has no simple intersections with A (this is an elementary 
fact from the theory of plane quartic curves). Then the corresponding cycle 
C, of | K,| will either have two double points or a tacnode (according as |, 
has two distinct intersections with C,, both of multiplicity 2, or a single 
intersection of multiplicity 4); in both cases Cy has the “equivalent” of 
two double points and therefore degenerates, i.e., Co is not a prime cycle. 
A prime component of C, cannot be linearly equivalent to an integral multiple 
of Cy, and therefore F is rational, by Proposition 9.1. 

The above proof is not applicable to the case p—2. We shall now give 
another proof which is valid for any characteristic. This second proof is 
“constructive,” for in it the surface F is explicitly constructed as a member 
of an algebraic system of surfaces having pa=P.,—0 and (K*) —2. 

By Lemma 10.2 we have 


(2) dim | 2K, | =6, dim | 4K, | = 20. 


We fix a prime cycle C, in | K,|, defined over k. The functions é in § 
such that (€) +C, > 0 form a vector space (over k) of dimension 3 (since 
dim | K, |= 2), and 1 is one such function. We fix two elements z,y in } 
such that {1,2,y} is a basis of that vector space. From what was said 
above in the course of the proof of rationality of F in the case p2, % isa 
quadratic extension of k(z,y), and x,y are affine coordinates of the projective 
plane S, of which F is the normalization (in %). Clearly, & is a simple 
extension of k(z,y). We shall now introduce a particular primitive element 
of %/k(z,y). 

The functions € in = such that (€)-+2C,>0 form a vector space 
(over k) of dimension 7 (since dim | 2K,|=6, by (2)). The 6 function 
1,2, y,27, zy, y? belong to that space and are linearly independent over lI. 
Let z be a function in that vector space which is linearly independent o! 
the above 6 functions. We assert that z is a primitive element of %/k(z,4): 

We first show that z ts an integral function of x and y. For this purpos 
we have only to show that if p is any algebraic place of %/k such that p(z) 
and p(y) are both finite then also p(z) is finite. Let P be the center of ) 
on F. It will be sufficient to show that P¢(C,, since Cy is the only polat 
prime divisor of the function z. Assume the contrary: Pe€C). Le 
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(y)=C2—C., where (C,,C2€ |Kq|. Since p(x) ~oo, 
p(y) Ae and since PE Co, P necessarily belongs to C, and C2. Since 
C,, 03, C2 are three linearly independent cycles of the net | Ka|, P necessarily 
belongs to every cycle in | Kq|, i.e., P is a base point of | K,|, in contra- 
diction with the fact that | K,| has no base points. 

To show that z is a primitive element of 3/k(z,y) we have only to 
| show that z¢ k(x,y). Assume the contrary. Then z is a polynomial f(z, y) 
in #,y, since 2 is an integral function of z,y. Let n be the degree of the 
polynomial f. We shall show that n=2, and this will produce the desired 
contradiction, since the 7 functions 1, x, y, x”, vy, y?,z are linearly independent 
F over & (by our choice of z). 

Assume n > 2 and let f,(z,y) be the sum of terms of f(z,y) which are 
of degree n. Since f(r,y)—fn(z,y) has order =—(n—1) on C, and 
f(z,y) has order —2 on Cy, the quotient f,(z,y)/a2" must have positive 
order at the prime divisor Cy (since n> 2). Hence, if we denote by c the 
(,-residue of y/x then f,(1,c) =0, i.e., c is algebraic over k, and so c€k 
(note that ¢ 540,00 since both 2 and y have order —1 on C,). The function 
y—cx does not, therefore, become infinite at the prime divisor Cy and thus 
has no polar prime divisors at all. Hence y-—cx€k, in contradiction with 
the linear independence of 1,2, y over k. 

We have thus established that z is a primitive element of 3/k(z,y) 
(and, moreover, that it is an integral function of z,y). 

To find the irreducible equation for z over k(z,y) we consider the 22 
monomials (O=m+n4), (OS m+nS2) and z?, where 
mand nm are non-negative integers. If w is any of these monomials then 
(wo) +4C,>0. Since dim |4K,|—20 and since therefore the vector space 
‘of the functions € such that (€) +4C,>0 has dimension 21, it follows 
| that the above 22 monomials are linearly dependent over k. The first 21 of 
those monomials (i.e., those which are different from z?) are linearly 
independent over & (since x and y are algebraically independent over & and 
since z¢ k(a,y)). Hence the relation of linear dependence between the above 
2 monomials has the following form: 


(3) + go(a,y)2+ gs(2,y) 


where g, and g, are polynomials in 2,y, of degree not greater than 2 and 4 
respectively. The equation (3) is irreducible (since z¢ k(a,y)). We shall 
denote by g the polynomial on the left-hand side of (3) as well as the 
(projective) surface in S, defined by the equation (3). The surface q is 
birationally equivalent to F since 3 =k(z,y,z). We have therefore to prove 


the rationality of the surface g. 
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We shall now make three remarks. 


Remark 1. We denote by gq the affine part of the surface, i.e., the set 
of points of g which are at finite distance in the (z,y,z)-space. We assert 
that the affine surface gq 1s normal. To see this we have to show that 
k[a, y, 2] is the integral closure of k[z, y] in (—(z, y,z)) ; or equivalently, 
that {1,2} form an integral basis, over k[z,y], of the integral closure of 
k[x,y] in k(2,y,z). Let » be any function in k(z,y,z) which is integral 
over k[z,y]. Since Cy is the only polar curve of xz and y on F, C, is also 
the only polar curve of w on F. Hence there exists an integer n= 1 such 
that (w) +n0,=0 (on F). Now, we have dim|nK,|=—n(n+1) [see 
(1)], and hence the vector space V of all functions » in & such that 
(w) +)nC,=20 (on F) has dimension n(n-+1)-+1. On the other hand, 
the functions £ of the form f,(z,y) + 2f(z,y), where fa and fn» are poly- 
nomials in 2,y, of degree not greater than n and n—2 respectively, belong 
to that vector space. Since x,y are algebraically independent and since 
z¢k(x,y), the dimension of the space of functions { is (n-+1)(n+2)/2 
+ (n—1)n/2—n(n+1)+1. Hence this vector space coincides with J. 
Thus w has the above form f,(z, y) + 2fn-2(z, y), and this proves our assertion. 

Thus gq is the normalization of the affine (2,y)-plane in the field 3. 
Since F is the normalization of the projective (x,y)-plane in %, it follows 
that—up to biregular equivalence-—the affine surface gq can be identified 
with the part of the surface F which consists of those points P at which 2 
and y are both finite (i.e., the point P of F such that z,y€ op). Since 
(x) =C,—Co, (y) =C.—C), it follows that the part of F in question is 
F—C,. Thus gq can be identified with F—C,. 

If we now set 2’ = 1/z, y’ =y/2, then we find (z’) =C,—(, 
(y’) =C,—O,, (2) +2C,>0. The three functions 2’,y’,2are connected 
by the equation 
(3’) al? + (x’,y’)2’ + g’s(2’, 9’) =0, 


where 9’2(2’,y’) y’) y’/2’). It we 
denote by g’ the (projective) surface defined by (3’) and by g’q the afiine 
part of that surface (in the affine (x, y,z)-space), then we have, by a similar 
argument, that the affine surface g’, can be identified with F—C;. 


Finally, if we set 2’—2/y, y’=1/y, 7’ =2/y’, then 2”, are 
connected by the equation 


(3”) 2” + g's (x”, — 0, 
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' and the affine surface g”q defined by (3”) can be identified with F —C;,. 
Since Co,Ci1,C2 have no common points, it follows that the three affine 


surfaces Ja, Ja cover F. 


Remark 2. The surface g is of order 4, unless g, is of degree =3 in 
| which case g is of order =3. In the latter case the surface g is certainly 
rational since it cannot be an elliptic cubic cone (the birationally equivalent 
surface F' having arithmetic genus zero). If g is a quartic surface, the point 
| 0 at infinity on the z-axis is a double point of g. The plane sections of g 
' passing through O have a tacnode at O (i.e., they have a double point infinitely 
' near the double point O). ‘This is easily seen by a direct analysis of the 
singular point O. [In the case of characteristic zero the general plane 
section of g through O is an elliptic quartic curve, since it corresponds bi- 
rationally to a general anticanonical curve K, on F. Since g has no singu- 
larities at finite distance (in view of the inclusion gg C F) the general 
plane section of F' has no singular points outside of O, and this shows again 
that O must be a tacnode of the section.] In other words, O is a tacnodal 
point of the surface g. The plane at infinity is the tangent plane of g at O, 
and the section of g with that plane decomposes into 4 lines through O 
(these are obtained by equating to zero the highest degree homogeneous 
' component g,, of the polynomial g,(z,y)). Conversely, it is easily seen 
that if a quartic surface in S; has a tacnodal point O then the equation of 
that surface takes the form (3) provided we take O as the point at infinity 
on the z-axis and take the tangent plane of the surface at O as the plane at 
infinity. The proof developed in this section will therefore establish the 
fact that any quartic surface in 8; which has a tacnodal point is either 
| rational or is birationally equivalent to the ruled surface of genus 1 (say, 


an elliptic cubic cone). 


Remark 3. The linear system LZ on F which corresponds to the system 
of plane sections of g is defined by the 4 functions 1,2,y,z. Since we have 
on F: (x) =C,—Oo, (y) =C2—C, and (z) = D—2C%, where Dé | 2Kq|, 
L is generated by the 4 (linearly independent) cycles 2Co, C, + Co, C2 + Co, D. 
; (Note that Z has no fixed components, since the irreducible curve C, cannot 
be a component of D; otherwise D would be of the form C,-+C;, where 
Ka |, and D would belong to the system generated by 
(,-+ (Co, and this is not the case.) The base points of L are the 4 (generally 
| distinct) intersections of C, and D. These intersections are the fundamental 
points of the birational transformation 77: F—>g. To each of these points 
corresponds on g one of 4 lines in which the plane at infinity cuts g. The 
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irreducible curve C, is a fundamental curve of L (since Cy, is a fixed com. 
ponent of the two-dimensional subsystem of L which is generated by the 
cycles 20,0; -+Co,C2+C,). This curve Cy is the only exceptional curve 
of T and to it corresponds on g the point O, which is thus a fundamental 
point of T-1.. It is easily checked that O is the only fundamental point of 
T~ and that the intersections of C, with D are the only fundamental points 
of T. 

Note that the above considerations show that with our choice of (, 
(C.-irreducible) the surface g must be of order exactly 4 (and not less), 
for L—a subsystem of the system | 2K,|, which has degree 8—has exactly 
4 base points (or the equivalent of 4 base points if C, and D have some 
multiple intersections). The same conclusion holds true if Cy is reducible, 
provided C, and D have no common components. Suppose, however, that 
C, is reducible and that one of its irreducible components, say A, is also a 
component of D. Then A is a fixed component of LZ, and the defining linear 
system of the birational transformation T: F—g is not L but the system 
L, obtained from LZ by deleting the fixed component A from all the cycles 
in L (we assume here, for simplicity, that Z, has no fixed component). In 
this case it is easily found that LZ, has degree <4, whence g is a surface 
of order =3. In this case, then, the rationality of F’ follows at once. We 
observe, however, that since we have assumed F to be a relatively minimal 
model, the rationality of F follows already, in view of Lemma 9.1, from the 
existence of a cycle C,€ | K,| which is not prime. (End of the remarks.) 

As was stated at the end of Remark 2, we propose to prove in this 
section the following proposition : 


Proposition 10.3. Every twrreducible quartic surface g given by an 
equation of the form (2) is birationally equivalent to a cubic surface in 8; 


(or to a surface of order <3). 


This will establish Castelnuovo’s criterion of rationality in the case 
(K*) =2, since every cubic surface, other than an elliptic cubic cone, is 
rational and since F—which has arithmetic genus zero—cannot be birationally 
equivalent to an elliptic cubic cone. 

The intersection of the surface g with a plane is a cycle of degree 4. 
The proof of Proposition 10.3 will be based on the following lemma: 


Lemma 10.4. If there exists a plane w through the tacnodal point 
of g different from the plane at infinity, such that the intersection gr 
splits into two cycles of degree 2, both passing through O, then the surface § 


is birationally equivalent to a surface of order S38. 
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Proof. Let i, pe, ps, ps be the 4 lines in which the surface g is cut by 
' the plane at infinity (the lines p, need not be distinct). Subject to an affine 
| change of the nonhomogeneous coérdinates « and y, we may assume that = 
is the plane x0. Setting g2(0,y) —he(y), gs(0,y) =ha(y), we see that 
| the intersection cycle g-z consists of the cycle T defined by the equation 


(4) + he(y)z+ hs(y) =0 


and perhaps of one (and only one) of the line p; (counted to a suitable 
multiplicity). If hs(y) is of degree > 2 then equation (4) must be reducible, 
| for otherwise T would be a prime cycle of degree = 3, and the intersection 
eycle g-w could not split into two cycles of degree 2. Assume now that 
hy(y) is of degree =2. Then T is a cycle of degree 2, and T does not pass 
through the point O (the point at infinity on the z-axis). The intersection 
cycle g-z is then of the form [+ 2p, (where p, is one of the lines p;). Since 
0¢1T, 9-7 could not be a sum of two cycles of degree 2, both passing through 
| 0, unless T splits into two lines q;,q2 (in which case g-m has the desired 
decomposition (9:-++p:) + (q2+ p1)). Hence also in this case equation 
(4) must be reducible. Let then 


+ ho(y)2+ha(y) = (2 +¥(y)) (2 +¥/(y)), 


| where y(y) and y’(y) are polynomials of degree =2. We now replace z by 
| the element z+ u(y) (this amounts to a birational transformation 2’ =z, 
y=y, Then the equation (3) takes the form 


+ = 0, 


' where g.(z,y) and g;(z,y) are polynomials of degree at most 2 and 3 
| respectively. Thus we may assume that in the original equation (3) the 
| polynomial gs(x,y) is divisible by x But then the birationally equivalent 
| surface g defined by equation (3’) (Remark 1) is a surface of degree = 3 
(since g’,(2’,y’) has now degree =3). This establishes Lemma 10. 4. 

The surface g belongs to an irreducible algebraic system N/k of quartic 
| surfaces in S; whose general member @ is defined by an equation of the form 
‘similar to (3): 

G: 2+ G,(a, y) =0, 


* We observe—going back to the original surface F—that the conditions imposed 
on the element z (i.e., the divisor of the function z to be a mutiple of —2C, and ¢ 
| to be linearly independent of the functions 1, a, y, #*, ey, y’) do not determine z uniquely. 
| Any function of the form cz + W(a,y), where 0 ~cék and ¥(a2,y) is any polynomial 
of degree < 2, will satisfy the same conditions. 
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where G,(z,y) and G,(z,y) are polynomials of degree 2 and 4 respectively, 
with coefficients which are algebraically independent over k. Note that 
dim VN = 21. 


We shall prove that there exists a plane o such that o and the inter- 
section cycle G-o satisfy the conditions of Lemma 10.4 (with g and 
replaced by G and o). We assume for a moment that this assertion has 
already been proved and we show how Projosition 10.3 can be derived from 


this assertion. 


The surface g is a specialization of G, over k. Let (G,c) 4, (9,7) be 


an extension of the specialization ny, Then zw is a plane through 0, 
and since G-o is a sum of two cycles of degree 2 passing through 0, the 
same is true of the intersection cycle g-a (note that O is rational point 
over k). If is not the plane at infinity, then Proposition 10.3 is established, 
in view of Lemma 10.4. If, however, w is the plane at infinity, then we 
replace both G and g by their birational transforms G’ and g’ under the 
transformation 2’ =1/z, y’=y/z, 2’ =2/x?. Then also G’ is a general 
member of N/k. Furthermore, if the equation of o is av-+ by+c=0 we 
denote by o’ the plane a + by’ + cz’ 0 (the transform of o under the trans- 
formation 2’ =1/z, y’=y/xr) and by the plane It is clear that 
o’ and G’ are in the same relationship to each other as are o and @ (i.e, 
the conditions of Lemma 10.4 are satisfied when g and z are replaced by 
G@ and o’) and that (g’,27’) is a specialization of (G’,o’) over k. Since 7’ 
is not the plane at infinity, g’—and therefore also g—is birationally equiva- 
lent to a surface of order =3. This completes the proof of Proposition 10.3. 


We now proceed to the proof of the assertion that there exists a plane o 
such that o and the cycle G-o satisfy the conditions of Lemma 10.4 (with 9 
and x replaced by G and o respectively). 

The algebraic system N, of which G is a general member over /, contains 
an irreducible subsystem N’ whose general member over & is the surface / 


defined by 
(5) + A2(2,y)[2 + $2(2, y)] + y)Aa(a, y) = 9, 


where A;,A., A; and are polynomials in 2, y, of degree 1, 2,3 and 2 respec- 
tively, with coefficients which are algebraically independent quantities over /. 
We shall denote also by H the left-hand side of the equation (5). Then 


(6) H=2+ H,(2,y)z+ H,(2,y), 
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H(z, y) = A,(x,y) + 22(2,y), 
H,(x,y) = y)As (x,y) + + [2(2, 


which shows that H is indeed a specialization of G over k and that conse- 
quently V’ C NV. Now, the surface H satisfies the conditions ef Lemma 10.4 
(with g replaced by H and z replaced by the plane A,(z,y) 0), for 
the intersection of H with the plane A,(v,y) —0 splits into two cycles 
of degree 2, defined respectively by the equations z+ ¢2(z,y) =0 and 
z+ $.(2,y) + A2(x,y) =0, and both these cycles pass through the tacnodal 
point O. So everything will be proved if we show that also the surface H 
is (as well as G) a general member of N/k (and that therefore N’ actually 
coincides with NV). 

From now on we shall denote by G* (resp., H*) the point, in the affine 
space of dimension 21, whose (non-homogeneous) codrdinates are the coeffi- 
cients of G.(z,y) and G4(2,y) (resp., of H.(z,y) and H,(a,y)). We have 
dim G*/k = 21, and what we have to prove is that also 


(9) dim H*/k = 21. 


We shall denote by A* (resp., ¢*) the point in the affine space of 
dimension 25 (resp., of dimension 6) whose (non-homogeneous) codrdinates 
are the coefficients of the polynomials A,(a,y), Ao(z,y), As(x,y), $2(2, y) 
(resp., of the polynomial ¢.(z,y)). We have dim A*/k = 25, and we also 
know, by (7) and (8), that the point H* is rational over the field k(A*). 
Hence, in order to prove (9), we have to show that 


(10) dim A*/k(H*) = 4. 

Since we have at any rate dim H*/k <= 21, it follows that dim A*/k(1*) = 4. 
So all we have to prove is that 

(11) dim A*/k(H*) = 4. 

Let A,* denote the point, in the affine 3-space, whose (non-homogeneous) 


codrdinates are the coefficients of the linear polynomial A,(z,y) (note that 
this point is also rational over k(A*)). We show first that 


(12) dim A*/k(H*, A,*) 3. 


We fix a (finite) specialization 4* of A* over k(H*,A,*) which is algebraic 
over k(H*,A,*). The codrdinates of the point A* are the coefficients of 
certain polynomials A,(2,y), A2(#,y), As(a,y) and ¢2(2,y) (of indicated 
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degrees). We have A,(z,y) =A,(2z,y) since A* is a specialization of A* 
over k(A,*). By (7) and (8) we have 


+ 2$2(2,y), 
(13) Hy,(2,y) + y)b2(2,y) + ]?, 


whence upon setting 


we find, again by (7) and (8): 
(15) A2(z,y) =A2(z,y) + 292(2,y), 


(16) =A1(z,y)As(2, y) + A2(2, y)qo(z, y) + y) ]?. 


From (16) it follows that q2(z,y) must satisfy the congruence 


+ [92(2,y) ]?==0 (mod Ai (z,y)). 


Since g. must be a polynomial of degree =2 this congruence has only two 
general solutions g.*; they are given by q.*(z,y) =A,(z,y)pi(z,y) and 
go* (x, y) =—A,(z,y) + Ai (2, y)pi(z,y) respectively, where is the 
general linear polynomial in z,y. Each of these solutions depends on three 
arbitrary parameters; more precisely, we have dim q.*/k(H*, A,*) =3 (note 
that the coefficients of A,(z,y) are algebraic over k(H*,A,*), by our choice 
of the specialiaztion A*). From (14), (15) and (16) we see that the 
coefficients of ¢2, A, and A; are rational over k(A*,qg.*). Since A* is 
algebraic over k(H*, A,*), it follows that A* is algebraic over k(H*, A,*.92*). 
The inequality (12) now follows from the equality dim q2*/k(H*, A,*) =3. 


In view of (12), the inequality (11) will be established if we show that 


(17) dim A,*/k(H*) 1. 


It will be sufficient to show that the number of planes A,(x,y) =O (in the 
ambient 3-space of the surface H) such that the A,(z,y) is a (finite) 
specialization (over k(H*), of the linear polynomial A,(z,y)), is finite. 
Now, any such plane shares with the plane A,(z,y) —0 the property 
that its intersection with the surface H splits into two cycles of degree ®, 
both passing through the tacnodal point 0 of H. Now, let A,(z,y) be such 
a plane. The quadratic polynomial H in z factors, mod A,, into a product 
where and are polynomials in 2,y, of degree 2 
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proof of Lemma 10.4). We have seen in the proof of Lemma 10.4 that 


the birational transformation 


(18) &—2/A,, §=—y/A,, Z=2+0/A,? 


transforms H into the cubic surface 
C: 2 C,(&, y)2 C3 (4, 0, 


where C, and C; are polynomials of degree 2 and 3 respectively. From the 
fact that A,,A2,A; and ¢2 are polynomials whose coefficients are algebraically 
independent over & it follows at once that C is the general cubic surface in 83 
(referred to a special system of coddinates). Now, it is clear that in the 
birational transformation (18) the system of plane section of H through O 
corresponds to the system of plane sections of C passing through the point 
at infinity on the Z-axis. If a plane a passing through O, different from 
the plane at infinity and the plane 4,—0, intersects H in a sum of 
two cycles, of degree 2, both passing through O, then the section of C with 
the corresponding plane af+ By+y—0 is reducible and therefore con- 
tains a line of the cubic surface. Since the general cubic surface contains 
only a finite number of lines, the number of planes with the above indicated 
property is finite. This completes the proof. 


HARVARD UNIVERSITY. 
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THE DETERMINATION OF PARACOMPACTNESS BY 
UNIFORMITIES.* * 


By H. H. Corson. 


1. Introduction. In the theory of paracompact spaces the global nature 
of the concept of paracompactness is emphasized by many theorems. It would 
seem then that some convenient formulation would be possible in terms of 
uniform structures. 


A possible solution to this problem was suggested by Kelley in [3, p. 208], 
where he conjectured that if XY is topologically complete, plus another con- 
dition, then XY is paracompact. This conjecture was shown by Isaac Namioka 
to be false. However, in the theorem proved below it will be seen that a 
property very similar to topological completeness is successful in this rdle. 
In fact Y is paracompact if and only if XY admits a uniformity under which 
every filter satisfying a Cauchy-like condition has a cluster point. 


A well known open question which appears to be closely related to our 
theorem is this. If a topological space has the property that its product with 
every compact space is normal, is it paracompact? Dieudonné proved in [2] 
that every paracompact space X has this property, and also that the set of 
all neighborhoods of the diagonal is a uniformity for X. Our theorem 
demonstrates that, together at least, these two properties are sufficient as well 
as necessary. 


However, since paracompact is a purely topological term, we give a 
formulation of our results in topological terminology. As might be expected 
from the theory of uniform structures, this last equivalence is between para- 
compact spaces and spaces on which enough continuous functions are defined, 
these functions taking values in metric spaces (metrizable spaces). 


The last section of the paper is devoted to relating our theorem with 
known results. Some shortcomings of our methods are pointed out, as well 
as some applications. An example of the latter is the use of our theorem to 


* Received September 5, 1957; revised December 12, 1957. 
1 Written with the support of the National Foundation grant to Tulane University. 
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compare paracompact spaces with topological spaces which are Lindeléf 
spaces, QY, or topologically complete. 


2. The theorem. Before stating the theorem, we should first mention 
that the necessary termininology and theory of filters, uniform structures and 
paracompact spaces may he found either in Bourbaki [1] or Kelley [3]. 
We will also need to define the following property of a filter, which is slightly 
weaker than the Cauchy property. 


Definition. <A filter # in a uniform space (X,U) is weakly Cauchy if 
for every UE U some filter stronger that ¥ becomes U small. That is there 
is a filter Hy, F C Hy, and HXH CU for some HE Hy. All topological 
spaces will be assumed to be Hausdorff spaces. 


THEOREM 1. For a topological space X the following are equivalent: 
(a) X is paracompact. 


(b) The set of all neighborhoods of the diagonal is a uniformity for X, 
and the product of X with every compact space 1s normal. 


(c) There is a uniformity for X under which every weakly Cauchy 
filter has a cluster point. 


(d) If ¥ isa filter in X such that the image of F has a cluster point 
in any metric space into which X is continuously mapped, then F has a 
cluster point in X. 


Proof of (a) > (b). This follows from the theorem of Dieudonné [2]. 


Proof of (b) > (c). Assuming (b) we may choose a uniformity U for 
X where U is the set of all neighborhoods of the diagonal A. Suppose ¢ is 
a filter which is weakly Cauchy under U and such that ¥ has no cluster 
point in XY. Let A be the cluster points of ¥ in some compactification of Y, 
say a(X). Then it is easily verified that A and A XX are disjoint closed 
sets in a(X)X X, and consequently by (b) there is a neighborhood U of A 
such that closure (U) does not intersect A XX. 


By our choice of U we have that UEU. Since F¥ is assumed weakly 
Cauchy, there is a filter 9 stronger than F with HE # and H XH con- 
tained in U. We now have this situation. & has a cluster point in «(X), 
this cluster point is also a cluster point of ¥, and it clearly is not in A. 
This contradicts the assumption that A was the set of all cluster points of . 
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Proof of (c) => (d). Let F be a filter whose image has a cluster point 
in every metric continuous image of Y. We assume that UW has the property 
stated in (c) and prove that ¥ is weakly Cauchy with respect to U. 


If UE U, then we must show there is an & stronger than ¥ such that 
4% becomes U small. However, by the characterization of WU in terms of 
‘carts, it follows that there is a pseudo metric p with U’ = {(a, y): p(a, y) S1} 
contained in U. Furthermore, if J is the original topology for X, the 
identity map from (X,7) to (X,p) is continuous; thus if Y is the metric 
space canonically associated with (X,p) then there is an induced map f from 
to Y. 


From our assumptions on ¥, f(#) clusters in Y; therefore there is 
a filter SY’ stronger than f(¥#) which converges in Y. It follows that 
9 = sup {f-?(#’), F} is a filter which has the properties required. In fact 
since #’ is Cauchy in Y, there is a H’€ &’ such that H’ < H’ is contained 
in fXf(U’). Thus for some HE #, HCf?(H’) and HXHCU’'CU. 


Proof of (d) > (a). Suppose X were not paracompact under the con- 
ditions in (d), then there is an open covering @ of X with no locally finite 


open refinement. 


Suppose R is the collection of finite subsets of @, and for each RER 
let F(®R) be the complement of _J{R:RE 0%}. Obviously no finite sub- 
collection of @ covers X, therefore {F'( 0): & € R} is the base of a filter F; 
and, since @ is an open cover, & has no cluster point in YX. 


By hypothesis there is a continuous mapping f of X into a metric space 
| VW such that f(#) has no cluster point in M. Let U be the open cover of 
i defined by UE U if and only if U is the interior of the complement of 
some f(F’) with Fe ¥. Since by A. H. Stone’s theorem [6] each metric 
space is paracompact, there is a locally finite open refinement Y of U. 


We now consider the cover & of X where = {f*(V): VEY}. 
¥ is locally finite in Y since Y is locally finite in 1. Moreover, LE & 
implies L is in the complement of some ¥(#), so R(L) ={LNR:RE KR} 


isa cover of L. 


Let us show that = (L):L€ is a locally finite open refine- 
ment of @. €@ is obviously a cover of XY, and each LN RE R(L) is 
contained in some member of @. To show that @ is locally finite, fix 
r€X and a neighborhood U of z such that U intersects only a finite number 
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of members of &. Since each of these Z is covered by a finite number of 
IL R, we see that U intersects only a finite number of C€ @. This contra. 
diction completes the proof. 


3. Comments. 


I. A space X may be defined to be topologically complete if it is com- 
plete under the strongest admissible uniformity U. Closely related to this 
(see [4] and [5]), X is Q if it is complete under the weakest uniformity Y 
such that all real valued continuous functions are uniformly continuous, 
Since (c) of Theorem 1 may be stated in terms of U, the following question 
arises. Which are the spaces such that every filter weakly Cauchy with 
respect to UV has a cluster point? 

THEOREM 2. For a regular topological space X the following are 
equivalent : 


(a) X is a Lindelof space. 
(b) Every filter weakly Cauchy with respect to UV has a cluster point. 


(c) If a filter F is such that its image has a cluster point in the reals 
under every real continuous image of X, then F has a cluster point in X. 


Proof of (a) > (b). Let # be a filter weakly Cauchy under VU. Since 
X is a regular Lindeléf and hence normal, there is a filter 9 weaker than # 
such that (i) 9 has a base of sets of the form Z(f) = {x: f(x) =0} and 
(ii) 9 has the same cluster points as #. 


Suppose ¥, and therefore #, has no cluster point. Then the hypothesis 
that X is Lindeléf implies the existence of a countagle collection of Z(f;) € # 
such that  Z(fi) is empty. Since we may also assume 0 f;=1, we have 


that g = (> 2-‘f,)-1 is a real continuous function defined on all of X. More- 
1 


over, if V={(a,y):|g(z) —g(y)| 1}, then no filter stronger than J 


can become V small. 


Proof of (b) > (c). The proof is entirely similar to that of (c) > (4) 
in Theorem 1. 


Proof of (c) > (a). Let ¥ be a filter with no cluster point. By (c) 
there is a real map f such that f(#) has no cluster point in the real numbers. 
Let F,€ F be chosen with the property |f(F,)|2=n. Then OF, is void, 
and thus X is Lindeldf. 
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II. Theorem 1 may be considered an extension of this known theorem 
(see [3], Chap. 6, Prob. T, or [1], Chap. 2, Sect. 4, Prob. 10). A locally 
compact space X is paracompact if (and only if) there is an entourage U 
in the strongest uniformity for X such that U[z] is compact for every 2. 
In fact, if a filter 9, stronger than #, is eventually contained in the compact 
subspace U[a] for some x, then # and hence ¥ has a cluster point. 

However, the following criterion of Kelley’s should be mentioned in 
this connection: X is paracompact if and only if (K) given an open cover O 
of X there is a neighborhood D of A such that {D[x]:x€ X} is a refinement 
of 6. One easily finds that (K) implies property (c) of Theorem 1, but 
the converse is perhaps most easily proved by first proving our Theorem. 


III. It is obvious that every Cauchy filter is contained in a Cauchy 
utrafilter, and from our theorem every filter weakly Cauchy under the 
strongest uniformity @ on a paracompact space is contained in a weakly 
Cauchy ultrafilter. However, it is not even true in general that every weakly 
Cauchy filter is weaker than a maximal weakly Cauchy filter. The next 
theorem illustrates that it is precisely this failure which makes our result a 
| theorem instead of a panacea. 

First let us notice that a maximal weakly Cauchy filter (under U) is 
either eventually in a set or eventually out of it, in fact it is an ultrafilter. 
Let A be a subset of XY, ¥ a maximal weakly Cauchy filter in XY, and suppose 
no F€ ¥ is contained in A or in its complement. Since ¥ is maximal 
there is a U;€ WU such that no filter stronger than ¥|A become U, small; 
and there is a U, having the same property with respect to ¥ restricted 
to the complement of A. It follows that no filter stronger than ¥ becomes 
U,N U. small, and thus a contradiction. 


THEOREM 3. A topologically complete space X is paracompact tf and 
only if every filter in X, weakly Cauchy with respect to U, ts weaker than 
a maximal weakly Cauchy filter. 


The necessity is obvious, while the sufficiency follows from Theorem 1 
and the above remarks. In fact an ultrafilter is Cauchy if it is weakly 
Cauchy. 

We know from a theorem of Stone’s [6] that the product P of more 
| than « countable number of non-compact, paracompact spaces is not para- 
compact, but P is topologically complete. Thus there is not necessarily a 
 suprerium in a maximal tower of weakly Cauchy filters. 
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ON THE STRUCTURE OF ORTHOGONAL GROUPS.* 


By TsuNEo TaMAGAWaA. 


Let V be a vector space over a field k and Q a quadratic form defined 
on V whose associated bilinear form B(z,y) =Q(z+y) —Q(zr) —Q(y) is 
nondegenerate. Let O(V) be the orthogonal group of Q and Q(V) the 
commutator group of O(V). If the dimension n of V is = 3 and the index y 
of 2 is 21, the factor group of Q(V) modulo its center is simple except in 


the following cases: 


(i) n=8 and k is the field of three elements; (ii) n=4 and yv=2. 


This theorem was proved by D. E. Dickson [38] in the case of finite 
ground field, then by J. Dieudonné [4] in the general case. In this paper 
we will give another proof of this theorem based on a principle given by 
K. Iwasawa in his paper [6]. The author wishes to express his hearty 
thanks to Professor Iwasawa who read the original manuscript and gave him 
several important suggestions. 

For our convenience, we will use the same terminology as in C. Chevalley ; 
The algebraic theory of spinors, Chapter I. We will define some notations 
we will use in this paper. The conjugate of a subspace U will be denoted 
by U’. If U is nonisotropic, the restriction Qy of Q to U is a quadratic 
form whose associated bilinear form is nondegenerate. We will denote the 
index of Qy (sometimes to be referred to as the index of U) by v(U), the 
orthogonal group of Qy by O(U) and the commutator group of O(U) by 
2(U). Since every pp€ O(U) is extended uniquely to p€ O(V) which 
induces the identity transformation on U’, we can consider O(U) a subgroup 
of O(V). The subspace spanned by vectors 2,,: - -,2, will be denoted by 
(t%1,°* *,@s>. If wu is a nonsingular vector, we denote the symmetry with 
respect to the hyperplane <u>’ by ocy». In the case of characteristic 2 the 
term “symmetry ” means “ transvection orthogonale” defined by J. Dieudonné 


[4], p. 41. 


1. Subgroups 
LemMa 1.2 Let x be a singular vector and ua vector in <x>’. A linear 


* Received October 9, 1957. 
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transformation peu of <i>’ defined by is a Q-iso- 
morphism of <x>’ onto itself which leaves x fixed, and can be extended uniquely 
to an orthogonal transformation of V. 


Proof. It is clear that pz4(x) =z and pz, is a linear isomorphism of 
<z>’ onto itself. Since Q(u-+cr)=—Q(u) for every and cék, 
it follows that pz, is a Q-isomorphism. Let y be a singular vector such that 
B(z,y) =1, and U the space <z,y>’. Then we have V—<¢z,y>-+U and 


<ty’ = <z> + U. 

For every w€ <>’ there exists a u’€ U such that w—uw’€ <z>. It is 
clear that pru—pz,. because B(z,u) = B(z,u’) for every z€ <z>’, so we 
may assume that w€ U. From Witt’s theorem, there exists an extension 
p€O(V) of pry Put p(y) =ar+by+v with a,b€k and ve U. From 
the relations 


B(o(z),p(y)) = B(z,y) =1; B(p(y),p(z)) = B(y,z) =0 for all z€U, 


and Q(p(y))=—Q(y) =0, we have B(z,u) + B(z,v) =0 and 
a+Q(V)=0. Then we have p(y) =— Q(u)z-+ y—u, hence p is uniquely 
determined. 


We denote the extension p of pz, by the same notation. The following 
properties of pz, follow from the definition. 


(i) Pz,uPz,v Pz,u+v for U,v 


(ii) Pzr,cu Pcz,u for 0 =f k. 


(iii) TPz,uT = pr(2),7(u) for Te O(V). 


(iv) == 1 if and only if we <z>. 


It follows that the mapping u—pz, is an isomorphism of U into O(V), 
and the image group depends only on the subspace <z>. We will denote the 
subgroup by H<z». From (iii), subgroups of this type are conjugate to each 
other. The minimum normal subgroup containing H<,) will be denoted by 
2,(V) (since Q,(V) is normal, the group contains all subgroups of the 
type H<.>, and is generated by those subgroups). The same notation will be 
used for nonisotropic subspaces U with dim U 23 and »(U) 21. 


proof of our fundamental theorem (cf. M. Eichler [5]( Chap. I, §3). However, those 
transformations were already observed .by C. L. Siegel to define the mass of representa- 
tion of 0 by an indefinite quadratic form (cf. C. L. Siegel [7], p. 408). 
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Let V be the m—1 dimensional projective space whose points are 1- 
dimensional subspaces of V, and C the quadric in V defined by the equation 
Q(z) =0. For every subspace U of V we denote the intersection of C 
with U by Cy where U is the linear subvariety in V defined by U. If Gisa 
group of linear transformations of V, we will denote the group of projective 
transformations induced by G by PG. For every nonsingular linear trans- 
formation + of V, we denote by 7 the projective transformation induced by r. 
If r is an orthogonal transformation, then 7 maps C onto itself. 


We will study the behavior of the group PQ,(V) as a transformation 


group of C. 


LemMA 2. Let p=<2> bea point on C, and T, the hyperplane defined 
by <r>’, namely the tangential hyperplane of C at p. Let y be a singular 
vector such that B(x,y) =1, and U the conjugate of <x,y>. Then the 
variety K(p) =T,NC is the projecting cone with the vertex p and a base 
variety Cy, and the group Hp—=PH <2» is a simply transitive transformation 
group of the set C—K(p). 


Proof. The first part is obvious because a vector z in <z>’ is singular 
if and only if z is a linear combination of z and a singular vector v in U. 


A point <z> on C is not on K(p) if and only if B(z,x) 0, so we can 
normalize z so that B(z,z) 1. Then the mapping z— <z> is a one-to-one 
mapping of the set of all singular vectors z such that B(z,z) =1 onto 
the set C—K(p). Put z=ar+by+u with a,b€k and we U. From 
B(z,z) =1 and Q(z) =0, we have b=1 and (uw), hence we have 
t=pz-u(y). The mapping u— <pzu(y)> is a one-to-one (birational) corre- 
F spondence of U onto C—K(p), and from pzu(pzv(¥)) =pzuv(y), we can 
see that H, is a simply transitive transformation group of C—K(p). 


Remark. If v1, K(p) consists of only one point p. 


LemMA 3. Let q and r be points on C; then there exists a point p 
on C such that both q and r do not le on K(p). 


Proof. Let y and z be singular vectors such that q=<y> and r= <z>. 
At first we assume that B(y,z) 40, so we may suppose that B(y,z) —1. 
Let be a nonsingular vector in <y,z>’. Put pyu(z) =— Q(u)y + 2—4; 
then we have B(z,y) =1, B(2,z) =—@Q(u), hence q and r do not lie on 
K(<r)). Next, we assume that B(y,z)—0. ‘Then the space <y,z> is 
totally singular, and it is well known that there exists a singular vector z 
such that B(x, y) = 1. Hence we have proved our assertion. 
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From Lemma 2 and Lemma 3, we have the following: 


Lemma 4. The group PQ,(V) is a transite transformation group 


of C 


Lemma 5. Let p bea point on C and L, the group of all transformations 
in PQ,(V) which leave p fixed. If n=z5 and v=2, the group Ly acts 
transitively on K(p) —p. 


Proof. Let x,y be a pair of singular vectors such that p= <z) and 
B(z,y) =1. Let U be the subspace <z,y>’. It is clear that the group H, 
and the group PQ,(U) are contained in Ly. Since K(p) is the projecting 
cone with the vertex p and a base variety Cy, every point on K(p) lies ona 
line pUs with s€ Cy. From the assumption, we have dimU =3 and 
v(U) = 1; hence, from Lemma 4, the group PQ,(U) acts transitively on Cy. 
Therefore if g and r are on K(p) —p, there exists a 7€ PQ,(U) which maps 
q onto a point on the line pUr. Suppose that p, g and r are on the same 
line. Put g=<y> and r—<z>. Then z is a linear combination az + by 
of x and y with b40. Let wu be a vector in U such that B(y,u) =a/b. 
Then we have pzu(y) = and pzu(q) =F. 


Lemma 6. Suppose that v=2. If p and q are distinct points on (, 
then there exists a point r4p such that r€ K(p) and ré K(q). 


Proof. Put p=<a> and q—<y>. If <a,y> is totally singular, then 
there exists a singular vector z such that B(z,z) =0 and B(y,z) =1. Ti 
<x,y> is nonisotropic, there exists a singular vector 2 in <a,y>’. Put 
z=a+2’. The point r—<z> satisfies our conditions in both cases. 


Lemma 7. The group PQ,(V) is a primitive transformation group of 
C except in the case where n=4 and v=2. 


Proof. If v1, then from Lemma 2 and Lemma 4, the group P2,(V) 
is 2-fold transitive, hence primitive. Suppose that n=5 and v=2. Let i 
be a subset of C with the following properties: 


(i) M contains at least two points p and q. 


(ii) For every 7€PQ,(V), such that 7MNMA~¢, 7M coincides 
with M. 


We have only to show that M must be C itself. If the line pU q lies 
on C, then from Lemma 5, both K(p) and K(q) are contained in M. From 
Lemma 6, there exists a point q’ in K(q) such that q’¢ K(p). Hence we 
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may assume that pU q does not lie on C. Then from Lemma 2, we have 
w>aC—K(p), C—K(q). From Lemma 6, there exists a point r€ K(p) 
such that r Ap and r¢ K(q). From Lemma 5, we have K(p) C M. Hence 
we have M—C. 


2. The commutator group S2(V). 

LemMA 8. The group Q,(V) ts a subgroup of Q(V) except in the case 
where k= F., n=4 and v=2. 

Proof. Since 0,(V) is a normal subgroup of O(V), we have only to 
prove that H<.) is a subgroup of Q(V), where z is a singular vector. Let y 
be a singular vector with B(z,y) =1, and U the space <z,y>’. If u is a 
nonsingular vector in U, we have 


(2) = (2— B(u, z)u/Q (u) ) 
= z— B(u, z)u/Q(u) — Bu + Q(u)a, z— B(u, z)u/Q(u))(u + Q(u)z)/Q(u) 
—2—B(u,z)u/Q(u) + B(u,z) (w+ Q(u)2)/Q(w) = pau(2) 


for every z€ <x>’. From Lemma 1, we have pry Since 
((u) =Q(u+ Q(u)xr), there exists a r€ O(V) which maps w onto u + Q(u)z. 


Therefore we have pru=7T0<uwT o<u> € Q(V). Except in the case mentioned 
above, U is spanned by nonsingular vectors, so we have H<z» CQ(V). 
The following two lemmas are well known, so we omit the proof. 


LemMA 9. FExcept in the case excluded in Lemma 8, the commutator 
group of the proper orthogonal group? O+(V) is Q(V). (Cf. Chevalley [2], 
Chapter IT. 3. 9.) 


LemMA 10. Lrcept in the case excluded in Lemma 8, Q(V) ts generate 
by commutators of symmetries, and the order of every element in O(V)/Q(V) 
is 2. (Cf. Artin [1], Chapter IV, Theorem 3. 23.) 

Now we will prove that O0(V) ==,(V), except in a trivial case. 

Lemma 11. Let x and y bea pair of singular vectors such that B(2,y) 

Then we have O(V) 

Proof. Let uw be a nonsingular vector. Then there exists a wu’ € <r, y> 
such that Q@(u) =Q(u’), hence there exists an orthogonal transformation + 
sich that r(u’) =u. Put +(r) 2 and r(y) =y’. From Lemma 2 and 
lemma 4, there exists a r’€ 2,(V) such that r’(<r>) = <2’), 7’ (<y>) = <y’'>. 


*In the case of characteristic 2, a proper orthogonal transformation is defined as a 


product of even number of symmetries. 
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Since w€ 7(<z,y>) = <2’, =7'"(u) is contained in <z,y>. Hence 
we have 


Since O(V) is generated by symmetries except in the case mentioned above. 
we have proved our assertion. 


LemMA 12. Ezcept in the case excluded in Lemma 8, 0,(V) coincides 
with Q(V). 


Proof. It is obvious that 0,(V) is a subgroup of O*(V), hence, from 
Lemma 11, we have 0*(V) =O*(<z,y>)Q,(V) and 


O*(V)/2.(V) = (<a, y>)/O* (<a, y>) NAV). 


Since O*(<z,y>) is an abelian group, and from Lemma 9, we have ,(V) 
22(V). Therefore from Lemma 8, we have 0(V) =9,(V). 


LemMA 13. The commutator group of Q(V) coincides with Q(V) 
except in the following two cases: 


(i) west, baw ®,; (ii) FP, or F,. 


Proof. At first we suppose that kA F.,F;. Then there exists a c€k 
such that c?540,1. Let z,y be a pair of singular vectors with B(z,y) =1., 
and + the orthogonal transformation of <z,y> which maps z onto cz and y 
onto c'y. From Lemma 10, we have 7?€Q(V) and 


T = Pa, (c?-1)u (u € <2, y>’). 


Since c?—1=+40, we have H.z, CQ(V)’, where Q(V)’ is the commutator 
group of O(V). From Lemma 12, we have Q0(V)’=Q(V). 

Suppose that k =F, or F;. Then we may assume that n= 5 or n=4 
and v1. We have only to prove that H<.) C 2(V)’ as in the above treated 
case. 

At first assume that k= F,. Let u he a nonsingular vector in >’. 
From the assumption, there exists a v € <r, y>’ such that B(u,v) = Q(v) =1. 
Then the space <u, v) is nonisotropic and of index 0. Let r be the orthogonal 
transformation of <u,v> such that 7(w) =v, r(v) =u+v. Then we have 
7*=1; hence, from Lemma 10, we have 7€ Q(V), and 


= pau € A(V)’. 


Since <z,y>’ is spanned by nonsingular vectors, we have H<» C Q(V)’. 
Next, we suppose k=F,. Let u be a nonsingular vector in <2, yy’, 
then from the assumption we can find a r€ <a, y>’ such that Q(u) =Q(0) 


wel 


(Cf 


the 


intel 


an 
Le 
Le 
He 
(1) 
Let 
the 
12, 
the ¢ 
the 
[1] E 
[2] C. 
[3] D 
[4] J. 
[5] M 
[6] K, 
[7] C. 


ORTHOGONAL GROUPS. 197 


and B(u,v) 0. Then the space <u,v> is nonisotropic and of index 0. 
Let r be an element of O(<u,v>) such that r(u) =—v, 7(v) =u. From 
Lemma 10, we have 77€2(V) and 

= Pz,-uPz,—u = Pz,u- 


Hence we have Hx.» CQ(V)’. 


3. The proof of the fundamental theorem. The following lemma is 


well known. 


Lemma 14. The group PO(V) is a faithful transformation group of C. 
(Cf. J. Dieudonné [4], p. 30 and E. Artin [1], Theorem 3.18. The proofs 
given loc. cit. are valid in the case of characteristic 2 by slight modification. ) 


Now we can prove the simplicity of the group PQ(V). 
We exclude the following cases: 


(i) n=3 and k=—F;; (ii) n=4 and v—2. 


Let NV be a normal subgroup of PQ(V) and pa point on C. From Lemma 7, 
the subgroup L, defined in Lemma 5 is maximal, and from Lemma 14, the 
intersection of all conjugate subgroups of LZ, is {1}. It follows that if 
VA {1}, we have VL,—PQ(V), hence N is transitive on C. Therefore 
the group NH, contains all conjugate subgroups of H,; hence, from Lemma 
12, we have VH,—PQ(V). Then we have PO(V)/N = H,/H,NN. Since 
the group H, is abelian, from Lemma 13 we have N=PQ(V). Therefore 


the group PQ(V) is simple. 
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ON THE ANALYTICITY OF THE SOLUTIONS OF ANALYTIC 
NON-LINEAR ELLIPTIC SYSTEMS OF PARTIAL 
DIFFERENTIAL EQUATIONS.* + 


By CHARLES B. Morrey, Jr. 


PART I. Analyticity in the Interior. 


1. Introduction. In this part, we prove that any solution u = (w’,: - -, 
wu’) in which each u* is of class Ct*#, 0< <1, (for notations, etc., see 


below) of a non-linear analytic elliptic system 


j=1,- 


of the type considered by Nirenberg and Douglis ([3], p. 532) is analytic 
at each interior point of its domain. The analyticity at the boundary for 
non-linear strongly-elliptic systems [11] will be considered in Part II. 

The analyticity of any solution u(z,y) of class C’” of a single non-linear 
analytic elliptic equation with y= 2 was first proved in a famous memoir of 
S. Bernstein [1] in 1904. Other proofs of Bernstein’s theorem were given 
by M. Gevrey [5], T. Radé [13] and H. Lewy [8] and by Bernstein himself 
[2]. E. Hopf [6] proved the corresponding theorem for a single equation 
but with any value of v. Finally, Petrowsky [12] proved the theorem for 
systems which are almost as general as those considered here. Very recently, 
the analyticity of the solutions of linear elliptic systems in the interior and 
at the boundary has been proved by Morrey and Nirenberg [10]. Still more 


recently, after this paper had appeared as a report, Avner Friedman [4] 
extended these results and those of Part II to obtain corresponding results 
for quasi-analytic systems and more general systems in which the ¢; belong 
to the M,, classes of Mandebrojt [9]. His methods are entirely different from 
those in this paper and involve mainly bounds for the derivatives as in [10] 
and [5]. 

The proofs of Lewy, Hopf, and Petrowsky all involved extension to the 


* Received September 30, 1957. 
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complex domain. Lewy used his theory of hyperbolic equations to carry out 
the extension and Hopf’s method involved the extension of certain generalized 
potentiais to the complex domain, an idea which had been used by E. E. 
Levi [7]. The present paper combines this idea with a simple type of 
implicit function theorem in a Banach space to yield a proof which is a great 
dealisimpler than that of Petrowsky and somewhat simpler (for the interior) 
than the preceding proofs except for that of Lewy and the second proof of 
Bernstein [2]. Of the writers mentioned above, only Morrey and Nirenberg 
[10], Avner Friedman [4], and Gevrey [5], considered analyticity at the 
boundary. 

In the systems (1.1) which we consider in this paper, it is assumed 
that there are integers s,,- -,sy and ¢,,- - -,¢y such that only derivatives 
of order = s;-+ ¢, of u* occur in ¢;. Furthermore, we assume (with Douglis 
and Nirenberg) that only derivatives of order 20 occur. Since we may add 
the same integer to all the ¢; and subtract it from all the s;, we assume (as 
in [3]) that 


(1.2) max s;=0. 
1SjSN 


As in [3], we say that the system (1.1) is elliptic along a vector uo(x) if 
and only if the equations of variation 

Lix (2, D) yk 
(1.3) 


1 
=a $;| 2, ° uk + Vette (uk + Av*),- lazo == 0 


form a linear elliptic system of the type in [3]. If L°;,(2,D) denotes the 
terms of Lj,(2,D) of order exactly s;-+ t, (=0 if s;+t, <0), the system 
(1.3) is said to be elliptic if and only if the determinant 


(1.4) A) =| (2,A)| for real 


L°,.(2,4) being the characteristic polynomial of the operator L° (2, D). 
It is to be noticed that this determinant is a homogeneous polynomial in A 
of degree 

N 

m= 3 +t) 20. 

j=l 

The functions ¢;, u*, and the coefficients in the Lj, may be complex-valued. 
We use the following notations: Repeated indices are summed unless 

otherwise noted. If ¢ is a vector or tensor with either real or complex-valued 
components, || denotes the square root of the sum of the squares of the 
components and | ¢ || denotes the square root of the sum of the squares of 
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the absolute values of the components; the absolute value of a single complex 
number z is denoted by |z|. The double bars will also denote norms jy 
certain spaces to be introduced. A tensor will be of class C"™#, 0<yn<1, 
in a closed domain D in real or complex space if and only if each component 
is of class C” on D and each of its n-th derivatives satisfies a uniform Hélder 
condition with exponent » on D (and so can be extended to D, etc.). If the 
tensor u is of class C“ on D, D being in the real space, we define 


h,(u) =sup | r2—2, || ——u(a,)|| for all 2,, 22 on D with 2, z,: 


h*,(u) is defined correspondingly if D is in complex space. If w* is a vector, 
V?u* denotes the tensor u*,,,...4,, the subscripts after the comma denoting 
patrial differentiation with respect to x%- - -2; the definition extends to 
tensors u. B(2 ,R) denotes the ball |x—a,|<R in real v-space and 
Br=B(0,R). Bre denotes the set of all complex vectors = (2',: -,2”) 
=2, +12, in which 


Bur: |t1|<R, <h(R—| 2, |). 


If condition (1.4) holds for all z on a closed domain D and L(z,\) is 
continuous it follows that 


m,>0, where m,;=min|L(z,A)| for r€ D,|A| =1. 


We let M denote a bound for the coefficients occurring in any of the Lj, 
operators used. The constants K,, ete., and Z,,Z2,° will depend 
only on the numbers and M unless the 
numbers » and A enter in which case we shall write K,(p,h), ete. The K’ 
are permanent constants whereas the Z’s are used only in the course of a 
single proof, so that Z, may denote different constants in different proots. 

We now outline our method of proof. Suppose we have a solution of 
(1.1) in which each is of class C***#, 0 <p <1, near some point 2. By 
a translation of axes, we may assume t)—0. Next, let P*(x) be that 
polynomial of degree ¢;, such that 


(1.6) V?P*(0) = VPu*(0), 


Making the substitution 
(1. 7) uk == Pk + yk 


in (1.1) we obtain new equations of the same type in which Yv*(0) =? 
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for OS pStx. If we expand the new ¢; about the origin we may rewrite 
the new equations in the form 


where now the L;,(D) are operators with constant coefficients containing 
the derivatives or order exactly s;+¢,, the Mj,(D) are operators with 
constant coefficients of order < s;-+- t,, and y; is the remainder term. Since 
L;, contains derivatives of v* of order s;-+ ¢, and s; 0, we may differentiate 
(1.8) (—s;) times with respect to the z*. Since all derivatives of v* up 
to the order ¢, vanish at the origin, we note that the Taylor expansion of y; 
begins with a homogeneous polynomial in x of degree 1—s;, linear terms 
in the Y?v* with coefficients homogenous and linear in z, and quadratic terms 
in the Y?v* with constant coefficients. 
In Sections 2 and 3 we prove the following theorem: 


THEOREM A. For each R>O, there exists a linear transformation 
u=Pr(f) from the space of vectors f in which f; is of class C#!,0 << n< 1, 
on Br with Vf;(0) =0 for OS pS—-s; into the space of vectors u in 
which u® is of class on Br with Yu¥(0) =0, OS such that 
(1.9) = f; 


in which Lj, 1s an operator of the type in (1.8). Moreover, 


(1.10) max h,(V‘u*) = K,(w) max h,(V-"f;). 
15k=N 15j=N 


In the space of vectors u described in this theorem, we introduce the 
norm 
(1.11) || || = max hy(V *u*) (x on Br). 

1SkSN 
The resulting space is clearly a Banach space which we denote by Ep. 
Clearly, if w€ Hp, we see that 
| View (x) || 
0 Pp ty. 


We wish to replace (1.8) by an equation involving operators on Ep. To do 
this we write 
(1.13) Psi), 


where f denotes the right side of (1.8). If v is given, as is assumed, Vp is 
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known and Hg is known. Moreover, Hz is a solution of the homogeneous 
equation (1.9) with f—0. We shall regard Hp as known and try to find 
an equation for Vr. To do this we substitute (1.13) into the right side of 
(1.8) and define 


(1.14) Te(Ve;He) 


Then (1.8) is equivalent to the operator equation 
(1.15) Ve—Tr(Ve;Hr) = Wa, 
where We is, of course, known if He» is. 


Now, of course, || v || = M, independently of R for our solution and so 
|| Hr | SM, for all R= Ry, say. From (1.12), we see that if we restrict 
ourselves to elements Hp and Vg with norms = M2, then Wz and Tr(Vrp, Hp) 
are defined for sufficiently small R. By using (1.12), (1.14), the form of 
yj, and that of the Mj, (operator of lower order than Lj), it is straight- 


forward to verify that 


Tr(0; He) (), | T Vir; Hr) 
(1. 16) — Tr(Ver;He)| Sa(P)- || Vir— || 
| We|| lime (Rk) =0, |, |), || Ver || S Me. 
R-0 


Thus if R= R,, say, there is a unique solution Vp of (1.15) for which 
| Vell SM, for any given Hp with || He || S Mz. 

For given numbers R > 0 and h, 0 <1, let us introduce the space 
of vectors u in which is analytic in is of class on Bar, 
and Yuk (0) =0 for 0S in which we define || uw ||* by (1.11) with 
h, replaced by h*,. We introduce the corresponding space F’*,z of vectors f. 
Obviously, if w€ for some h > 0, we He and In Section 


4, the following two theorems are proved: 


THEeoREM B. There is a number hyo =ho(u,v, N, s;, tj,m1, M) > 0 such 
that if f€ F*ap with O<hShy and u=Pp(f), then u can be extended to 


Brr so that and 


(1.17) || w ||*S max h*,(V-*f;). 
1=j=N 


Fro 
for 
mon 


diff 


as b 
the 
solu 
and 
and 
and 


Bur 
(1. 
j 
and 
are 
=() 
(2. 
Ther 
(2.2 
Next 
(2.3 
(2.4 
Let 


NON-LINEAR ELLIPTIC SYSTEMS, I. 203 


THEOREM ©. /f Hré Ep, then Hp can be extended analytically to any 
with and the extended function € with 


(1.18) || He S Ks (h,m)|| He |. 


From Theorem B, it follows that the operator Tr(Vr,Hr) can be defined 
| for functions Vp and Hp in any with hSho and 0< RSR, and, 
moreover, that (1.16) holds with the norm ||¢|| replaced by ||¢||* (and 
different functions «(f)). 

Now, let us revert to our given solution v, and let Vg and Hz be defined 
as before. From Theorem C, we see that || ||*= for0< R= R;. From 
the underlined results, we see that if R ts small enough, there are unique 
solutions Vp and in Erpand respectively, of (1.15) with || Ve | SM, 
and || V nok | =, for our gwen Hr. Since C Ep, = Vr so Vr 
and hence v are analytic; in fact they can be extended analytically to Bnr 


and their extensions € E*),p. 


2. The particular solutions. In this section, we construct the par- 
ticular solutions of equations (1.9) which were mentioned in the introduction 
and prove Theorem A. For the moment, we shall merely asume that the f; 
are of class (0 <p <1) and shall drop the requirements that V?f;(0) 
=( for 0=pS—s;. These developments are very similar to those of 
Nirenberg and Douglis [3]. 


We define 


Gin(u) = (u"/n!) (log | u|—C,), 


Gon(u) =u" |ul/(n+1)!. 
Next, if m > 0, we define 


Gim(y:A)L> (A) vy even, 
(2.3) J*(y) = = 


Coy a3, v odd, 
JA|=1 


J*(y), v even, 
J(y) = (ann, v odd. 


Let L be the scalar operator having L(A) as characteristic polynomial. Then 


(2.1) 
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Cus Gio(y-A) v even, 
|A|=1 
(2.5) LJ*(y) = M,(y) 
Cw v odd. 


Clearly J is homogeneous of degree m—v unless vy is even and m—v=0 jp 
which case 


(2.6) J(y) =J,(y) log|y1+Je(y), 


where J, is a polynomial and J, and J, are homogeneous of degree m—y; 


and 
(2. 7) J(—y) = (—1)"J (y). 


Finally, for each j and a given 2 > 0, we define 


(2.8) = f(é)dé, F*,(2) (a —€)f,(E) dé. 


The constants C,, and C2, are chosen so that 
(2.9) A */?M(y) if v even, =Co(y) if v odd, 


where || is the (v—1)-measure of 0B(0,1); Ty) is just the elementary 
function for Laplace’s equation. 
It follows from (2.1)-(2.9) that 


(2.10) LF*,(z) -f M(x—&)f,(€) dé. 
Br 


From the form of M, it follows that we may differentiate the right side of 
(2.10) (v—1) times under the integral sign. Thus from (2.9) and ordinary 
potential theory we see that 


In the next section, we shall see that each F; is of class C™-*/*# on Br and that 
(2.12) S Ko hu( Ko=Ko(p,v, N, mi, M). 

As soon as that is shown, it will follow that 

(2.13) LF =fj(z), c€ Br (Br by continuity). 


In case m =0, then L(A) is just a constant, LZ is a constant operator, we 
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define Fj(z) = L-*f;(x), and (2.13) holds, of course, and the differentiability 
properties of F’; hold. 


Let us grant the statements above about the Fj. Let 
(2. 14) L7(A) |] = |] Lin (A) LA) 


and let L?/(D) be the corresponding operators; L?/(D) =0 or is an operator 
of order m—s;—t;=0. Let us define 


(2.15) U? (xr) = LF; (x) 
Then from (2.12) and (2.15), we see that U® is of class C'?*“ on Br so that 
(2.16) = Ly LF) (2) = LF) (x) = LF = f;(z). 

Finally, suppose 
(2.17) Vf;(0) =0, 0<ps—s, 
Let U be the solution (2.15) and let Q* be the polynomial of degree t, such 
that (2.18) holds, and define u* by (2.18): 
(2.18) VUF(0), OS pS ty, = (2) —Q*(2). 


Then 

(2.19) (x) = fj — qj(2), > +2, 
where g; is a polynomial of degree —s;. Differentiating (2.19) p times and 
setting =0, p—0,1,- - -,—5;, we see that g;(z) =0. Thus Theorem A 
will be completely proved as soon as the differentiability properties of Fj are 


proved, 
3. The analyticity of J and J*; the differentiability of the Fi. We 
first prove the analyticity of J and J*. To this end, we prove: 


LEMMA 3.1. Suppose yo is a real vector and yo0. Then there is a 
linear transformation 
(3.1) Aa = Aa (Hs ¥) = (y) 
which is orthogonal for each real y near yo, in which the he®(y) are analytic 


and positively homogeneous of degree 0 for all complex y near Yo, and for 
which 


a- 


(3.2) = 
Aay* | 
ba | Y |, whe 
re 
i= 
| [ a 
= 
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Proof. Using a fixed orthogonal transformation, we easily reduce the 
problem to the case where 
(3.3) Yo° = | Yo | 8%. 


Since we may solve (3.1) for yw, obtaining pa—hg*rAg we see that (3.2) 
implies that hat(y) =y*/|y|. It is easy to see that there is a unique way 
to complete the matrix A to be orthogonal with all the minors in the upper 
left hand corner positive, and with h,®(y) 0 for «>; this is all for 
real y sufficiently near yp. The h,® are analytic for complex y near y. 


Lemma 3.2. J*(y) and J(y) are analytic for all real y0. 
Proof. Suppose y, is real and y,0. From (2.3) we have 


(3. 4) 
y ((ut)"/m!) [log | | 9) 


for all real y near y, if v is even, J,* being a polynomial of degree m. The 
analyticity of J* follows in this case from (3.4) and that of J follows from 
(2.4). The proof for v odd is similar. 


AssuMPTION. We assume hereafter that m > 0 since the differentiability 


properties of the F; are proved in the case m=0. 


Lemma 3.3. The functions F; of (2.8) are of class C™*#s:-1 on Bp 
and each component of Y"™-*s-1F; is of the form 


OBR oBr 


(3. 6) =I amr (Y) 3 


the function T ts homogeneous of degree 1—v, analytic for y0, and 
(3.7) gp 


Proof. If —s;=n=1, we see that 
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OBR Br 


The form (3.5) follows by repeating this argument and then differentiating 
with respect to That is analytic for and satisfies 
(3.7) follows from (3.6), Lemma 3.2, and (2.7). 

From Lemma 3.3, it follows that the desired differentiability results 
for the F; will be proved if we can show that if 


(3.8) U (x) fe C on Br, 
Br 


(3.9) ——f fe Cv on 
OBr 

then U is of class C?*“ on Br and W is of class C%*“ on Br, and 

(3.10) hu(VU) hu(VIW) S 


AssumpTION. In all the following lemmas, T is assumed to have the 


properties gwen in Lemma 3.3. 


To prove the statements above, we first prove the following well-known 
lemma which is hard to find in the literature (but ef. [6]). 


LemMA 3.4. Suppose T satisfies the conditions of Lemma 3.3. Then 


(3.11) dg’ = Sone = for dS», x€ B(x, R). 
0B 


0B(a2o,R) 


Proof. If x=, the result is obvious from the homogeneity. If 

t€B(a,R) but x Ax, and if we define and A by 

w= 

A=—rcosy + (R? —r’ sin? y)4, cos y 7. 

Then 

(8.18) dé, = [(€’ — 207) /R] - 

sec 


where X is the angle between the vectors zé and 2€, and 


(3.14) sec X = 2RA/(R? + — = R/(R? — sin? y)5 
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from (3.12). Substituting (3.13) and (3.14) in (3.11) and using the 
properties of I', we obtain 


f = — 207) /R- R/(R? sin? 


= dSy 
0B(0,1) 


+ [ (27 — 207) + 9) — 7? sin?) dS, 
0B(0,1) 


and the last integral is zero on account of (3.7). 
As an immediate consequence of Lemma 3.4, we obtain 


LemMA 3.5. There are constants Es = Sl which depend on T but whose 
magnitudes depend only on v,N,s;,t;,m,, and M such that 


0B(ao,R) 
= C Bo R), 


Tg, --a,(2—€) — ahh) - - (be = 0, p<n, 
x€ B(x, Rf), 


J, (G6 —ahi) + dé 0, p <n, 
B(21,p) C B(x, R). 


LemMMA 3.6. Suppose W. is given by (3.9), where f€ CI on Bp. 
Then WE C%# on Br and hy(VIWy) S Ksq(u) 


Proof. Differentiating (3.9), qg+1 times and using Lemma 3.», 
we obtain 


where the sum in the bracket denotes the Taylor expansion of f out to the 


terms of order g. Taking magnitudes, we obtain 


| V'w,(z)| ST 4) |je—é 2 


Since any two points in Bez can be joined by an arc OSs (s are 
length) such that 


J, (R—|a(s)|)** ds S | 2, 


the result follows. 


| 
M 
(3 
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LemMA 3.7. Suppose U is given by (3.8), where f€ C# on Br. Then 
U is of class C*** on Br and 


OBR 
Moreover, hu(VU) S Ka(p)hy(f). 


Proof. Let us extend f to be of class C“ on B.z with the same Holder 


condition. Then 


(3.17) U=U,—U,, Us(a) = 


2k 


f 


Ber-Br 


We have 
f eae 


(3. 18) = [f(€) —f (x) ]dé, € Br 


Bor-Br 


Bor-Br 


using Lemma 3.5 and the fact that =— (x — /oé*. From 
the second equation in (3.18) we see that 


(3.19) | SZ, (u)hy(f) (R—|2|)** 
| As in the proof of Lemma 3.6, it follows from (3.19) that 
(3.20) hy( SZ2(u)hy(f). 
We let 


Then for such z and p, 
U1p,a(2) = Uspa(2) + U spa(2) 


T(y)dy’a 
OB, 


2r-B(z.p) B(z.p 


14 


| 
= 
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Clearly, as p> 0, Uspa(z) and Uspa(x) converge uniformly on Bp to 


(8.22) Use(z) =Caf(2), Usa— f, Tale —O 
In fact, 
(3.23) | Uspa(2) —Usalx)| Ze—=Zs(u,v, N, 8, t, M), 


But now, if 2,21, 22, Br, 
(3. 24) +f — 


2R-B(a,p) 


| VU spa(z)| S p**, | Uspa(%2) — 
SZ 4(u)- hy(f)* | — | =p. 
Assuming 2;,2,€ Br and setting |z,—2,|—~p, we see from (3.22) and 
(3.23) that 
(3. 25) SZ5(u) S Ze(u) -Ay(f). 


The lemma follows. 


4. Proofs of Theorems B and C. In this section we prove Theorems 
B and C as stated in the introduction. We observe first: 


Lemma 4.1. There is an ho(v, N, s;, t;, mi, M) >0 such that, 
0< then J(y) is analytic for all complex y= yi + ty2 for which 
lys|Shlyi|; J satisfies (2.7%) and, either 
(4.1) J (ky) =k™-"J (y), real, k > 0, 


or else J has the form (2.6) where J, is a polynomial of degree m —v(=0) 
and J, satisfies (4.1). 


This follows directly from the homogeneity properties of J and Lemma 


3. 2. 


GENERAL AssuMPTION. We shall assume that h is a fixed positive 
number such that 0< 


We wish to show that if the f;(x) are analytic for 7€ Bar and f,€ C** 
on Bye, then the as defined in (2.8) are analytic in and F;€ 
on Br. 
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Remark. If m0, these statements about the F; are obvious, (2.13) 
holds and Theorem B follows. In this case, if wu is a solution of (1.9) with 
{;=0, we see that each term on the left in (1.9) is of class C#*s, and hence, 
the operators L?/ may be applied to yield 

Iu? =0 or uw? =0 
since L is a constant 0 and those L?/40 are of order —s;—t,=20, 
Thus Theorem C holds. Accordingly we assume m>0O for the remainder 


of this section. 


Now, we shall extend the functions F(z) to the domains Bir by a 
device used by E. E. Levi [5] and E. Hopf [4]. Let r=2,-+ iz, € Bre. 
For such 2, define d, as the distance of x from 0Byr (in 2v-space) and pz as 
the sup. of numbers p >0 such that all points z,+s-+ iz, with |s|<p 
belong to Bar. Then, clearly 
(4.2) pe—[(1 + 

For such z, we define the v-dimensional cone S(x) by 
(4.3) S(x): A=A(s8,7,), OSAS1, 
(R? — | x, |?)A?— (s—-2,) —|s—a, |? =0, s€ Bp (s real). 


We note that S(x) has a 1-1 projection on Br, that A» is the ratio 
s—a,|/|S—2x,| where § is the intersection of the ray with 0Bp, 
that A is real-analytic in (s,2,) for s€ Br, r€ Br, xs, and that the 
derivatives of A are uniformly bounded if s42,, 7,€ Br, R’< R. Also, we 
note that 


(4. 4) <= (|s—a, |/| S—-a,|)-h- (R—|a,|) Shla—s 
(1—A)|2.|S (1—A)h(R—| 2, |) <=h(R—|s]), 
s= (1—A)a, +-AS, S€ OBp. 
| The second of these follows since the maximum of |(1—A)a, +28 | for all 
Son dBz and a given A, 0<A< 1, is taken on for S the nearest point to 2. 
Thus, for any sz, with s€ Br, we see that € (as defined in (4.3)) € Bar 
and that [z,—s-+idzr,] belongs to the set where J is analytic. Thus, we 


may define 


(4.5) 


=f (a1—s) + + i(1—a) rel j(s,2) ds, 
Br 


a2 |) | 
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where j(s,z) =0(#,- -,€’)/0(s',- +, 8”) TE Bre. 
Next, let us define 

Ap (83 21) = [ —p]/[| | — pr(s, 1) ], 21,8€ Bp, 
We see that Ap is real analytic for these values of (8,21), Ap=O for 
|s—a,|—p, A»=1 for s on OBp, and the derivatives of Ap are uniformly 
bounded for z,€ Br, R’ < R, where they converge uniformly to those of ) as 
p—0. Finally we see, as above, that 

(4. 6) Ap | @2|Sh|a,—s|, (1—Ap)|a2| Sh(R—|s}), 

s€ Be—B(2,,p), 0< p< pz. 

Accordingly, if we define Sp(z) by 

(4.7) Sp(x): 1(1—Ap) ao", s€ Br — p), 
then the points of Sp(z)€ Bar if x does. Thus, if f; is analytic in By,, 


we may define 


(4.8) 
& — + | + i(1 — Ap) x2] jp(s, 21) ds, 
R-D( 2745p 
ZTE Pz > p- 


LeMMA 4.2. Suppose p< pz, and is analytic in a 
neighborhood of Sp(x). Then 


a] 


$,a(€) dé = f o(s + ix.) ds’,. 


Sp(2) 


Proof. For the reader may verify that 


bal8 + i(1—Ap) 22] jp (s, 1) = (4/08) + i(1 —Ap) 20] 
— 1x8 { (0/08) — (0/08®) }, 
Xp, — Ap,seds’g = 0, € OBR, € OB( 24, p). 


Lema 4.3. If the f; are analytic in Brr and F; and Fp; are defined 
as in (4.5) and (4.8), then F; and Fo; are analytic on their respective 
domains of definition and Fp;(x) converges uniformly to Fj(x) on any 
compact subset of as Moreover, the components of are 
given by (3.5), except that the last integral over the ball Bp is to be 
replaced by 
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the integral in (4.9) being given by (4.5) with J replaced by T. Moreover, 
r satisfies the conditions of Lemma 3.3 for the complex y in Lemma 4.1. 


Proof. Since m>0, we see from Lemma 4.1 and the discussion of A 
and Ap that the F'p;(2) converge uniformly to Fj on any compact subset of Bar. 
Moreover, if m > 1, the derivatives of Mp; with respect to z,° and z2* converge 
similarly to those of F. We wish to show that F; and F’p; are analytic on 
Bir. It is clear that we may approximate f; and its derivatives of order 
<—s,; uniformly by functions fj,(2) which are analytic 
on 

Differentiating (4.8), we see that (if m > 1) 


+ ite) = jp 
Br-B(a;p) 


(4. 10) 
f, i{(1—Ap) fi} ds 


R-B(24)p) 


+ + Tafiip ds 
1) Br-B(21p) 
bal 


+f + Th ds, 


Br-B(ayp) 
where the arguments in the functions are those in (4.8); here we have 
assumed that the f; are analytic on Bye. The reader may verify that 
— its? efi) + Sf = (0/08") (— 
(4.12) i{(1—Ap)jp( — 5) — fj} = (0/08) —Ap)J fj] 
+ (0/0s%) —Ap)Ap, ] — —Ap)Ap, 


Using the facts that Ap(s,z,) =0 on 0B(21,p), Ap(s,%1) =1 for s on OBp, 
so that Ap,z,«—0 for s on 0B, and the relations (4.10)-(4.12), we obtain 


+ = f af ds Jf; ds’ 
B 


(4.13) 


122) J af ds — Jf; dS" 


Br-B(2;p) 


In obtaining these relations, we used the facts, implied by the fact that 
\p(s,2,) =0 for all Br-p and all s on 0B(2,,p), that 
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(4. 14) Xp, 2,7 (8, = — Xp,s*(5, 1), Ap, s* ds’ g — ds’, = 0, 
€ 0B p). 


The result (4.13) shows that the F'p; are analytic and that 


0B 


(4.15) Foja(z) = f, —s) fils + ita) 


all provided that the f; are analytic on Bye. 
In case the f; are analytic on Bar, we wish to show that 


But (4.16) follows from (4.15) and Lemma 4.2. The restriction that f; be 
be analytic on Br is easily replaced by the restrictions as stated. As in 
Lemma 3.3, the process may be repeated. Finally we may let p> 0. 

As in Section 3, our desired results concerning the F; will follow from 


our study of the functions U and W, defined by 


(4.17) U (2) fe on Bar 


Te Bur 
(4. 18) W, (x) f€ Cv on Bar, 
OBR 


where f is analytic on Byr in both vases and T satisfies 
Condition A. T(y) is analytic for all complex y=y,+ity,0 in 
which | y2|=h|y,| and T satisfies (3.7) and 
(4.19) T(ky) =k T(y), real, k > 0, 
for such y. 


Lemma 4.4. The first two results of Lemma 8.5 hold for x € By(2%,f). 
the set of all x=a,+ ix, such that 
Lo=Zor + Woe. The third result is replaced by 


T an(2 — &) — hs) — dé — 0, < n, rE Bur. 
Sp(x) 


Lemma 4.5. Suppose T satisfies Condition A, f€ C%# for real x on 
Bir and W,, is defined by (4.18). Then Wy(x) is analytic on Brr and 
W,€ C%# on Brr and 


h*,(V2W,) = Keg(h, V4). 
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Proof. It is obvious that W, is analytic on Bye. Differentiating q+ 1 
times and using Lemma 4.4, we obtain 
Bre. 
From Condition A, we see that 
Since | | Sh(R—|2,|), we see that 
The remainder of the proof of Lemma 3.6 may now be carried over. 
Lemma 4.6. If f is analytic on Bur and f€ C# on Bar, then 
Vf(z)| = K-h*,(f) | V?f(z)! S (f) Ban, 
where K,; and Kg depend only on v and h. 


Proof. Clearly there is a constant «x, 0<« <1, which depends only 
on y and that the polycylinder | £*—2*| <x«d,, a=1,- -,v, lies in Bag. 
Since f € C#, we have 


(y:|€—a2 | 


Y 
for any complex ¢*. The result follows from the fact that 
| (€*—a*) | = |] - 
The second result is proved similarly. 


Lemma 4.7. If f satisfies the conditions of Lemma 4.6 and U is 
defined by (4.1%), then U is analytic on Brr and U€ C1 on Barr with 


(4.20) + f (6) —f(2) 


(4.21) h*,(VU) SKo(h, p)h*,(f). 
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Proof. Define Up(x) 


as in the proof of Lemma 4.3 to obtain 


eer Then, we may proceed 


(4. 22) _ f, Tale + Cof(@) 


— s)f(s + iz.)ds’, 


(2 


— T(x, — s) [f(s + ix.) — f(a. + | ds’e. 


(4.20) follows from the second line of (4.22) by letting p—0. 


Let V(x) denote the integral in (4.20) and let 


V p(t) = J, OO) = OH 


we have seen that Vpg(z) > for Bar. Now let o—p,/2,0<p<a. 
Then, differentiating as above and using Cauchy’s integral theorem, we 
obtain 


V pa,p(2) = J, —8) [f(s + a2) — fas + ize) 


— (s¥— ]ds 
(4.23) + —s) + {f[s + i(1 —Ac)x2] — f(x)}jo(s, 21)ds 


Br-B(ay0 


— s)[f(s + — f(a. + — (8? — 27) f(x) 
+ 


Since f is analytic in Bar, we may let p— 0 to obtain 


Va.p(t) = C%apf + f, 


£0) 


(4.24) X [f(s + ite) — f(s + — — ]ds 


where the last integral in (4.24) is the middle one in (4.23). 
Now, for s€ B(a,0), dg=d,/2 where “ence 


Il f(s + — f(x) — 247) || S 62? “dy |?, 


using Lemma 4.6. Hence, since | ~ 
we see that 
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(4.25) |VVa(r)| SZi(h, p)h*y(f) 


The desired Holder continuity of V_ on Br follows from the fact that any 
two points y and z in Byer can be joined by an arc x—2(s), OSsSl, such 
that 


0 


The result (4.21) follows. 
We now prove Theorem C. 


THEOREM ©. Suppose u* is of class Ctx“ for x real and on Bhp and 
satisfies (1.9) there with f;=0. Then u* can be extended to be analytic 
on Bur and of class Cts“ on Bhp with 


h*, (VY tut) < Ka(h, p)hy(V tut). 


Proof. Let us define J (x—&)u*(é) dé, Br. Then 
Br 


U* is of class C™*t*“ on Br and satisfies LU*(x) =u*(x) there. Let us 
define = Lj,U* (xv), Br. Then if m > 1, we obtain 


Ut, (2) = — f, (2 — 8) 


f J €) u¥ (€) dé; 
Br 


one obtains the same result if m= 1 by approximating by Up, etc., as in the 
proof of Lemma 3.7. By repeating this process, we see (since Lj,u* =0) 
that F;(v) is a sum of terms of the form 


OBR 


(there are no terms with s;+¢,—0). Now if the Z% are defined as near 
(2.14), then u%(z) = LYF;(x) and u% is a sum of terms of the form 


of J — U* (E) dey, n+ p—=m+t,—ty—1, pSt—1. 
OBR 


If n= m—1, the result follows from Lemma 4.5; if n < m—1, one can 
differentiate m—1—n times and then apply Lemma 4. 5. 
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ON THE ANALYTICITY OF THE SOLUTIONS OF ANALYTIC 
NON-LINEAR ELLIPTIC SYSTEMS OF PARTIAL 
DIFFERENTIAL EQUATIONS.* 


By CuHar.es B. Morrey, JR. 


PART II. Analyticity at the Boundary. 


§. Introduction; strongly elliptic systems; outline of the proof. In 
this part, we shall show that a solution of a strongly elliptic (in the sense 
of Nirenberg, [5]) analytic system, which possesses Dirichlet data which are 
analytic along an analytic portion of the boundary of its domain of definition, 
can be extended analytically across that portion of the boundary. 

The analyticity of the solutions of general analytic elliptic systems on 
the interior of their domains of definition has been proved in Part I [4] 
where a more extensive introduction and bibliography are given. We number 
the sections of Part II serially after those of Part I. Avner Friedman [1] 
has recently extended the results of Parts I and II to obtain corresponding 
results for quasi-analytic systems and the still more general systems in which 
the ¢; belong to the M, classes of Mandelbrojt [3]. 

Since such a system remains analytic and strongly elliptic under an 
analytic transformation of the independent variables, we may choose any 
point on our portion of the boundary and transform the part of the domain 
and its boundary analytically onto that part of the hemisphere 


in such a way that the given point corresponds to the origin. Throughout 
this chapter, we shall let Sz be the part of the boundary 0Gz of Gr for which 
y>0 and or denote that part for which yO. At times we shall let 

The system (1.1) is said to be strongly elliptic at the vector function 
u(X) if and only if the corresponding equations of variation form a strongly 


elliptic linear system as defined by Nirenberg in [5]: 


* Received September 30, 1957. 
1The research reported in this paper was partially supported by Contract Nonr- 
222(37) with the Office of Naval Research. 
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Here Z;, is an operator of order = s;-+ t,, where we now assume, with Niren- 
berg, that s;—=t;20, j—=1,---,N and assume that there is an m,>( 
such that 


N 
(5.3) AEE] Sm. | ma >0 
j=1 


for all real A= (A’,-: - -,A”**) and all complex €; the coefficients in L may 
be complex; L°,(X,D) is the part of Lj, which is of order exactly s;+ s,. 
The condition (5.3) guarantees that each operator L,; is strongly elliptic of 
order 2s;. In case some s;=0, one may clearly solve the j-th equation of 
the non-linear system for u/ in terms of the others and the remaining system 
is easily seen to be strongly elliptic. Thus we shall assume that each s;>0 
and shall define 


(5. 4) $=Maxs;, (0<s Ss). 
Now, suppose P, is a given point of our boundary and w is a given 


solution of (1.1) in which u* is of class C8*## (0< w~<1) near Py up to 
the boundary and such that 


(5. 5) Vuk (P) =g*(P), 0=p=s5,—1, 


where the g™(P) are analytic along the boundary near Py. As in the first 
paragraph, we may assume P, = 0, op, to be the given portion of the boundary 
and Gr,U or, to be the given neighborhood of Py. By subtracting off an 
analytic function of z only, we may assume that 


(5.6) Dpu*(z,0) =0, OS pss,-—1, k=—1,---,N. 


Definition. A vector u satisfying (5.6) will be said to possess 0 Dirichlet 
data along op,. 


Next, we write 
(5. 7) uk (x,y) = Q*(z,y) + 0*(2, y) (k=1,: )s 


where Q* is that polynomial of degree s + s;, which possesses 0 Dirichlet data 
along cr, and such that 


(5.8) V7Q*(0,0) = Vruk(0, 0), 0<pSst+s 


Then, as in Section 1, we make the substitution (5.7) in the system (1.1) 
and rewrite the system in the form 
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where now L,, is the operator of order exactly s; + s, with coefficients evaluated 
at (0,0), Mj, contains the lower order terms with constant coefficients, and x; 


is what remains. Since 


(5.10) Vvk(0,0) =0, 0<pss+s, 


we may differentiate the j-th equation in (5.9) s—vs; times with respect to 
the X* and conclude that the Taylor expansion of y; begins with a homo- 
geneous polynomial in XY of degree s—s;-+1, linear terms in the Vv 
with coefficients homogeneous and linear in XY, and quadratic terms in the 
Vvt with constant coefficients. 

In addition to the notations of Part I, we shall use the following: As 
in (5.1), we often consider functions (or tensors) 7= +, 2”), 
y being a single variable. Then D?u and D,?u will denote any p-th partial 
derivative or any such involving only differentiation with respect to the 2°; 
such a derivative may also be denoted by w,¢,---0,3 Vu shall denote the tensor 
Ugo, For 0<h <1, we let Gag denote the set of all (z,y) such that y 
is real with O<y<f and r—2,+ 12, is complex and x€ Brg with 
(R?—y’). 

The remainder of the proof is very similar to that in Section 1. In 
Section 7, we introduce a Green’s function for the half-space H* where y = 0, 
for the system 


(5.11) =f; 


which enables us to prove the analogs, Theorems A’, B’, and C’, of the 
Theorems A, B, and C of Part I. We define the space Hz and || w|| as in 
Section 1 with By replaced by Gz and ¢t; replaced by s+ s, and Hx, as the 
subset of those uw in Fz which possess 0 Dirichlet data on or. We also define 
the space of vectors f;€ with Vf;(0,0) =0 for OS pSs—s; and 
f || =sup;ha(V**f;). We next define the spaces and as the 
subsets of Hp and Ego, respectively, in which each u*(z,y) is analytic in x for 
(t,y)€ Giz and u*® € in (x,y) on Gar with || ||*, = sup; h*,(V ; 
the space F*,r is defined analogously. 
The analogs of Theorems A, B, and C become: 


THEOREM A’. For each R>O, there exists a bounded linear operator 
Pao(f) with bound = K,(p) from Fr to Epo such that, if u=Pro(f), then 
vis a solution of (5.11) on Gp. 


TuEoREM B’. There is number h,=h,(v,N,s;,m2,M)>0 such 
that, if f€ Par with O<hSh, and u==Pro(f), then u can be extended 
to on Gap and | Kio(h) | f 
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TueroreM ©’. If Hr€ Exo on Gre and He is a solution of the homo- 
geneous equations (5.11) on Gp, then Hp can be extended to € E*np, on 
any Gir with OSC with || He || Ae |. 


The operator Tx(Vr;Hr) can then be defined as in Section 1 and is 
seen to have the corresponding properties to (1.16) in the spaces Fp, and 
E*nro. Thus, as in Section 1, we conclude that any solution v in Fg on Gp 
of (5.9) € E*;zo on Gaz for any h=h,. But this implies that 


(5.12) | 


for all real (x,y) with |z|=R/2 and OSySR/2. Since uw is analytic 
for y >0 by Part I, the proof of the Cauchy-Kowalewski theorem shows that 
corresponding bounds to (5.12) hold for all the derivatives including those 


with respect to y. 


6. Certain systems of ordinary differential equations. In this section, 
we study certain solutions of systems of ordinary differential equations of 
the form 


84+8k 


N 


k=1 p=0 
on the interval [0,00). The coefficients are required to satisfy 
jk=1 p=0 ja 


(6.2) 


8j+8k 
| |? S M?, 
p=0 
for any real » and any complex €; the coefficients may be complex. 
We define H, as the set of all vectors wu in which w* is of class C** 


with D*-1u* absolutely continuous and 
(6.3) Douk(0)—0, 0S pS%—1, 
and for which the norm ||u || (20) defined by 


o N38; 
(6. 4) [| = Co" | Deus |? dy 


j=1 p= 


Clearly H, is a Hilbert space. For u and v having finite norm (not necessarily is 


in H,), we define 
’ Zero, 


B(u,v) = (5) these 
0 j-k=1 p=6 that 


equati 


p=8xt 


(6.5) 


222 

sum 
vecte 
cont 
same 
inter 
we I 
vect 
integ 
ee Ms > 0, for a 
there 


NON-LINEAR ELLIPTIC SYSTEMS, II. 223 


We also define B,°(u,v) in the same way with [0,0) replaced by [a,b]. 


LEMMA 6.1. Any solution of the homogeneous equations (6.1) 1s the 
sum of exponential functions with possible polynomial coefficients. If u is a 
vector in which u* is of class C%* on the interval [a,b] with Ds-*u* absolutely 
continuous with Dseu* in &, there and tf B,’(u,v) =0 for every v of the 
same type with Dev*(a) = Dev'(b) =0 for OS pSs,—1, then u ts a 
solution of the homogeneous equations (6.1). 


Proof. The first statement is easily proved by restricting wu to an arbitrary 
interval [a,b] and then taking Fourier transforms. To prove the second, 
we note that a function v of the type required is uniquely determined by a 
vector w in &2 on [a,b] in which 


b 
((b—y)*/p!)wi(y)dy=0 for p=0,- +,s;—1, 


(6.6) y 
vi(y) = J !) (9) do. 


By inserting v/ as defined by (6.6) in B,?(u,v) and interchanging order of 
integration and the letters y and y, we obtain 


b N 
J, 2 As(y)@j(y) dy = 0 


for all w satisfying (6.6), A;(y) being defined in (6.7). It follows that 
there are constants dj, such that 


N 
A;(y) =2 (—1) *Deeuk (y) 


8k b 


tw 


p=8,t1 

x y) (85 + — 1— p) !) dy} 


84-1 


— 


From (6.2), it follows that the determinant of the coefficients Dix,sj+, 18 not 
zero, so the D**u*(y) can be expressed in terms of the other terms. Since 
these are all continuous we see first that the D**u* are continuous and then 
that all the derivatives are continuous. Differentiating the j-th equation in 
(6.7%) s; times, j=1,---,N, we see that u satisfies the homogeneous 
equations (6.1). 
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THEOREM 6.1. Suppose that the f;(y) are of class C**: on [0,00) and 
suppose f;(y) =0 fory=Y (>0). Then there ts a unique solution uk of 
class C**8* of (6.1) in which u€ Hy. Also u* varies analytically with the 
coefficients bjxp over the convex set defined by (6.2). 


Proof. Now, suppose u and v€ Hy. Introducing the Fourier transforms 


— dy, Vi(2) — (y) dy, 


we see that 


N 
(6.8) B(u,v) -f bye? | de. 


j,k=1 p=-0 


From (6.8) and (6.2) we see that 


o N 
(6.9) Re B(u,v) =m, f (1+ 2) | |? dz =m, || u 
j=1 


Now, let Tu and w be defined in terms of wu and f by 


(6.10) (Tu, v) =B(u,v), (w, 0) dy, v€ Hy. 


From (6.2), it follows that 7 is a bounded linear operator. From a lemma | 


of Lax and Milgram ([2], p. 169), it follows that 7 has an inverse and 
that || 7-? || = m,*. Now the equations Tu—v and 


(6.11) B(u,v) — fe dy for all v< H, 
0 


are equivalent. Accordingly there is a unique solution wu in Hy of (6.11). 


Since 7’ is analytic (linear, in fact) in the coefficients bx), it follows that u 


is for each fixed f. 
Finally, if we write the equations (6.1) in the form Jj,w* =f;, let 1(y) 
be the determinant of the 1j,(), let F; be a solution of 1(D)F;=—f;, and 


set u,* == where is the cofactor of then wu, is a solution | 
of (6.1) with the stated differentiability properties. Obviously, this solution | 


satisfies (6.11) with the interval [0,00) replaced by [0,Y] for any Y. 
Clearly the difference w—vu, satisfies B)¥(u—vu,,v) =O for all v as in 
Lemma 6.1 so that u—vu, is a solution of the homogeneous equations (6.1) 
Thus wu has the differentiability properties as stated. 


THEOREM 6.2. There exist unique vector solutions Um? (= Um*?) of th 
homogeneous equations (6.1), each having finite norm as defined in (6.4) 
and satisfying the initial conditions 
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These solutions depend analytically on the coefficients Dixy on the convex set 
of Dixp satisfying (6.2). 

Proof. For, let tom? be any vector class C® vanishing for y=1 and 
satisfying the given initial conditions; we assume that Wom’? is independent 
of the Dj». From Theorem 6.1, it follows that there exists a unique 
solution Uim? in Hy of equations (6.1) with fimj? = Ljxtom*?. The vector 
lm! = Uom! — Urm? satisfies the given conditions. If wam% were another such, 
then U2m?— Um? would satisfy the homogeneous equations (6.1) and would 
belong to H, and would therefore vanish by Theorem 6.1. 


LemMA 6.2. There are rectangles Rt, R,*, R-, and Ry with R+U dR 
in the upper half-plane, with R-U@R- symmetrically located in the lower 
half-plane, with R,*U0R,° interior to R* and symmetrically placed, which 
depend only on v, N, s;, M2, and M, such that for any set of coefficients 
satisfying (6.2), all the roots of L(z) =0 (see below) with positive imaginary 
parts lie in R,* and all those with negative imaginary parts lie in R,-, there 
being 8, sy roots of each type. 


Proof. This is obvious since the set of all complex coefficients satisfying 
(6.2) is compact and convex, the roots of L(z) 0 vary continuously with 
the coefficients, no root is real, and the set contains the particular array of 


coefficients 
Bjj,2q = Cq*!, Dijxp = otherwise. 


Now, let us define the functions 
(6.13) — (2x) f du, X(2) <e, 
0 


lim'4(z) being defined wherever possible by analytic extension, and let 


8j+8y 
(6.14) Dix (2) = Ojxp2?, 
p=0 


I be the cofactor of Ly, and 
(6.15) L(z) = det || Lj.(z) ||, M*" (2) == L-1(z) L**(z). 
Then we have the following results: 


THEOREM 6.3. The %,*4 are rational functions of z which are analytic 


15 
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for z outside R,+ and whose coefficients vary analytically with the coefficients 
Dinp over the set (6.2). We have 


aR+ 


(6. 18) f, (iz) if 1<k,m SN, 0S p< sy 
m=1 q=0 aR+ 
where the Pjm% are polynomials (or =0) and the P' are rational functions 


which are analytic outside of R,. 


Proof. The first statement follows from the form of the w,,*4 and 
their analytic dependence on the coefficients and (6.13). (6.16) also 
follows by writing out what u,,"% is explicitly. To prove (6.17), we use the 
facts that the uw"? are solutions of the homogeneous equations (6.1) and 
the wm*? are rational functions. (6.18) follows from (6.16) and (6.12). 
To prove (6.19), let P?*! denote the left side of (6.19) and define 


(6. 20) vt(u) — f eiuz (z) dz, (u) (2) ds. 
aRt aR+ 


We see that the vector v' and all of its derivatives are solutions of finite 
norm of the homogeneous equations (6.1) and then that 


N 8m-1 
(6.21) (w) — — (w) (0), 


m=1 q=0 
so that the vectors U?! are also solutions of finite norm of the homogeneous 
equations (6.1). Also 
N 8m-1 
DrUP1(0) = — Dru, *4(0) (0) = 0, OS r< 
m=1 q=0 


by virtue of (6.12). Hence the U?*'(w) =0 from which the result follows. 


7. The Green’s matrix; proof of Theorems A’, B’, and C’. In this 
section, we define the Green’s matrix alluded to in Section 5 and prove 
Theorems A’, B’, and C’. We may write the operator 


(7. 1) Lx > ap J) - D,*» 


p=0 a 
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and we define the operator 

(7.2) L* = (—1) 

If u* and v/ are sufficiently smooth on a sufficiently smooth domain D, we 
see that 


[vi — uk L* 05 |dady = dS, 


D j.k=1 


where wie, B¢(u,v) is a sum of terms of the form 
(7.4) cDeuk Davi, where p+q=sj+s,—1; 


the B* are not unique but we select particular ones. 
We define the functions Um*4(z,0), Ljx(z,0), L¥'(z,0), M*(z,0) and 
L(z,¢) by (6.3) through (6.15) with the bj» replaced by 


(7.5) Dixp(o) = N= Sj + Pp, = (01,° +, Gy). 


For any o with |o|=1, we see that 


N 
Re 2 Dixp(o) p? | Re Lix(o, p) 
»k=1 


(7.6) 
(1 p?)* | Ms > 0 


by virtue of the strong ellipticity condition (5.3). Thus (6.2) holds for 


all such o and we see that all the @,,"4(z,o) are also analytic in o near oa real 


with | o | =]. 


Next, we define the functions J,(w) by 
!(—iw)-*-, h>0 
((tw)**/(—h—1) !) [—log(—tw) + Carr], h<0 
where for the log, we cut the w plane along the negative imaginary axis and 
take the principal log. We note that 
(7.8) DPT, (w) = PI (w). 


Now, let us define 


PH (e,y) = (0-2 + y2) de} 
(7.9) «7 OR* 


the sign being that of y (defining I'(z,0) by continuity), 
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H(z, 9,9) fas def N**(2,¢,¢) 
oR+ oR- 
X J (0° + yz — nf) df, 


N¥(2,0,0) = SS 
m=1 q=0 


G*(x,y,9) (2,y—y) + (2, y,n), 


X Jy-28-2p x + yz) dz}d3, 
M (x,y) =LJ*(z,y), 

(7.14) l(a, y) = 
where, in (7.12), P is taken so large that v + s,—s,— 2P < —1 for all k,l. 

Remark. The case y=1 is special in the sense that & consists of the 
two points 1 and we interpret f(o,- in this case as simply 


f(1,- --) +f(—1,-- -) in (7.9), (7.10), and (7.12). In what follows, 
we shall treat only the case vy > 1 leaving the case v1 to the reader. 


Definition. A function f(x) is said to be essentially homogeneous of 
degree p if and only if p<0 implies that f is positively homogeneous of 
degree p and p=0O implies that 


(7.15) f(X) =fo(X)log |X| +7,(X), 
where f, is positively homogeneous of degree p and f, is a homogeneous 


polynomial of degree p (or =0). 


THEOREM 7.1. There is an ho(v,N,s;,m2,M)>0 such that J*(X) 
is analytic for all compler X =X,+iX,A~0 for which | X.|Sh2| 
For such X, J* is essentially homogeneous of degree 28 + 2P—v—l. 
Furthermore 


(7.16) AP-1M (X) =T,(X), APM(X) —0, 
(7.17) a I*#(X), X 40 
(7.18) Ly (X) Ly T**(X) —8;'M(X), 

Proof. The essential homogeneity of J* is obvious. If y340, we may 


replace + ( by d in (7.12). By introducing new variables 7 on the 
OR* 
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unit sphere S in (v-+1) space by 
7? == g%(1 +- 2?)-3, == z(1 + 2?)-3 


and noting that dzd= = (1+ 2?)*)/2 dS, we see that we may write J* in 


the form 
(7.19) s 

X + log (1 — (7”**)?) 4 — log(— tr - X) ] 


The first two terms in the bracket in (7.19) yield homogeneous polynomials 
in X of the desired degree. The analyticity of J* follows as in Section 3. 
Using (7.12) and (7.14), we see that 
Jz aR+ 
X I (0° + yz) dz} dz, 


from which (7.17) follows easily. Next, 


k > dR* 


Likewise 


~ (2, y) (2, y) 


M(z,y) =(—1)?(2a) f, J, + 


(7.21) — f(r 
+ log V [1 — (7’*")?] —log(— ir: X)] dS, 


To prove (7.16), we first consider the case y= 2k. Then 
/8 
[1 + log Vv [1 — (7***)?] —log(—ir- X) 
In order to evaluate this, we set +-.¥ =|XI!cos¢ and the integral becomes 
— | X | f, sin**- ¢ cos ¢ log (—1 cos ¢) dd, 
J0 
(1+ 7/2). 


(7.22) 


In (7.22), we may veplace the segment from 0 to by any path with the 
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same endpoints for which &cos¢=O0 and >0 when Reosd—0. Then, 
integrating by parts, etc., (7.22) becomes 


— (— | X | 1) | X |. 
Thus 
AP-*M (X) == — 2*-h!1-1-3- (Qh — 3B) | (X) 


(To(X) =— (k + 38/2) / (2k —1) (2k + 1) | X see (2.9)) 
in this case, The case where y= 2k-+-1 is treated similarly. 


Lemma 7.1. The function 


Pen(2,60,4) - Br dé 
Ba 


(7.23) 
0 


is uniformly bounded for all z on OR*, € on OR-, |o|=1, and real A=0 
and tends to zero as A—>-+- for each set of (z,£,0) as described. 


Proof. Since &(z—o-é) >0 and &(£) <0, we see that 


To evaluate 
Bs 


for a given o with |o|—1, first make a rotation of axes from é to ’é so 
that o-é=’@ and then set | |’&| =p, —pcos¢ and the integral in 
(7.24) becomes a sum of terms of the form 


7 A 
c(c) sin’-**8 ¢ cos’-* dp 
0 
X (—pcos¢ + dp. 


5), we may replace the segment from 0 to 7z 


(7.25) 


In each of the terms in (7.2 
by a path y such that —cos¢ describes the upper half circle from -—1 to 1. 


Then (7.25) becomes 
f tan’-**8 ¢ sec? 
-A cos 
> 4 4+ i) dr | dd. 
0 


Since r+hSv-+1, the result follows from the form (7.26). 


(7. 26) 


t 
st 
ar 
(7 
(7 
(7. 
Fin 
on 
(7. 
of 
fron 
and 
Ping 
the e 
(7. 35 
The 
d cos 
The 


NON-LINEAR ELLIPTIC SYSTEMS, II. 231 


THEOREM 7.2. There is an hy(v,N,8;,m.,M) with O0<hyShe such 
that T*#(x,y) is analytic for all compler X=X,+iX,40 with | X,| 
<h,|X,| and H*'(x,y,) ts analytic for all complex 


(a1 + 1Y2, m + (0, 0, 0) 
such that y, = 0, m = 0, and 
(| |? ++ yo? + m2”) Shi? (! |? + yx? +m”). 


l™! and H** are essentially homogeneous of degree s,-+s;—v—1 im their 
arguments on the domain above. We also have the formulas 


(7. Lp (X)T#!(X) Ly (X)H*(X, = 0; 
L*,(Z)P4(X = =0; 
(x, 0,7) = Dy’ G*" (2, y, 0) =0, > 0,y > 0, OS p< sy, 
(7.30) 9,9) -Brdédy—0 for h+rSv +1, 
Finally, if f;€ C%-81** on Ga and u is a solution of (5.11) in which uk € (stsetm 
on Gq, then 


Proof. The analyticity of I*! follows from Theorem 7.1. The analyticity 
of H*! for real (2, y,7) €(0,0,0) with y=0, 720, y+7>0 is obvious 
| from (7.10). To remove the restriction y or 7>0 with let 0 
and make a rotation o=o(7,é), é=<2/|2z|, from o to r which is analytic 


for x near so that then let 


r=cos¢, gd, |w| —1, 


(2, 6,456) ¢, w sin d, €) 
\w|=1 


the expression for H*! then becomes 


(1.32) f def 4, 2 | + ys 
R- 


0 

| The segment [0,7] in (7.32) may be replaced by a nearby path y on which 
dcos¢ > 0 except at the endpoints, N, being analytic in its arguments. 
The essential homogeneity is obvious. 


| 
| 
| 
| 
| 
| 
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| 
| 
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The first of the formulas in (7.27) and (7.28) follow from Theorem 7.1, 


mq 


we see that the second formula of (7.27) holds. Now 


= oR+ 


x J, Lx (€, a) NY (z, J (o ‘E+ yz — nf) dg = 0, 


since La (£,0)N4(2,£,0) = 0) 
q=0 


Now, the first of (7.29) follows easily since 


(iz) (2, £,0) dz 
aRt 
=> f, (12) (2,0) dz—= 
oR+ 
using (7.10) and (6.18). The second result in (7.29) follows from (7. 10) 
and (6.19) with p—r since 


on account of the restrictions on g and r and the degrees of the rational 


functions involved. 
To prove (7.30), we note that 
— {asf de + nb) 
z aR+ 


where ¢ is a polynomial in (z,f,0) times N*'. On account of the homo- 
geneity, we may assume y=1; and the integral in (7.30) is absolutely 
convergent so that it may be written in the form 


lim us dz $(2, 0,0) Fora (2,0, A) dt —=0 


by Lemma 7.1. 

To prove (7.31), we first notice that all the derivatives occurring in 
Ljx(X)0*')(X —#) are continuous at =—X on account of our choice of P 
in (7.12) and we may apply (7.3) with D—G, and vi =T[*" to obtain 
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(7.33) f. —=)f,(z)dz 


Bo[r*!(X — 2), u(Z) dS= 
dGa 
since 
L* (X — EB) = Ly, (X) (X — = 8,'M(X —#B). 


By operating on both sides of (7.33) with A?(Y), we obtain 


(7.34) = f ri (X —=)f,(z) dz 
Ga 
— — 2), u(Z) |ng dSz. 
Applying (7.3) with D=G, and v/ =H"), we obtain 
(7.385) O= H4(X B*|H'(X, =), u(=) |ng dSz. 
e Ga e 0Ga 
The result follows by adding (7.34) and (7.35). 


THEOREM 7.3. Suppose f;(x,y) € C%8:*# on E* and vanishes outside 
Gi, and suppose that 


(7.36) u* (a, y) dédy for y> 0. 
E+ 


Then uk € C's+8x+# on Ht, u is a solution of (5.11) for y>0, u has 0 Dirichlet 
data on y=0 and 


sup hy( V**u®) S sup hy( 
k 1 


If, also, fj(z,y) is analytic in x for (x,y) € Gar and € C%*1*# on Grr for 
some R with O< RSaandh with 0<hSh,, then can be extended to 
be analytic in x on Gyr and of class C*s*** on Grp and 


sup S K13(h, p) sup Grr. 
k 1 


Proof. From the essential homogeneity of I*’ and H*!, it follows that 
we can differentiate (7.36) p times (0 pSs,—1) with respect to y and 
set y= 0 under the integral sign; that w* has 0 Dirichlet data then follows 
from (7.29). 

Next choose (2 , and p with 0<p< yo and let u*(z,y) =v* (a, y) 
+wk(z,y), where 


w*(z,y) = f — —n) fil, 9) 
B(ro,Yo:P) 
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It is easy to see that v is analytic inside B(%, yo,p) and is a solution of the 


homogeneous equations (5.11) there and that 


(7. 37) =D F(X), F(X) = J*(X dz. 

e/ B(Xosp) 
Using the methods of Part I, one easily establishes that PF, € (??*?S+s-sivu 
(S=s,+-:--+sy) so that From (7.37), the essential homo- 


geneity, and Theorem 7.1, we see that 
Lyw*(X) = [Lal F,(X)] —aPLF,(X) 
—ar M(X 


(Xosp) 
Thus € and u is asolution of (5.11) for y>0. 
To show that u* € for y= 0, we differentiate each term (J fixed) 
of (7.36) s+ s,—1 times. We note that as long as ¢ is differentiable, we 
may write 


Dz f f dédn 


— — 8, 9) 


E+ E+ 
OF! DyG*! + DyG*t = DyH*! + 


So by first applying the devices of (7.38) s—s, times to the I-th term of 
(7.36), we see that any D****y* is a sum of terms of the form 


41) dédy or J. — é, y, 7) dédn, 
pe C4, pe Corten, g = ght, 


(7.39) 


and is given by (7.30) and outside 
First, we note that any second derivative of a term of the second type 
in (7.39) is of the form 


+ (2; 9) 


and all the last terms vanish on account of (7.30). The first term in (7.39) 
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can be written in the form 


f y(a— é, y— n)dédn— y—n)*(6, n)dédn 
Ba 


(7.40) 


| where =$(é 7) if and =$(é—y) if »S0 and y 
and h are corresponding derivatives of G*' and H*', respectively. The first 
term I, in (7.40) is of class C’*“ on By with desired Holder bounds on its 
first derivatives by Lemma 3.7. Next, any second derivative of J, in (7.40) 
involving at least one differentiation with respect to an 2z* can be written 


| in the form 


so that 
(7.41) | DD,I, | = Z,(u, v, N, sj, m2, M) *hu(¢) 


In like manner, we see that 

(7.42) | | S Z2(p, v, N, 8;, m2, M) 

Thus we see that any derivative D,D**#*u*€ C* for y=0 with 

(7.43) hy < Z5(p, v, N, 8% ma, M) cup VO"). 


But wu is a solution of (5.11) for y>0. The ellipticity of (5.11) allows 
us to differentiate the j-th equation of (5.11) s—s; times with respect to y 
and then solve for D,****u* in terms of the other derivatives so that such 
| derivatives also € C# and bounds like those in (7.43) hold for those deriva- 
| tives also. 

Now, if each f; can also be extended to be analytic in z for (z,y) in 

Ge, with f;€ C*8s*" in Gar, O< RSa,0<hShy, then the u* can also be 
extended to be analytic in x for (z,y) on Gra by merely replacing the part 
of the range of integration on (€,7) for which (&,7) € Ge by the manifold 
: real with RF and é on the cone with vertex at x and 
outer boundary @Bp with R’ = (R?—~y?)4 as described in Section 4. Then, 
for (v,y) € Gar, the analysis of the last two paragraphs can be repeated with 
the range of integration changed as indicated. Clearly the functions ¢ and 
¥ of (7.39) are analytic in x for (z,y) in Gyr and belong to their respective 
classes on Gyr and the function ¢* of (7.40) has the same property on the 
union of Gar, its reflection in y=0, and the set y=0, Thus the 
| second part of Theorem 7.3 follows. 
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We can now prove Theorem A’ as stated in Section 5. We construct 
Pro(f) as follows: Letting (r,o) be polar coordinates, O=r=R and o on 
the upper unit hemisphere, we define f*;(r,0) =f;(r,0) on the range above, 
f*;(r,0) =0 for r=0, and 

8-8jt1 


= 


q= 
where the C’s are determined by the conditions that 


h+1 


(— 9)? =1, OSpsh. 
q=1 
Then f*;€ on E* and vanishes outside G2z with || f* s;) - || f |. 
We let Up be defined by (7.36) with f, replaced by f*), let Pp* be the 
polynomial of degree such that Y?PrR*(0,0) = (0,0) for 
O0OSpss+s, and let 
Pro(f) where = — Ppt. 


Then, clearly w€ Ego, || u || = Ag(u)- || f |, and it is seen as in Part J that 
u is a solution of (5.11). Theorem B’ follows from the second part of 
Theorem 7.3. 

To prove Theorem C’, let He€ Ero on Ge and be a solution of the 
homogeneous equations (5.11) on Gr. Let H*p be its extension as above, 
let 

f*ir=LjH*p, = Pro(f*r), H r= H*p— U* x. 


Then U*pz, and Mr€ Foro with 
Hele Hele, || Hele 


and &p is a solution of the homogeneous equations (5.11) on Gye. By 
applying (7.31) with w=RHr, a—2R, we obtain 


(7. 44) ——f XE Gor 
Ler 


since Hp*(=) and G'i(X,=) both have 0 Dirichlet data on 7 0 (see (7. 29)). 
Clearly Mpr'(X) can be extended analytically in 2 (X in fact) to any 
Gror > Grr withO <hSh,. Now any derivative Qf for X € Gia, 
0<h=h,, is seen to be a linear combination of terms of the form 


(7.45) T= D GU (X, =) (Z) 
p+ 
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The term (7.45) may be written in the form 


h 
1= G(X, =) [¢(Z) dS 
Ler w=0 


h 
+> Sax, =) d8z)/w!, 
w=0 
(h=s—sjt+1+p), X¥=X,+1X2€ 


where it is clear what G and ¢ stand fer. Now, by using only the facts 
(derivable from homogeneity, etc. and Mr€ Fer.) that 


| = | Hr lor 
we find that 


| (X) | = Z2(h, By a, Sj, Me, M) | Hr lz 


from which Theorem C’ follows easily since || H*, ||*z is also =Z;:|| Hr|lez 
by Theorem 7.3 since f*=0 on Gp. 
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REMARKS ON MY PAPER “THE JACOBIAN VARIETY OF AN 
ALGEBRAIC CURVE.” * 


By We1-Liane CHow. 


We should like to make two remarks on this paper, which was published 
in vol. 76 (1954), pp. 453-76, of this Journal. 


(1) In section 5, at the bottom of p. 469, we have stated that if ¥ is 
a divisor class of degree n > 2g, rational over an extension K of k, and if 
(z'),- + -,(a") are the n points contained in a generic positive divisor p of 
$8 over K, then all the n points (2'),: - -,(#") are generic points of € over 
K, distinct from each other, and any n—g of these n points are independent 
with respect to each other over K and determine the remaining g points 
uniquely. On the basis of this statement it can be easily deduced that there 
is an automorphism of the field K((2x'),- - -,(a")) over the field K which 
carries any set of n—g of the n points (z'),- - -,(z") into any other such 
set; furthermore, it is clear that such an automorphism over K is also an 
automorphism over K((p)), so that the Galois group of K((z')),: - -, (z")) 
over K((p)) is (n—g)-fold transitive. Professor J. Igusa has kindly 
pointed out to us that it is by no means obvious that any n —g points among 
the n points (z'),- - -,(z”") are independent with respect to each other over 
K, and that a formal proof of this statement is desirable, although it is 
sufficient for the purpose we had there to prove this for the special case 
where p is a generic positive divisor of degree n over k in ©, in which case 
the proof follows easily from the fact that the Galois group of k((2’),- - -, (z")) 
over k((p)) is the entire symmetric group of permutations of the n points 
(z*),- - -,(a"). We shall give here a simple proof of our statement as 
follows. 

For any point (7) in ©, we denote by ©"(7) the subset in ©" consisting 
of all points which represent positive divisors of degree n in © having the 
point (7) as a component. It is clear that ©"(7) is a subvariety of dimen- 
sion n—1 in ©", defined over k((m)); in fact, if (q) is the point in 6" 
which represents the divisor consisting of the point (7) and n—1 inde- 
pendent generic points of © over k((m)), then ©"(») is the locus of (4) 


* Received December 1, 1957. 
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over k((m)). Furthermore, it is easily seen that if (x) is a generic point of 
¢ over k, then ©"(») is the unique specialization of ©"(x) over the specializa- 
tion («)—> (») over k. In order to prove our statement, it is sufficient to 
show that if the n—g points (z'),- - -,(z"%) in p are independent generic 
points of © over K, then the same is true for the n—g points (2*),:- -, 
(x91), (a*), for any choice of the point (z*) among the remaining g points 
in p (always under the assumption n > 2g). To show this, we shall assume 
that it is possible to choose the point (z*) so that it is algebraic over K ((2*), 

- +, (z"-9-1)), and we shall show that this leads to a contradiction. Since 


(x'),- - +, (a9) are independent generic points of © over K, the set of all 
n-g-1 


positive divisor in the residual class of $$ with respect to the divisor >} (2*) 
i=1 


is a complete linear system of dimension 1, rational over K((2"),- - -,(a"-9-")), 
and hence is represented in ©9*! by a subvariety € of dimension 1, defined over 
K((z"),: >, The assumption that is algebraic over K((z’), 
-+,(x"-9-1)) implies that (2%) is a fixed point of this complete linear 
system, so that we have the relation € C €%*(a*). Consider now the simul- 
taneous specialization (a2?) for over K, 
and let ©’ and (€) be specializations of the positive 1-cycle © and the point 
(x*) over this specialization over K ; then every component ©,’ in ©’ is a sub- 
variety of dimension 1 and we have the relation ©,’ C ©%1(€). If (q) is 
any point in ©,’ and q is the positive divisor in © represented by (q), then 
. . . 
the positive divisor q+ > (a#"-*') is a specialization over K of a positive 
¢=1 

divisor in $$ and hence is contained in %; it follows that every such positive 
divisor q is an element in the residual class of % with respect to the divisor 
n-g-1 

x (z-*1). Now, the set of all positive divisors in this last mentioned 
i=1 
residual class is the complete linear system determined by the positive divisor 

> (z‘) and since n—g=g-+1, the points - -, are indepen- 
i=1 

g+1 

| dent generic points of © over K, and hence the divisor } (z+) is a generic 
4 i=1 
| positive divisor of degree g-+ 1 over K in ©. This implies in particular that 
' this complete linear system has the dimension 1 and hence is represented in 
6 by a subvariety ©” of dimension 1; since ©,’ C ©” and both varieties 
have the same dimension, we conclude that ©,’ = ©” and hence ©” C ©9*1(€). 


_ This means that the complete linear system determined by the generic positive 


g+1 
divisor $ (a+) of degree g-+1 over K in © has a fixed point, which is evi- 


| dently impossible. 
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(2) In the last paragraph of our paper, on p. 475, we have given q 
proof of the statement that if the curve © contains a rational divisor 0 over 
k of degree 1, then every rationally defined divisor class over any extension 
K of k is also rational over K. Dr. P. Roquette has kindly called our atten. 
tion to the fact that the proof given there holds only for the case where 9 
is a positive divisor, or rather a prime divisor, so that there is in this sense 


a gap in our proof. However, this gap can be easily remedied as follows, 


In fact, it is sufficient to prove the following statement: If © contains a 
rational positive divisor 0 over k of degree s and if $ is a rationally defined 
divisor class over K, then the divisor class s§$ is rational over K. Now, if 
(z'),- - -,(x*) are the s points (which need not be distinct) contained in 
o, then, by what we have proved there, there exists a rational divisor p; over 
K((z*)) in for each i—1,-- -,s; the divisor Sp, is evidently rational 


i=1 
over K and is contained in sP. 
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ON THE PREPARATION OF MANUSCRIPTS. 


The following instructions are suggested or dictated by the necessities of the technical pro- 
duction of the American Journal of Mathematics. Authors are urged to comply with these 
instructions, which have been prepared in their interesis. 

Manuscripts not complying with the standards usually have to be returned to the authors 
for typographic ewplanation or revisions and the resulting delay often necessitates the defer- 
ment of the publication of the paper to a later issue of the Journal. 


Horizontal fraction signs should be avoided. Instead of them use either solidus signs / or 
negative exponents. 

Neither a solidus nor a negative exponent is needed in the symbols }, 1,1, -1., which are 
available in regular size type. a 

Binomial coefficients should be denoted by C," and not by parentheses. Correspondingly, 
for symbols of the type of a quadratic residue character the use of some non-vertical arrange- 
ment is usually imperative. 

For square roots use either the exponent 3 or the sign / without the top line, as in V—1 
or V(a + 5). 

Replace e‘ > by exp( ) if the expression in the parenthesis is complicated. 

By an appropriate choice of notations, avoid unnecessary displays. 

Simple formulae, such as A + iB = 3C* or s, =a,+-- +--+ a,, should not be displayed 
(unless they need a formula number). 

Use ’ or d /da, possibly D, but preferably not a dot, in order to denote ordinary differen- 
tiation and, as far as possible, a subscript in order to denote partial differentiation (when the 
symbol @ cannot be avoided, it should be used as @ /d@). 

Commas between indices are usually superfluous and should be avoided if possible. 

In a determinant use a notation which reduces it to the form det a,,. 

Subscripts and superscripts cannot be printed in the same vertical column, hence the 
manuscript should be clear on whether a,* or a*, is preferred. (Correspondingly, the limits of 
summation must not be typed after the =-sign, unless either 21" or 2": is desired.) If a letter 
carrying a subscript has a prime, indicate whether 2,’ or «’, is desired. 

Experience shows that a tilde or anything else over a letter is very unsatisfactory. Such 
symbols often drop out of the type after proof-reading and, when they do not, they usually 
appear uneven in print. For these reasons we advise against their use. This advice applies 
also to a bar over a Greek or German letter (for the symbol of complex conjugation an asterisk 
is often allowed by the context). Type carrying bars over ordinary size italic letters of the 
Latin alphabet is available. 

Bars reaching over several letters should in any case be avoided (in particular, type 
lim sup and lim inf instead of lim with upper and lower bars). 

Repeated subscripts and superscripts should be used only when they cannot be avoided, 
since the index of the principal index usually appears about as large as the principal index. 
Bars and other devices over indices cannot be supplied. On the other hand, an asterisk or a 
prime (to be printed after the subscript) is possible on a subscript. The same holds true for 
superscripts. 

Distinguish carefully between 1. c. “oh,” cap. “oh” and zero. One way of distinguishing 
_ is by underlining one or two of them in different colors and explaining the meaning of 

e colors. 

Distinguish between e (epsilon) and € or e (symbol), between @ (eks) and X (multipli- 
cation sign), between 1. c. and cap. phi, between 1. c. and cap. psi, between l.c. k and kappa and 
between “ell” and “one” (for the latter, use t and 1 respectively). 

Avoid unnecessary footnotes. For instance, references can be incorporated into the text 
(parenthetically, when necessary) by quoting the number in the bibliographic list, which 
appear at the end of the paper. Thus: “ [3], pp. 261-266.” 

Except when informality in referring to papers or books is called for by the context, the 
following form is preferred: 

[3] 0. K. Blank, “ Zur Theorie des Untermengenraumes der abstrakten Leermenge,” Bulletin 
de la Societé Philharmonique de Zanzibar, vol. 26 (1891), pp. 242-270. 
In any case, the references should be precise, unambiguous and intelligible. 

Usually sections numbers and section titles are printed in bold face, the titles “ Theorem,” 
“Lemma ” and “ Corollary ” are in caps and small caps, “ Proof,” “ Remark ” and “ Definition” 
are in italics. This (or a corresponding preference) should be marked in the manuscript. 
Use a period, and not a colon, after the titles Theorem, Lemma, ete. 

German, script and bold face letters should be underlined in various colors and the meaning 
s of the colors should be explained. The same device is needed for Greek letters if there is a 
chance of ambiguity. In general, mark all cap. Greek letters. 


All instructions and explanations for the printer can conveniently be collected on a 
separate sheet, to be attached to the manuscript. 


In case of doubt, recent issues of the Journal may be consulted. 


